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Abstract

We consider a system with Poisson arrivals and i.i.d. service times.
The requests are served according to the state-dependent processor shar-
ing discipline, where each request receives a service capacity which de-
pends on the actual number of requests in the system. The linear systems
of PDEs describing the residual and attained sojourn times coincide for
this system, which provides time reversibility including sojourn times for
this system, and their minimal non negative solution gives the LST of
the sojourn time V(1) of a request with required service time 7. For the
case that the service time distribution is exponential in a neighborhood
of zero, we derive a linear system of ODEs, whose minimal non nega-
tive solution gives the LST of V(7), and which yields linear systems of
ODEs for the moments of V(7) in the considered neighborhood of zero.
Numerical results are presented for the variance of V(7). In case of an
M/GI/2— PS system, the LST of V/(7) is given in terms of the solution
of a convolution equation in the considered neighborhood of zero. For
bounded from below service times, surprisingly simple expressions for
the LST and variance of V(7) in this neighborhood of zero are derived,
which yield in particular the LST and variance of V(7) in M/D/2 — PS.
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1 Introduction

Processor Sharing (PS) systems have been widely used in the last decades for
modeling and analyzing computer and communication systems, cf. e.g. [Kle],
[CMT], [KY], [Ya2], [BBJ], [GRZ], [YY1], [BB1], [BB2], and the references
therein. In this paper we deal with sojourn times of requests in a node,
where the requests are served according to the following generalized pro-
cessor sharing discipline, which we call State-Dependent Processor Sharing
(SDPS) discipline, cf. [Coh], [GRZ]. If there are n € N := {1,2,...} requests
in the node then each of them receives a positive service capacity ¢(n), i.e.,
each of the n requests receives during an interval of length A7 the amount
@(n)AT of service. In case of ¢1(n) = 1/n, n € N, we obtain the well known
single-server PS system, cf. e.g. [CMT], [YY1], in case of ¢ y(n) = 1/(n+k),
n € N, we have a single-server PS system with £ € N permanent requests
in the system, cf. [YY2], [VB], in case of ¢,(n) = min(r/n,1), n € N, an
r-server PS system, where all requests are served in a PS mode, but each
request receives at most the capacity of one processor, cf. [Coh] p. 283, [Bral,
[GRZ], [BB1], in case of ¢, ;(n) = min(r/(n + k),1), n € N, an r-server PS
system with & € N permanent requests, in case of poo(n) = 1, n € N, an
infinite-server system.

A system working under the SDPS discipline and where the requests
arrive according to a Poisson process of intensity A, the required service
times are ii.d. with df. B(z) := P(S < x), where S denotes a generic
service time, and finite mean mg := ES and independent of the arrival
process is denoted by M/GI/SDPS, the corresponding r-server PS system
is denoted by M/GI/r — PS.

Networks with nodes working under the SDPS discipline are investi-
gated in [Coh], [BP], [CVB], [Zac], [BB1], [BB2]. In particular, for the
M/GI/SDPS system some basic results are known, cf. [Coh], which we will
use and therefore shortly review in the following. Let N(t) be the number
of requests in the system at time ¢, Y*(t) := (Y{*(¢),. .. Y3 (t)) the vector
of the residual service times of the N(t) requests in the system at time ¢,
ordered randomly, and Y*(t) := (Y{*(t),.. .,f/];",(t) (t)) the vector of the at-
tained service times of the N(t) requests in the system at time ¢, ordered
randomly. The vector processes (N(t);Y*(t)), t € R, and (N(t); Y*(t)),
t € R, are Markov processes. The M/GI/SDPS system is stable, i.e., there
exist unique stationary processes (N(t);Y*(t)), t € R, and (N(t); Y*(t)),



t € R, if and only if

H&fw < o, (1.1)

where g := Amg denotes the offered load, cf. [Coh] (7.18). We assume in
the following that the system is stable and in steady state, i.e. that (1.1)
is fulfilled and that (N(t);Y*(t)), t € R, and (N(t);Y*(t)), t € R, are
stationary Markov processes. Then the stationary occupancy distribution
p(n) == P(N(t) =n), n € Z,, as well as the stationary distributions of

(N(t);Y*(t)) and (N(t); Y*(t)) on {N(t) = n} are given by
co m -1 n
_ _e _e
pln) = (mzo 1 =0 =0 (12)
P(N(t)=n; Y (t) <y1,..., Y (t ) [ 1 Br(ue
/=1
= P(N()=n; Y7 (1) <y1,- ., Y (1) <yn), (1.3)
where
Bu(z) = — /1(1—B(§))d§, z Ry, (1.4)
ms Jo

denotes the stationary residual service time distribution having the density
br(z) = (1 — B(x))/ms, v € Ry, cf. [Coh] (7.19) for the case of phase-type
distributed service times, [Zac| for the general case. For the sojourn time V'
of an arbitrary arriving request with required service time S, from Little’s
law and (1.2) we find

1 — 1
EV = X nzzonp(n) = mgnzzo mp(n) (1.5)

For the conditional sojourn time V(7) of a request with required service
time 7 € Ry it holds

-
EV(r)=—EYV, 1.6
(1) e 2V (1.6)
cf. [Coh] (7.27). More generally, for 7 € Ry, k € N we have the estimate
k | < 7 .
g <,§ w(n+1) p(n)) - ’ Z < (n+1) ) p(n),  (1.7)



cf. [BB2] Theorem 3.1. It seems that in case of the general M/GI/SDPS
system for V(7) and V besides (1.5)—(1.7) there are known only asymp-
totic results for heavy tailed service times, cf. [GRZ]. However, for special
cases several results and numerical algorithms are well known. We mention
only a few references. For the M/GI/1 — PS system and special cases,
cf. e.g. [CMT], [KY], [Yal], [Ya2], [YY1], [ZK]. The variance of V(7) in
the M /M /2 — PS system is given in [Tol]. The Laplace-Stieltjes transform
(LST) and moments of V' (7) in the general M /M /r— PS system are treated
in [Bra] and in the M/M/SDPS system in [BB1].

The aim of this paper is to derive analytical results and representations
for sojourn times in the M /GI/SDPS system. The paper is organized as fol-
lows. In Section 2 we analyze a linear system of partial differential equations
(PDEs), which has two different stochastic interpretations, implying time re-
versibility including sojourn times of the M/GI/SDPS system. Moreover,
its minimal non negative solution gives the LST of V(7), which implies that
V(7) depends on B(z) for > 7 only via mg in distribution. In Section 3
we assume that the service time distribution coincides with an exponential
distribution in some interval [0,d). We derive a linear system of ordinary
differential equations (ODEs) with constant coefficients, whose minimal non
negative solution gives the LST of V(7), 7 € [0,d), and which provides cor-
responding linear systems of ODEs for the moments of V(7), 7 € [0,d). For
the case that the service time is the minimum of an exponential and deter-
ministic time we give the LST and the moments of V in terms of minimal
non negative solutions of linear systems of ODEs. Numerical results are pre-
sented for the variance of V in M/D/r — PS. In Section 4 we assume again
that the service time distribution coincides with an exponential distribution
in some interval [0, d), but we consider the special case of an M /GI/r — PS
system. For the M/GI/2— PS system a representation for the LST of V (7),
T € [0,d], in terms of the solution of a convolution equation is given. For
the limiting case of bounded from below service times, surprisingly simple
expressions for the LST and variance of V(7), 7 € [0, d], are derived, which
yield in particular the LST and variance of V(7) and V in M/D/2 — PS.

2 Sojourn times in M/GI/SDPS

We assume in the following that the system is stable, i.e., that (1.1) is
fulfilled, and in steady state. In particular mg is finite. Moreover, for
technical reasons — if not stated otherwise — we make in the following the
assumption:



(A1) B(zx) has a continuous density b(x) and B(x) < 1 for x € R.

For notational convenience let B(z) := 1 — B(x), Br(x) := 1 — Bg(x), cf.
(1.4), and B(x) := b(x)/B(x), Br(z) := br(x)/Br(x) be the complementary
distributions and hazard rates of the service time df. and the stationary
residual service time df., respectively. Further we will use several vector
notations in this section. If not stated otherwise, let y := (y1,...,y¢) € Rﬂ
where ¢/ = m or £ = n, respectively, and

Q={yeRL:0<y <... <y}

For y,7 € R let y < ¢ if and only if y; < ¢; for i = 1,... L.

Besides the randomly ordered residual service times Y7*(%), ... Y3 (t)
and attained service times Y*(t), . . . ,}713( " (t) we need them ordered increas-
ingly. Let 0 < Y1(t) < ... < Y (t) be the residual service times of the N (t)
requests at time ¢, ordered increasingly, and let Y (t) := (Y1(t), ..., Yn()(t))
be the corresponding vector. In view of the SDPS discipline, this implies
that the requests are ordered according to their departure instants in this
case. Let 0 < Yi(t) < ... < ?N(t)(t) be the attained service times of the N (t)
requests at time ¢, ordered increasingly, and let Y () := (Yi(¢), ... ,?N(t) (1))
be the corresponding vector. In view of the SDPS discipline, this implies
that the requests are ordered reversely to their arrival instants in this case.
For n e N, y € Q,, let

an
. = — . <
pniy) = g - PIN(t) =n: Y(t) < y)
be the density of Y (¢) on {N(t) = n} and
o ~
o . = — . <
pniy) = g g PN = Y(t) <)

be the density of Y (t) on {N(t) = n}. On the boundary of Q, let p(n;y)
and p(n;y) be defined by continuous continuation. The support of p(n;y)
and p(n;y) is the closure 2, of Q.

Denoting by S,, the set of all permutations of the set {1,...,n}, from
(1.3), (1.4) for n € N, y € Q,, we obtain

o" X *
p(n;y) = Z mP(N(t):n, Y, (t)gyﬂ'(l)a"'aYn (t)gyﬂ(n))

= nlp(n) [ [ br(ve), (2.1)



and analogously it follows
n
p(n;y) = nlp(n) H br(ye). (2.2)
=1
By continuous continuation, (2.1) and (2.2) hold for n € N, y € Q,,, too

2.1 PDEs for sojourn times

For the M/GI/SDPS system let the stability condition (1.1) and (A1) be
satisfied. Let Vp(t), £ = 1,...,N(t), be the sojourn time of the request
with residual service time Y(¢) from time ¢ on until its departure from the
system, i.e., its prospective sojourn time from time ¢ on. Since the Y;(t) are
ordered increasingly, the SDPS discipline implies that the Vp(t) are ordered
increasingly, too, i.e., 0 < Vi(t) < ... < Viy(y(t). Further, Vi(t) = 0 if and
only if Y1(¢) = 0. In view of (Al) and the distributional and independence
assumptions, for 0 <m < n, y € Q,, the LSTs

871
8y1 e 8yn
of Vi (t) on {N(t) = n,Yi(t) € dyi,...,Ys(t) € dy,} are well defined for
s € Ry. For fixed s and 0 < m < n, let vy, (s; y) be defined on the boundary
of Q, by continuous continuation. Taking into account that in [BB2] the
residual service times Yy(¢) are denoted by Ry(t), from [BB2] (2.2)-(2.6),

(1.2), and (1.4) it follows that the vy n(s;y) satisfy the following linear
system of PDEs

Un,m(85Y) = Ele™VmOL{N(t) = n, Y (¢) < }] (2.3)

0
o(n) P Vnm (8591 +E, - .. 7yn+§>’§:0

n

— <A+s+<p(n)Zﬁ(w))vn,m(ayl,---,yn)

(=1

n+l .y,
+(p(n+1 Z n+1m+]1{£<m}(s Y, oo Y17, 3/@7---7,%)

=1 7 Ye-1
B(r)dr (2.4)

for 0 <m < n, y € Q,, where yp := 0 and y,4+1 := 00, with initial condition

vn,l(s; 07 Y2,. .. 7yn) - ’I’l‘ mS H bR yﬁ (25)



A
Un,m(s; Oa Y2, ... 7yn) = Unfl,mfl(s; Y2, -+, yn)a 1<m g n,
©(n)

for 0 <y < ... <y, and that it holds
n
Unm(0;y) =nlp H (ye), 0<m<n,yeQ,. (2.7)

Note that these equations are consequences of the Kolmogorov forward equa-
tions (Fokker-Planck equations) and of (2.1).

Let %(t), ¢ =1,...,N(t), be the sojourn time of the request with at-
tained service time Yj(t) from its arrival at the system until time ¢. Since
the Y;(t) are ordered increasingly, the SDPS discipline implies that the V()
are ordered increasingly, too, ie. 0 < Vi(t) < ... < ‘N/N(t)(t). Further,
Vi(t) = 0 if and only if ¥;(t) = 0. In view of (A1) and the distributional
and independence assumptions, for 0 < m < n, y € {,, the LSTs

o
8y1 cee 8yn
of Viu(t) on {N(t) = n,Yi(t) € dyi,...,Y,(t) € dy,} are well defined for
s € Ry. For fixed s and 0 < m < n, let Uy m(s;y) be defined on the

boundary of €, by continuous continuation. As @, ,,(0;y) corresponds to
the density of Y'(t) on {N(t) = n}, from (2.2) we find that

Tnm(s:y) = Ele=*V"OIN(t)=n, Y (t) < y}] (2.8)

Un,m(0;y) = P(n;y) = nlp H O<m<n, yeQn (2.9)

In the following let s € Ry be fixed. The dynamics of the M/GI/SDPS
system during an interval [t — h, t] of length h provide for 0 < m < n, y € Q,
the balance condition

Bam(8591, - 9a) = (1=Ah—p(n hZﬁye) o

Un,m(S; yl—gp(n)h, cee ,yn—(p(n)h)

_l’_

n+1

Ye
+ n+1 h / n+1 m+]1{€<m}(5 Yiyeo s Yp—1,T, yﬂa"wyn)
1Y Ye—1
B(r)dT + o(h).

The first summand on the r.h.s. corresponds to the situation that during
[t — h,t] there is no arrival and no departure; the sojourn time increases

~
Il



by h. The second summand corresponds to departures from the system.
Subtracting on both sides ¥y, (s;y1 — @(n)h, ..., yn — ¢(n)h), dividing by
h and taking h | 0 provides the following linear system of PDEs

0
Pn) g B (56wt |,

n

— <A+s+go(n)Zﬁ(w))ﬁn,m(&yh---,yn)

(=1
n+1 Yo
+ ¢(n+1) Z/ n+1m+]1{€<m}($ Yy oo s Y15 Ty Yts - -+ Yn)

(=17 Ye-1
B(r)dr  (2.10)
for 0 < m < n, y € Q,, which correspond to the Kolmogorov forward
equations. Taking into consideration arrivals, we find the initial conditions

for 0 < ys < ... < yn. AsYi(t) =0 implies V;(t) = 0, from (2.9) and (1.4)
we obtain

Un,1(5:0,92, ..., Un) = 0n,1(0; 0,92, ..., yn) = n!p(n)mg HbR (ye).

(2.11)
In case of 1 < m < n the dynamics provide
. A
Un,m(3§ 07 Y2, ... 7y’n) = m Un_Lm_l(S; Y2, -+, yn)? 1<m S n,
(2.12)

as the arrival probability for an interval of length h/@(n) is 1 — e~ "/#(™),
Note that the vy, (s;y) and the 0y, (s;y) satisfy the same system of
PDEs (2.4)—(2.7).

Lemma 2.1 For any fized s € (0,00), the linear system of PDEs (2.4) with
the initial conditions (2.5), (2.6) and growth condition

0 < vnm(s5y) <vum(0;y), 0<m<n, yey,, (2.13)

where vy m(0;y) is given by (2.7), has at most one solution.

Proof Let s € (0,00) be fixed. Replacing in (2.4) y; by yi+n,i=1,...,n,
)

integrating with the weight exp((A + s)n/¢(n)) [1j—; B(ye)/B(ye + 77) over
[—y1, 0] with respect to n and applying (2.5), (2.6) prov1des that the system



of PDEs (2.4) with the initial conditions (2.5), (2.6) is equivalent to the
following linear system of integral equations for 0 < m < n, y € Q,:

—-n —ﬂw - >,
Vnm (85915 - -+, Yn) = {m=1}nlp(n)mg"e ¢ (H B(yz))
(=1

# im0 ([ )

—1 (ye—v1)
Un—1,m—1(S;Y2=Y1, - s Yn—Y1)

n+1

p(n+1) /0 Xes ¢ /y“'
+ —— e v(n)
p(n) J_y, ((1_[ y£+§ Z —I{e=1}¢
vn—i—l,m—i—]l{fgm}(s; N+E Y1 +ETHE Yt Y +‘S)
B(T+E) drdE. (2.14)

Assume that the system of integral equations (2.14) has two different so-
lutions, where both solutions fulfill the growth condition (2.13). Then the
difference vy, (s;y) of these solutions satisfies the homogenized version of
(2.14). For 0 < m < n let Ky, € Ry denote the smallest number such
that |Unm(s;9)] < KnmVnm(0;y), vy € Q. Note that k,m € (0,1] due
to the growth condition. Let k,—10 := 0 for notational convenience and
let Ko := SUPg<,<n Kn,m- The triangle inequality applied to the homoge-
nized version of (2.14), the definitions of ,, , and o, and (2.7), (1.4), (1.2)
provide after some algebra for 0 < m < n, y € Q, that

|6nm(3;yla~'ayn)|S’in—lm—l A € 2;;53/1(12[%)
7 T e(n) oy Blye—y1)

Un—1,m-10;92—¥1, .-, Yn—Y1)

n 0 s B ntl ey,
+ Ko %050(:)1)/_ e“’“”&(l—[ f?y(;fg))z:/y

=1 Y ye—1—I{{=1}¢

Un4-1,m+I{£<m} (Oa Y1+ Y1+ THE Y tE yn+§)
B(r+E£)drdg

Ats A _Ats

— </§n_17m_1 e e Yt 1 s ko (1—e #™ yl)>vn7m(0; Yly- -y Yn)
A

< maX(anl,mfl s /\7—1—5 ’ﬂ])vn,m(o; Y1, oy yn)

9



Therefore, by definition it holds

A
Enm < max(/@n,l,m,l Nis Ho), 0<m<n. (2.15)
Let j € Z4 be arbitrarily fixed. In view of k;9 = 0, from (2.15) we find
Kjt1,1 < )\%FS ko. Now induction on m € N yields £ ym < )\%rs Ko in view of
(2.15). Thus we obtain kg < )\%rs ko, which implies the contradiction kg < 0.

U

From Lemma 2.1 we conclude that the Kolmogorov forward equations
(2.4)-(2.7) and (2.9)-(2.12) provide a complete description of the LSTs
Un.m(8;y) and Opm(s;y), respectively. Moreover, since the vy n(s;y) and
the Oy m(s;y) satisfy the same system of PDEs (2.4)—(2.7), and taking into
account (2.1), (2.2), from Lemma 2.1 we obtain the following time reversibil-
ity result for M/GI/SDPS systems:

Theorem 2.1 Let the stability condition (1.1) for the M/GI/SDPS system
with (A1) be satisfied. Then it holds

O (859) = Unm(s5y), 0<m<n,ye Q,, se Ry, (2.16)

P(Vm(t)gx | N(t):nv?(t):y) = P(Vm(t)gx | N(t):n,Y(t):y),
O<m<n,ycQ,, rcRy. (2.17)

Because of the SDPS discipline, from a probabilistic point of view, for
0<m<n,y € Q, the sojourn time V,,(t) conditioned that N(t) = n,
Y (t) = y depends only on y, ...,y and the total number n of requests in
the system since the requests with residual service times 4,41, - .., yn have
residual service times of an amount greater or equal to y,, and are thus in
the system at least as long as the request with service time y,,. However,
in the following a rigorous proof will be given. In view of (2.16) and (2.7),
(2.9), we try the substitution

f)n,m(s; Yt .- 7yn) = Un,m(s; Yty ooy yn)
n

=t (891, um) [ br(w), (2.18)
l=m+1

where the wu, m(s;y), 0 < m < n, y € O, let be continuous functions. The
system of PDEs (2.4) is fulfilled if the uy, ,(s;y) satisfy the following system

10



of PDEs for 0 <m <n, y € Q,,

0
P(n) 5 (S5 +E. - 0O

()\—I—S—’—QD Z,B )unm S yla--'aym)
(=1

Mo rye
7'L+]. Z/ un+1m+1 S, yla”'ayf—laTvyé)"')ym)

=1 e B(r)dr
+ o(n+1)br(Ym)Un+1,m(S; Y1, - -, Ym)- (2.19)
The initial condition (2.5) is fulfilled if for 1 =m <n
un,1(5;0) = nlp(n)mg', (2.20)

and the initial condition (2.6) is fulfilled if for 1 <m <n, 0 <ys < ... < ym,

A
Un,m (850,Y2, ..., Ym) = m Un—1,m—1(S; Y25 -, Ym)- (2.21)

Note that (2.7) is fulfilled if for 0 < m < n, y € Qp,
Unm (0391, -+, Ym) = nlp H br(ye)- (2.22)

Lemma 2.2 For any s € Ry, the linear system of PDEs (2.19) with the
initial conditions (2.20), (2.21) has a minimal non negative solution, and

the minimal non negative solution is bounded by Uy, (0;y), i.e. by the r.h.s.
of (2.22).

Proof Analogously to the derivation of (2.14) we find that the system
of PDEs (2.19) with initial conditions (2.20), (2.21) is equivalent to the
following system of integral equations for 0 <m <n, y € Q,

a1 Blye)
Un,m\S; Y1, -, Ym) =€ W”)yl( 77)(]1 m=1}n!p(n)mg!




m Yo
(Z Un1,m+1(8;y1+E - Y1 +E, 7+,
-1 —T{{=1}¢

= Yo+, ym+E)B(T+E) dr

+ bR(ym+£)un+1,m(3§ Y1 +€7 v :ym'i'g))df' (2'23)

This system of integral equations can be solved by the method of suc-
cessive approximation starting from w, m.0(s;¥y1,...,ym) = 0 and defining
Un,m:i+1(S; Y1, - - -, Ym) recursively with respect to i by the r.h.s. of (2.23),
where the w1/ (8391, ..., Um) are replaced by wps i (8; 91, -, Yms). For
this recursion by induction on ¢ it follows that for fixed 0 < m < n,
0 <y1 < ... < Yy the upm:i(s;y1,...,Ym) are monotonically increasing
with respect to ¢ and that it holds

Unmii (S5 Y1 - oy Um) < Ui (05 Y1, -+ s Urm)- (2.24)

Moreover, if wy m(s;y1, ..., Ym) is any non negative solution of the system
of PDEs (2.19) with initial conditions (2.20), (2.21) for fixed s € Ry, then
Un,m(S;91,...,Ym) i & non negative solution of (2.23), and thus it follows
that wn m:i(S;Y1s - Ym) —Unm(S; Y1, - - -, Ym) satisfies the corresponding ho-
mogeneous recursion with respect to i. Therefore induction on 7 provides

un,m;i(s; Yis- - ym) < Un,m(S; Yi, - .- 7ym)' (225)

As, because of (1.2) and (1.4), the r.h.s. of (2.22) is a solution of (2.19)
and (2.20), (2.21) for s = 0, thus upm:i(0;y1,...,ym) is bounded by the
r.hs. of (2.22), and in view of (2.24), wp m:i(S;y1,--.,Ym) is bounded by
the r.h.s. of (2.22) for any s € Ry. Thus for any s € Ry, the limit
lmy o0 Un,m;i(S; Y1, - - -, Ym) €xists pointwise and is, due to Lebesgue’s the-
orem, a non negative solution of (2.23). This solution is the minimal non
negative solution of (2.23) because of (2.25). Moreover, in view of (2.24), it
is bounded by the minimal non negative solution of (2.23) for s = 0, and
thus by the r.h.s. of (2.22) as the r.h.s. of (2.22) is a non negative solution
of (2.19) and (2.20), (2.21) for s = 0, i.e. of (2.23) for s = 0. 0

Summarizing Lemma 2.1 and Lemma 2.2 we have proved the following

Theorem 2.2 Let the stability condition (1.1) for the M/GI/SDPS system
with (A1) be satisfied.

Then for s € (0,00), the LSTs vy m(s;y) and Unm(s;y) are given by
(2.18) for 0 < m < n, y € Qp, where upm(s;y), y € U, is the minimal
non negative solution of the linear system of PDEs (2.19) with the initial
conditions (2.20), (2.21).
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2.2 LST and moments of V(1)

For the M/GI/SDPS system let the stability condition (1.1)
satisfied. For s e R4, 0 <m <n, z € Ry let

Gnm (s, ) = 8‘1 Ele=*VnOL{N(t) = n, Y (t) < z}].

Note that in view of Theorem 2.1 it also holds

Gnm (8, 7) = ;; Ele= V" OLN(t) = n, Vn(t) < 2}].

From Theorem 2.2 by integrating vy, y,(s;y) over
0<y1 <...<Ynm1<T<Yn+1<...<Un

with respect to dy; . ..dym—1dYm+1 - - - dy, we obtain that
gnym(s,x) = en_m(x)fn’m(s,:c)j

where

Jnm(s, @) = / Un,m (S; Y15+ -+ Ym—1,2) dy1
0<y1<..<ym—1<z

For s € (0,00),0<m <n,z€R;, L €Z; let

(0) N
90 (5,2) = (1) 5 gum(s, ).

From (2.26) it follows that

(s ) = 2= BIVADe nOLN(D) = n, ¥nlt) < 2}),

In.m
which implies
0< gr(fzn(&ﬂ?) < E!s_égn,m(()’ )

in view of v’e=%" < £1s~¢. Moreover, from (2.31) it follows that
monotonically decreasing with respect to s € (0,00). Thus the

gffzn(x) = lifglg%)m(s,x), O<m<n,zxeRy, L€Zy,
S

13

and (A1) be

(2.26)

(2.27)

(2.28)

e dymfl.

(2.29)

(2.30)

(2.31)

(2.32)
g,(fzn(s, x) is
limit

(2.33)



exists, but it may be infinite for some ¢ € N.

Let V(n,7), n € Z4, T € Ry, be the sojourn time of a tagged arriving
request with required service time 7 (7-request) finding n requests at its
arrival in the system, and let V(7), 7 € R4, be the sojourn time of a tagged
arriving 7-request. For the M/GI/SDPS system the following representa-
tions for the LSTs and moments of V(n,7) and V(7) are known, cf. [BB2]
Theorem 2.1, Theorem 3.1 and Theorem 3.2:

Theorem 2.3 Forthe M/GI/SDPS system let the stability condition (1.1)
and (A1) be satisfied. Then for s € Ry and 7 € Ry the LSTs of V(n,T),
n € Zy, and V(1) are given by

30(n+1 =
Ele=sVnm) = 2~ gn m(s, T 2.34
1 o] n
E —sV(T = e 9.
[e e n;so n;g m(s,7), (2.35)
respectively, where
Az) := A\B(z), z€R,. (2.36)
If additionally
o) 1 k
2.37
D (Spurmy) v <o (2.37)

for some k € N, then the kth moments of V(n,7), n € Z4, and V(1) are
finite for T € Ry, and it holds

n+1
E[V*(n, )] = m S ), (2.38)
m=1

s n (R il O
E[Vk(T)] = /\Sﬂ;W(n)mzlgnlfm(T) =k 0 nzlmzl gnl\m(li)( ) 4

Theorem 2.3 provides the following insensitivity property of V(7) in
M/GI/SDPS.
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Theorem 2.4 Let the stability condition (1.1) for the M/GI/SDPS be sat-
isfied. Then the conditional sojourn times V (n,7), n € Z, and V(1) depend
on the service time distribution B(x) for x > T only via the mean service
time mg in distribution.

Proof Suppose first that (Al) is fulfilled. Then wp m(s;y1,...,ym) is the
minimal non negative solution of the linear system of PDEs (2.19) with
initial conditions (2.20), (2.21). Therefore uy m(s;y1,. .., ¥Ym) depends on
B(z) for © > y,, only via mg, and hence f,,(s,7) depends on B(x) for
x > 7 only via mg because of (2.29). In view of (2.28), (1.4), (2.27), and
(2.36), thus the assertion follows from (2.34) and (2.35). The case of a
general distribution B(z) of the service time with finite mean myg is obtained
by taking the limit in distribution of a sequence of service time distributions
B,(z), v = 1,2,..., where the service times have the given mean mg and
the B, (z) fulfill (A1) and converge weakly to B(z). 0

3 Locally exponential service times

We assume now that the service time S has finite mean mg and that its dis-
tribution B(x) coincides with an exponential distribution in a neighborhood
of zero, i.e.

B(z)=1-e¢", z€l0,d), (3.1)

where u € Ry, for some d € (0,00). Moreover, for technical reasons we
assume (A1) again, i.e., we assume that B(z) has a continuous density b(x)
and that B(z) < 1 for z € Ry.

Again we assume in the following that the system is stable, i.e. that
(1.1) is fulfilled, and in steady state. In view of (3.1), for 0 < m < n,
0 <y <...<yYm <d the system of PDEs (2.19) simplifies to

0
Pln) g (s U]

— (A +st+e(n)ymp)unm(s;y1, - - Ym)
TL+1 MZ/ un+1m+1 S yl,---;yfthvyfv"'7ym)dT

+ o(nt+1)mg e ™ty 1 m(s3Y1, - - Ym)-

15



Replacing y; by y; + 1, i = 1,...,m, and integrating over [—y;,0] with
respect to 1 provides the system of integral equations

Un,m(s; Yty .- 7ym) - un,m('g; 0,92—y1,.--, ym_yl)

1 /0 (
= - (A+5+¢(n)mu)un,m(5;yl+£v'-'aym+£)
p(n) J_y,
m Ye
+ 90(”+1)MZ/ Unt1,m+1(S5 Y18 -, Yem1+E,
=1 Jye—1—I{£=1}¢

T+£7 yﬁ+£7 sy ym+£) dr
+ @(nt+1)mgle Oty Ly (s +€, 7ym+§))d€'

In view of (2.29), integrating over 0 < y; < ... < y,, = = < d with respect
to dyj ...dym—1 and applying Fubini’s theorem yields after some algebra

fms2) = [ (0.8, )G d
0<8e<...<Em<x
1 /m
= 3 - A+3+(P nymipy fn,m Svgm
iy | (= Ot s mma) fun(s, n)
+ 90(n+1)m/‘fn+l,m+l (S, gm)
A mG e fogyn(5,6m) ) dbm. (3.2)
Because of (2.20), (2.21) and (2.29), from (3.2) we obtain the linear system
of ODEs

p(n) 5 fam(s,2) = —(Ats+(n)mu) fom(s, z)

+ {m>1A fao1m—1(s, @) + e(n+1)mpfrs1mia (s, @)
+ @(n+1)mgle ™™ foiim(s,x), 0<m<n, 0<z<d, (3.3)
with the initial condition
fam(s,0) ={m=1}In!p(n)mg', 0<m<n. (3.4)
Note that from (2.29), (2.22), (1.4), and (3.1) it follows

Fm=1(x)

W, 0<m§n,0§x<d,

(3.5)

fam(0,2) = nlp(n) (mget®)™™
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_ @ =1)/p, p#0,
F(z):= { .. n—o e R;. (3.6)
Let
1
Ry (s, ) == 0) (mge!®)™ " frm(s,z), 0<m<n, 0<z<d. (3.7)
p

In view of (2.27), (2.28), (1.4), (3.1), (3.6), and (3.7), it holds

Inm(8,2) = dn—m(T)hnm(s,z), 0<m<n, 0<z<d, (3.8)
where

do(z) == p;?) (mget® —F(x))', Le€Z,, zcRy. (3.9)

Note that dy(x) > 0 for 0 <z < d as

me — /0 " B(a)da > /O " Bleydz = e F (),

Because of (3.7), (3.3), (3.4), and (1.2), the Ay, ,,, fulfill the linear system of
ODEs with constant coefficients

@(n)% hnm(s, ) = —(A+s+p(n)np)hnm(s, )
+ I{m>1} p—1m—1(8, 2) + p(n+1)mpuhpi1m+1(s, x)
+ p(n+1)hptr1m(s,z), 0<m<n, 0<z<d, (3.10)

with initial condition

D)
Pnm(s,0) = I{m=1} H(— 0<m<n. (3.11)
From (3.7), (3.5), and (1.2) it follows

LESY Fm=1(x)
_ —npa £ ) <n. 0< .
honm (0, ) (jE@(j))e (m=1)! ° O<m<n, 0<x<d
(3.12)

Replacing in (3.10) = by &, integrating appropriately weighted over [0, z]
with respect to £ and applying (3.11) provides that the system of ODEs
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(3.10) with initial condition (3.11) is equivalent to the following system of
integral equations:

* 1 *
P (5:2) = B (5.2) + s /O (Lm> 1) Ah1mos (5.6)

P Mt 1mi1 (5, €) + @0+ hni1m(5,6) )
e~ (gt E)df, O<m<n, 0<z<d, (3.13)

where

B (s, ) = ]I{mzl}( f[

J=1

) w(n)*”“) , O<m<n, 0<x<d.

¢(J)

(3.14)

Lemma 3.1 Let h’;’m(s, x) be arbitrary continuous functions.
Then for any fixred s € (0,00), the linear system of integral equations
(3.13) with growth condition

|hnm (s, 2)| < chpm(0,2), 0<m<n, 0<z<d, (3.15)
for some ¢ > 0, where hy, (0, x) is given by (3.12), has at most one solution.

Proof The proof runs analogously to the proof of Lemma 2.1. Assume
that the system of integral equations (3.13) has two different solutions,
where both solutions fulfill the growth condition (3.15). Then the differ-
ence hy, (s, z) of these solutions satisfies the homogenized version of (3.13),
i.e. (3.13) in case of h}, ;,(s,2) = 0. For 0 < m < nlet k,m € Ry denote the
smallest number such that | m(s,2)| < Kpmhnm(0,2), 0 < x < d. Note
that kpm € (0,2¢| due to the growth condition. Let k,_10 := 0 for no-
tational convenience and let Ko := Supg.,,<, Kn,m- The triangle inequality
applied to (3.13), the definitions of ky, p, and kg, and (3.12), (3.6) provide
after some algebra for 0 <m < n, 0 <z < d that
1

|hn,m(5ax)| < (,O(TL)/(; (/{nfl,mflAhnfl,mfl(Ové)

+ kop(n+1)mphn1,m+1(0,&) + kop(n+1)hni1m(0, ‘f))

e_(;(tf) +n#)(z_f)d£
n ~(Gly e
<H 90 ] ) m—l) /0 ("@z—l,m—l(m_l)FmiQ(é)eug

J=1

18



o(n)
A+s
A Ton oy e etm TT
< —1m-15, .
—max(“” Lm-1 A+s“°> (]Hl w(])) (m—1)!
(o] )
£=0
A
< max(ﬁn—l,m—l ) m /i())hn,m(oa (E)

Therefore, by definition it holds &y, < max(Kn—1,m—1, )\%rs ko), 0 <m <mn,
which provides a contradiction as at the end of the proof of Lemma 2.1.

Lemma 3.2 Let h}, ,,(s,x) be arbitrary continuous functions such that
0 < hy (s, ) <hy,(0,2), 0<m<n, 0<r<d, s € R;. (3.16)

Assume that there exists a mon negative solution of the system of integral
equations (3.13) for s = 0.

Then the system of integral equations (3.13) has a minimal non negative
solution Bn,m(s, x) for any s € Ry, and it holds

P (8,2) < hpm(0,2), 0<m<n, 0<z<d, s € R,. (3.17)

Proof For fixed s € Ry let hy (s, z) :=0,0<m <n,0 <z <d, and
recursively for ¢ =0,1,... let

1 x
hnmsi s = h:Lm s — I I Ahy—1m—1:4 ,
e (5,2) 1= Won(s,2) + — [ (1m> DA o (5,)

+ p(n+1)mphni1m+1;i(5,§) + @(n+1)hnt1mi(s, 5))
A+s
e_(ﬁww(x_g)d{, 0<m<n, 0<z<d. (3.18)

By induction on i € Z, after some algebra it follows that hy (s, ) is
monotonically increasing with respect to ¢, that

hnmii(s,2) < hpm(s,z), 0<m<n, 0<z<d, (3.19)
for any non negative solution hy, (s, z) of (3.13), and that

hom:i(s,2) < hpm(0,2), 0<m<n, 0<z<d, (3.20)
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for any non negative solution hy, (0, ) of (3.13) for s = 0. Thus the limit

ﬁn?m(s,x) = Zlirglo hnmi(s;x), 0<m<n, 0<z<d,

exists pointwise and represents, due to (3.18) and Lebesgue’s theorem, a
non negative solution of (3.13). From (3.19) it follows that Ay (s, x) is the
minimal non negative solution of (3.13), and (3.20) implies (3.17). 0

Now, from Theorem 2.3, and Lemma 3.1, Lemma 3.2 we obtain the
following

Theorem 3.1 Let the stability condition (1.1) for the M/GI/SDPS sys-
tem, where the service time distribution fulfills (3.1), be satisfied. Then for
s € Ry and 7 €0,d) the LSTs of V(n,7), n € Zy, and V(1) are given by

go(n—l—l) n+1

Ee*SV(TL,T) R S n m S,T R T E O,d s 321
[ ] NP mz1g +1,m(s,7) [0,d) (3.21)

1 & -
Bl = 55 e Y umls 7). TE(0.0), (3.22)

n=1 m=1

respectively, where

Az) = Ae ™,z €[0,d), (3:23)

Gn.m (8, ) is given by (3.8), (3.9), and hym(s, z) is the minimal non negative
solution of the linear system of ODEs (3.10) with initial condition (3.11).

Proof Suppose that (3.1) and (A1) are fulfilled. Then Theorem 2.3 pro-
vides (3.21), (3.22), (3.23), where g, m(s,z) is given by (3.8), (3.9), and
hpm (S, ) is a solution of the linear system of ODEs (3.10) with initial con-
dition (3.11). Further, taking into account (3.8), we find that hy, ., (s, x) is
non negative and monotonically decreasing with respect to s € Ry since
Gn,m(s,x) is non negative and monotonically decreasing with respect to
s € Ry in view of (2.26). The case of a general distribution B(x) of the
service time with finite mean mg and (3.1) is obtained by taking for fixed
7 € [0,d) the limit in distribution of a sequence of service time distributions
B,(z), v =1,2,..., where the service times have the given mean mg, B,(x)
is given by (3.1) for z € [0,d’) for some d' € (7,d), the B,(x) fulfill (A1)
and converge weakly to B(x).

As hp (0, ) given by (3.12) is a non negative solution of (3.10), (3.11)
for s = 0, in view of (3.14) from Lemma 3.2 it follows that there exists a
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minimal non negative solution A, (s, z) of (3.10), (3.11), and that it holds
0 < P (5,2) < hpm(0,2) < hyn(0,). Since hy (s, ) is non negative
and monotonically decreasing with respect to s € Ry, moreover it holds
0 < hpm(s,2) < hypm(0,2). In view of Lemma 3.1 for ¢ = 1, thus we have
P (8, %) = I (s, 2) for s € (0, 00).

As hy (s, x) is monotonically decreasing with respect to s € Ry, the
limit

P () == 1 by (5, 2) = lim by n (5, 2), 0<m<n, 0<z<d,
sl0 s]0

exists pointwise and represents, due to Lebesgue’s theorem, a non negative
solution of (3.13) for s = 0, and it holds iszm(O,x) < hpm(z) as iszm(O,x)
is the minimal non negative solution of (3.13) for s = 0. Further, Lemma 3.2
provides that Ay (s, %) < hym(0,2) for s € (0,00), and by taking the limit
s 1 0 we find hyym(2) < hpm (0, ). Hence we have hy () = hpm (0, 2).

Note that limg|o E[e~*Y(™7)] = 1 since the distribution of V'(n,7) is non
defective because of the stability of the system. Taking the limit s | 0 in
(3.21) therefore provides

n

3 A(@)p(n—1)
dnfm (vf)hn,m (:E) =
m=1

, O0<n, 0<z<d,
¢(n)

cf. (3.8). On the other hand, from (3.9), (3.12), (3.23), (1.2) we find

- Alz)p(n—1)

dp—m () Ny (0, ) = , O0<n, 0<z<d.
3 doen(ehnin(0:2) = SEE

In view of Ay () = hpm(0,2) < hym(0,2) and d,,_p () > 0, therefore we
conclude that

hf(()l R (S, ) = hym (0, 2) = hym (0, ). (3.24)

Thus hpm(0,2) given by (3.12) is the minimal non negative solution of
(3.10), (3.11) for s = 0. O

Remark 3.1 Note that the data in (3.10)—(3.12) are independent of ms and
thus of B(&) for & > d, and therefore hy, m(s, x) as the minimal non negative
solution of (3.10), (3.11) is independent of B(§) for & > d, too. Moreover,
hipm(s,x) can be continued for fized s € Ry to the minimal non negative
solution of (3.10), (3.11) for z € Ry since the proof of Lemma 3.2 remains
valid for any positive d.
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For s € (0,00), £ € Z4 let

4
hO (s, x) = (_1)8362 hpm(s,z), 0<m<n, 0<z<d. (3.25)
' s
Note that from (2.30), (3.8) it follows
g,(fi)m(s,x) = dn_m(a:)h%)m(s,x), 0<m<n, 0<z<d. (3.26)

Thus h% )m(s,az) is monotonically decreasing with respect to s € (0,00) in
view of (2.31), and (2.32) implies
0< hgfgn(s,x) <05 hym(0,2), 0<m<n, 0<z<d. (3.27)
Taking the ¢th derivative with respect to s € (0,00) at both sides of (3.10)
provides the linear system of ODEs
0
p(n) o WD (s,2) = —=(A+s+o(n)nu)hil), (s, )
+Hm >R | (s,2) + @t Dymphl) | (s, x)
m n—1m—1 5,z pn mpy n+1m+1 5,z

+ ¢(n+1)h£fil7m(s,x) +€h7(£;11)(s,:):), 0<m<n, 0<z<d,
(3.28)

where h,(@,_nll)(s, x) := 0, and from (3.11) we obtain the initial condition

A

oGy O<msn. (3.29)

h0)(s,0) = {e=0,m=1} ||
j=1

Note that the system of ODEs (3.28) with initial condition (3.29) is equiv-
alent to the following system of integral equations:

* 1 v
PO(o2) = Bogn(2)+ — [ (1> 00 (016)
() €9

ot gL i (5,€) + (DR L (5.€))

_( A+s

e~ G tEOqe  0<m<n, 0<z<d, (3.30)

where
n

B (s, ) = H{g:o,mzu(ﬂ

L) e~ Gty tmme

14 * C(AES Y (e
+ / h(efl)(s,g)e (St E)d& 0<m<n, 0<z<d.
’ (3.31)
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Assume now that (2.37) is fulfilled for some fixed k& € N. Due to Holder’s
inequality and Theorem 2.3, then the limits

g&n(m) = liﬁ)lg,(f),n(s,x), 0<m<n, 0<z<d,

cf. (2.33), exist for £ =0,1,...,k. In view of (3.26), thus also the limits

hg)m(x) = lifglh%)m(s,x), 0<m<n, 0<z<d, (3.32)

exist for £ =0,1,...,k, and it holds

(7)) = dn—m (@) (x), 0<m<n, 0<z<d, (3.33)

In.m

for ¢ =0,1,... k. Taking the limit s | 0 in (3.28) and (3.29) provides the
linear systems of ODEs

() hO),(2) = — (At p(m)mp)hE (@) + Iim>11AR0, ()

(i.r n,m

ot )mpuhy )y (1) + @ty (@) 4+ D (),
O<m<n, O<z<d, L€{1,...,k}, (3.34)
with the initial conditions
hD (0)=0, 0<m<n, L€{L,....k}. (3.35)
In view of (3.32), (3.25), from (3.24) and (3.12) we find

n -1
hO) (z) = (Hi)e—wﬂ 0O<m<n, 0<z<d. (3.36)

n,m ol SO(J) (m—l)! ’

Now, from Theorem 2.3, and Lemma 3.1, Lemma 3.2 we obtain the following

Theorem 3.2 Let the stability condition (1.1) for the M/GI/SDPS sys-
tem, where the service time distribution fulfills (3.1), be satisfied. Further,
let (2.37) be fulfilled for some k € N. Then the kth moments of V(n,T),
n € Zy, and V(1) are finite for 7 € Ry, and for T € [0,d) it holds

k p(n+1) o w)
EVE(n,7)] = N )p(n) Z Int1,m(T)s T €[0,d), (3.37)
m=1
F 00 n ggk;l)(x)
E[V¥(r)] = k:/o SN W dz, 7€10,d), (3.38)
n=1m=1
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where \(x) is given by (3.23) and ggzn(m) by (3.33), (3.9) for £ =0,1,...k,
where hEL‘)?n(x) is given by (3.36) and hﬁon(x) is the minimal non negative

solution of the linear system of ODEs (3.34), (3.35) for ¢ =1,... k.

Proof Suppose that (3.1) and (A1) are fulfilled. Then Theorem 2.3 pro-
vides (3.37), (3.38), where A(z) is given by (3.23), g\ (z) is given by (3.33),
(3.9) for £ =0,1,...,k, where hq(lo,)n(x) is given by (3.36) and hg)m(:n) is de-
fined by (3.32) for £ = 1,...,k. The case of a general distribution B(z) of
the service time with finite mean mg and (3.1) is obtained by taking for fixed
7 € [0,d) the limit in distribution of a sequence of service time distributions
B,(z), v =1,2,..., where the service times have the given mean mg, B, (x)
is given by (3.1) for = € [0,d’) for some d' € (7,d), the B,(x) fulfill (A1)
and converge weakly to B(x).

Let ¢ € {1,...,k} be fixed. As hg)m(a:) is a non negative solution of
(3.28), (3.29) for s = 0, in view of (3.30), (3.31) from Lemma 3.2 it follows
that there exists a minimal non negative solution B%)m(s, x) of (3.28), (3.29)
for any s € Ry, and that it holds 0 < ﬁ%)m(s,x) < B%)m(o,:c). From (3.27)
we obtain 0 < Bg)m(s,x) < h,(f%(s, z) < 05 hym(0,7) for s € (0,00),
which implies h%)m(s, x) = E%)m(s, x) for s € (0,00) by applying Lemma 3.1
for ¢ = £1s7*. Since the limit

hﬁf)m(x) = liﬁ)lh%)m(s,a:) = lifgﬁ%)m(s,x), 0<m<n, 0<z<d,

represents, due to Lebesgue’s theorem, a non negative solution of (3.30) for
s = 0, we obtain E%)m(o,a:) < h%%(x) as B%)m(o,a:) is the minimal non
negative solution of (3.30) for s = 0. Further, as B%)m(s,m) < ﬁ%)m(O, x) for

€ (0,00), by taking the limit s | 0 we find hg)m(x) < iL,(f)m(O,w). Hence

it holds h,(f)m(x) = B%)m(o,x). Thus h%)m(x) is the minimal non negative
solution of (3.28), (3.29) for s = 0, i.e. of (3.34), (3.35). 0

Note that the LSTs and the moments of V(n,7), n € Z4, and V(1) at
T = d are given by continuous continuation from 0 < 7 < d.
3.1 Cut exponential service times

Let the service times be distributed according to the minimum of an expo-
nential time with parameter 1 € Ry and a deterministic time d € (0, 00),
ie.

B(z) =1-1{0<z<d}e ™™, zeR,. (3.39)
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For the mean mg we find
mg = e M E(d), (3.40)

where F'(d) is given by (3.6). Note that the model corresponds to an
M/D/SDPS system for u = 0.

Let the stability condition (1.1) for the M/GI/SDPS system with ser-
vice time distribution (3.39) be satisfied. Then the LSTs of V(n,7), n € Z,
and V(7), 7 € [0,d), are given by Theorem 3.1, and the moments of V(n, 7),
n € Z4, and V(7), 7 € [0,d), are given by Theorem 3.2.

In view of

EleV]= [ E[eVdB(r),  E[VY= [ E[V*n)dB(r),
R Ry
and (3.23), (3.39), (3.40), from Theorem 3.1 and Theorem 3.2 we obtain the
following representations for the LST and the moments of the unconditional
sojourn time V', respectively, where (1.7) and Fubini’s theorem are used for
the moments of V.

Theorem 3.3 Let the stability condition (1.1) for the M/GI/SDPS system
with service time distribution (3.39) be satisfied. Then for s € (0,00), the
LST of V is given by

. 1 00 n d

Ele™sV] = 3 Zw(n)z (,u/o Gn.m (s, z)dz —|—gn7m(s,d—)>, (3.41)
n=1 m=1

where gnm(s,x) is given by (3.8), (3.9), and hypm(s,x) is the minimal non

negative solution of the linear system of ODEs (3.10) with initial condition

(3.11). If additionally (2.37) is fulfilled for some k € N, then the kth moment

of V is finite, and it holds

n

Eszﬁ S (=1)(3)dz 3.42
=5 [ Y sl @, (3.2

n=1m=1

where ggf,%l)(x) is given by (3.33), (3.9), where h§32n(x) is given by (3.36)

and h%’)m(x) is the minimal non negative solution of the linear system of
ODEFs (3.34), (3.35) for¢ =1,...,k— 1.
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3.2 Numerical results

We apply the results of this section to the variance of the sojourn time V/
in M/D/r — PS, which means y = 0 in (3.39) and ¢(n) = min(r/n,1),
n € N. Let the stability condition (1.1) for the M/D/r — PS system be
satisfied, i.e., let o = Ad < r. Then (2.37) is fulfilled for all £ € N. Thus
from Theorem 3.3 it follows that E[V?2] in M/D/r — PS is given by (3.42)
for k = 2, where g,(len(m) is given by (3.33), (3.9) for £ = 1, where h%lzn(m)
is the minimal non negative solution of the linear system of ODEs (3.34)
with the initial condition (3.35) for ¢ = 1, and hﬁ%(x) is given by (3.36).
In view of p = 0, from (3.33), (3.9), (3.40), (3.6), (3.34), (3.36), and (3.35)
we obtain that

(e = p(0) T

) A (2), O<m<n, 0<z<d, (3.43)

n,

(1)

where hy, () is the minimal non negative solution of the linear system of

ODEs

)= it (2) = AR, (1) + Efm> 1R, ()
bt DA, @)+ ([] =)
iy )/ (m—1)!
0<m<n, 0<z<d, (3.44)
with the initial condition
h(0)=0, 0<m<n. (3.45)

The minimal non negative solution h%lzn(x), 0 <m < mn, of (3.44), (3.45)
can be approximated by solving a suitable finite version n < n’ of the linear
system of ODEs (3.44), (3.45), where hfﬁn(x) is replaced by 0 on the r.h.s. of
(3.44) if n > n’. The second moment E[V?] can be computed subsequently
via (3.42), (3.43) by numerical integration. The first moment E[V] can be
computed via Little’s law (1.5).

Note that the sequence of the solutions of the finite versions of (3.44),
(3.45) indexed by n’ converges pointwise monotonically increasing to h%lzn(a:)
for n’ — oo: Applying the construction of the minimal non negative solution
given in the proof of Lemma 3.2 to the corresponding finite versions of (3.30),
(3.31) for s = 0 and ¢ = 1, by induction on i € Z and taking then the limit
1 — oo we obtain the monotonicity of the solutions of the finite versions of
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(3.30), (3.31) with respect to n’ and that they are bounded by h%lzn (z). Thus
the sequence of these solutions converges pointwise monotonically increasing
to a non negative solution of (3.30), (3.31), which is bounded by hg}n(x)
Since h%lzn(x) is the minimal non negative solution of (3.30), (3.31), the
assertion is proved. Therefore, due to Lebesgue’s theorem, E[V?] can be
computed with arbitrary accuracy by choosing n’ sufficiently large.

In Table 3.1 there are given E'V and var(V) for r = 2, 4, 8, 16. Note
that in case of r = 2 the simple expression (4.54) for var(V) = var(V(d))
has been used. Without loss of generality we have chosen d := 1 (unit of
time).

Table 3.1: The mean and variance of the sojourn time V in M/D/r — PS
forr=2,4, 8,16 in case of d = 1.

y r=2 r=4 r=28 r =16

r

¢ EV var(V) EV var(V) EV  war(V) EV  war(V)
0.30 1.0989 0.0559 | 1.0132 0.0034 | 1.0006  0.0001 | 1.0000  0.0000
0.35 1.1396 0.0885 | 1.0232 0.0070 | 1.0017 0.0002 | 1.0000 0.0000
0.40 1.1905 0.1354 | 1.0378 0.0133 | 1.0039  0.0006 | 1.0001  0.0000
0.45 1.2539 0.2031 | 1.0584 0.0239 | 1.0079  0.0014 | 1.0004  0.0000
0.50 1.3333 0.3011 | 1.0870 0.0411 | 1.0148 0.0033 | 1.0011 0.0001
0.55 1.4337 0.4454 | 1.1260 0.0689 | 1.0260  0.0069 | 1.0029  0.0003
0.60 1.5625 0.6628 | 1.1794 0.1142 | 1.0436  0.0140 | 1.0065  0.0009
0.65 1.7316 1.0018 | 1.2532 0.1889 | 1.0708 0.0274 | 1.0137 0.0025
0.70 1.9608 1.5563 | 1.3572 0.3166 | 1.1128  0.0529 | 1.0270  0.0063
0.75 2.2857 2.5273 | 1.5094 0.5476 | 1.1785  0.1030 | 1.0511  0.0151
0.80 2.7778 4.4060 | 1.7455 1.0045 | 1.2860 0.2083 | 1.0953 0.0366
0.85 3.6036 8.6560 | 2.1489 2.0534 | 1.4771  0.4604 | 1.1805  0.0933
0.90 5.2632  21.3348 | 2.9694 5.2085 | 1.8769  1.2376 | 1.3696  0.2797
0.95 | 10.2564 92.7299 | 5.4571 23.0418 | 3.1104 5.6830 | 1.9752 1.3814

4 M/GI/r — PS with locally exponential service
times

We consider now an M/GI/r — PS system, i.e.

n €N, (4.1)

©(n) = min(r/n, 1),
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where the service time S has finite mean mg and its distribution B(z)
coincides with an exponential distribution in a neighborhood of zero, i.e.

Blx)=1-e¢", z€l0,d), (4.2)

where p € (0,00), for some d € (0,00). Moreover, we assume that the
stability condition (1.1) is satisfied, i.e. that ¢ < r, and that the system
is in steady state. From Theorem 3.1 it follows that the LST of V(r) for
s € (0,00) is given by

Ele=sV(™)] = BN REOD 20) j (msel™ =F(T))" ™" hnym (5, 7),

T €[0,d), (4.3)

where hy, (s, x) is the minimal non negative solution of the linear system
of ODEs (3.10) with initial condition (3.11). Applying the substitution

n

1
Bm(s,z) = AnHL=m ( H —,)e*“:’:z?n,m(s/)\, Az),
piegd®)
0<m<n, 0<z<d, (4.4)

and the notation k := p/A, it follows that ¥, (0, §) is the minimal non
negative solution of

0 1+o

2 (o8 = (7 4 (D)o

b (@6 = =( 75 + (=18 dn(2.)

+ ]I{m> 1}79n—1,m—1(0'7 5) + % 79n+1,m+1<0'7 §>

1
+ ——Uny1m(0,§), 0<m<n, £ € (0,00), 4.5
with initial condition
19”7”1(0-7 0) = H{m:1}7 0<m§na (46)

restricted to £ € [0, Ad), cf. Remark 3.1. The linear system of ODEs (4.5),
(4.6) is equivalent to the system of integral equations

I (0,€) = I{m=1}e~ e 1D

mek

3
H 1 7971— m— ) 77971 m )
[ (om0 () + S G (02n)

1 T
+ 71977»4‘1,771(0_; 7]))6 (;Tn)+( 1) )(5 T])dn,

e(n)

0<m<n, £E€Ry.  (4.7)
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As (e (=R /(m — D) ((e"€ = 1)/k)™ 1, 0 < m < n, £ € Ry, is a non
negative solution of (4.5), (4.6) for o = 0, the minimal non negative solution
Unm(0,€), 0 <m <n, &€ Ry, of (4.7) for 0 > 0 can be constructed by the
method of successive approximation starting from 9, ,,,.0(0, &) = 0, defining
Un.mii+1(0, &) recursively with respect to ¢ by the r.h.s. of (4.7), where the
U e (0,m) are replaced by ¥y pr.i(0,n), and taking the limit ¢ — oco. This
construction provides the estimate

ef(nfl)ﬁg (e“& -1

m—1
< R 4.
(m—l)' ) ) O<m_n7 §€ +> ( 8)

0 < Jpm(o,§) <
< Dol :
and it follows that ¥y, ,,(0,&) for 0 < m < n — (r — 1) does not depend on
@(¢) for ¢ < r. By continuous continuation from (2.34), (2.36), (4.2), (2.27),
(2.28), (3.7), and (4.4) we obtain that

Ele VO] =9, 1(0,¢), €€ 0,Ad], (4.9)

where V' (0, 7) denotes the sojourn time of a 7-request finding at its arrival
the M /GI/r — PS system empty. Further, by continuous continuation from
(4.3), (4.4), and (3.6) we find that

o oo n—1 ko—1)er€ n—m
Bl = p(0) Y Y (T] w(lj)> (( : 1’1 +1)
m=1ln=m j=1
w7 £e0,Ad]. (4.10)

Note that ¢ = 1/k for the M/M/r — PS system.

As Yy m(0,§) for 0 < m < n — (r — 1) does not depend on ¢(¢) for
¢ < r, besides the M/GI/r — PS system we consider the corresponding
M/GI/SDPS system where the service capacity ¢(n) = min(r/n, 1), n € N,
is replaced by

o(n)=r/n, neN. (4.11)

Note that this M/GI/SDPS system is equivalent to an M/GI/1 — PS
system by replacing the service time S by S/r. We denote by p(n) the
stationary occupancy distribution of the M/GI/SDPS system with service
capacity (4.11), by V(7) the sojourn time of a 7-request in this system and
by 1§nm (0,€) the minimal non negative solution of the corresponding system
of ODEs

0 1+o

5 Dm0, €) = _<W + (0= 1)8) D (7, )
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+ {m>1}0p_1.m_1(0,€) + % Dns1m41(0,€)

+ 95(1n)15n+1,m(0,£), 0<m<n, £ € (0,00), (4.12)

with initial condition
Fnm(@,0) = m=1}, 0<m<n, (1.13)
which is equivalent to the system of integral equations

(0, €) = I{m=1}e~ G =1

mr =

£ .
+ /0 (H{m > 1}79n—1,m—1(07 n) + M 79n+1,m+1(07 77)

L 5 —(ZEZ+(n—1)k)(§—n)
(n)
+ 50 Dt 1,m (0, n))e ¢ dn,

0<m<n, £ €Ry, (4.14)

cf. (4.5)—(4.7). Analogously to (4.8) we obtain the estimate

ef(nfl)ng (e”é —1

0< 19n,m(aa 5) < (m—l)'

m—1
) . O<m<n, € €Ry. (4.15)
K

Further, analogously to (4.9) it follows that

E[B—AUV(O,ﬁ/A)] = 151,1(07 6)’ 5 € [07 Ad]’ (416)

where V(O, 7) denotes the sojourn time of a 7-request finding at its arrival
the M/GI/SDPS system with service capacity (4.11) empty. Using the
well known expression for the LST of the sojourn time of a T-request finding
at its arrival the corresponding M/GI/1 — PS system with scaled service
time empty, cf. [YY1] (2.24) and (2.26), where, because of (4.2), 9 (s, u)
for u € [0,d) can be determined directly from [YY1] (2.22) and the initial
condition ¥(s,0) = 1, in view of (4.16), after some algebra we obtain that

D11(0,€) = Ele 7V 04/

o ro—T1
= (T2_1)6(7~2—rn)§/r+(1_Tl)e(m—rn)g/r ’ 56 [07)\d]7 (417)

where

r9 = (14047 F /(1+0+rK)2 — 4rK)/2 (4.18)
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are the zeroes of 22 — (14 o + rk)z + rx. Note that (4.18) implies
0 <r; <min(rk,1), re>max(rs,1) (4.19)

for o > 0. Moreover, analogously to (4.10) we find that

) o oo n—1 ko—1)er€ n—m
2 =50 3 3 (I1 557 ()
m=ln=m j=1
m e 0,Ad. (420)

On the other hand, by using the well known expression for the LST of the
sojourn time of a 7-request in the corresponding M/GI/1— PS system with
scaled service time, cf. [YY1] (2.29), in view of (4.2), after some algebra we
obtain that

~ 1_e
E[e*AUV(f/)‘)] _ 2
(1—ry)? T2—TK)§/T (1-r1)? r1—rr)&/r 1—kp ’

Wﬁe(z e/ _Wirl)e(l )&/ +TQ

gef0,Ad]. (4.21)

Note that (4.21) for o = 1/k also follows from the expression for the LST
of the sojourn time of a 7-request in the M/M/1 — PS system, cf. [YY]]
(2.43).

As 9y, (0, &) for 0 <m < n— (r—1) does not depend on ¢(¢) for £ < r
and since p(¢) = p(¢) for £ > r, it holds

ﬁn,m(gag) = gn,m(‘% 5)’ 0<m§n—(7’—1), 5 € R-‘r' (4'22)

Because of (4.22), (4.1), and (4.11), from (4.10) and (4.20) we obtain that
E[e—/\oV(ﬁ/A)]

m=1 n=m 7j=1 (,0(] : (n_m)'
r-lor-l r-l r (/43@—1)6“5-1-1 n—m ﬁn,m(d,f)
—P(O);T;((]:nj) _1)< K ) (n—m)!
" r?“p(o) E[eanf/(g/A)] £e [0 /\d] (4 23)
r15(0) ’ T '
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where

O (0,8) := D (0,6) = Vpm(0,€), 0<m<n, € €R,. (4.24)
From (4.6) and (4.13) it follows that

Inm(0,0) =0, 0<m<n, (4.25)
and (4.22) provides that

Inm(0,&) =0, 0<m<n—(r—1), £ € R;. (4.26)

Moreover, from (4.8) and (4.15) we find the estimate

e_(n_l)‘%g (6”5 -1

m—1
< R,. 4.2
(m—l)‘ ) ) O<m_n7 §€ + ( 7)

‘gn,m(ga 5)’ <

K

4.1 M/GI/2 — PS with locally exponential service times

Let us consider the M/GI/2 — PS system, i.e. the case of r = 2, in more
detail. We assume that the stability condition (1.1) for the M/GI/2 — PS
system is satisfied, i.e. that ¢ < 2, and that the system is in steady state.
In view of (1.2), (4.1), (4.11), in case of r = 2 the representation (4.23) for
the LST of the sojourn time of a 7-request simplifies to

Ele™ V] = ;Z; (2G(£,1)~G(&,0)~D1,1(0,€))

2

—AoV(£/N)

+

El

[N

where 911 (0, €) and E[e*)“"?@p‘)] are given by (4.17) and (4.21) for r = 2,
respectively, and where for fixed positive o

3
L

G(&, z) = 1 (0, 6) 2™ (4.29)

m=1

The series on the r.h.s. of (4.29) converge for £ € [0, Ad], |z| < 2/p as well
as for £ € Ry, |z| < 2k due to (4.27), (4.2), and it holds

2K

R 2K. 4.
G62)| < g 6 € Ry, I2] < 2n (4.30)
Further, (4.25) yields that
G(0,2) = 0. (4.31)
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Because of (4.30), the Laplace transform

G*(w, z) ::/R e"YEG(E, 2)dE (4.32)

of G(&, z) with respect to § exists for Rw > 0, |z| < 2k. From (4.1), (4.5),
(4.11), (4.12), (4.24), and (4.26) we find for £ € (0, 00) that

5 11109 = ~(140)1(0,) + KT20(0,) + 5 T1a(0.), (433)

685 ﬁm,m(av 5) = - (7”(12m +(m_ 1)’£> 6m,m(0'7 5) + Bm—l,m—l(aa 5)
2

+ % 'lngrl,erl (Ua é)a m > 2. (434)

In view of (4.15) and (4.27), the Laplace transform 15’{71(0, w) of ¥y 1 (0, €) and
the Laplace transforms 9}, ,, (0, w) of ¥y, m(0,§), m > 1, exist for Rw > 0.
Because of (4.13) and (4.25), from (4.33) and (4.34) it follows for Rw > 0
that

(1+0+w)d 1 (0, w) = K3 (0, w) + Wi}y (0,w) — 1, (4.35)
m(l+o) =k T
(P52 Hm= Dt ) T (00) = Ty (0,0)
2
+ S T (Gw), m =2, (4.36)

respectively. In view of (4.29), (4.32), and (4.35), multiplying both sides of
(4.36) by (m —1)!(z/2)™"! and summing up for m > 2 provides after some
algebra that

(22—(1+U+2/€)Z+2H>% G*(w,2) + (z— (1+0+2w))G*(w, 2)

=1-wG"(w,0)— wﬁil(a,w), Rw >0, |z| < 2k. (4.37)

As the zeroes 7119 of 22 — (1 + o + 2k)z + 2 fulfill (4.19), G*(w,2) is a
solution of the ODE (4.37) for fixed w which is continuous at z = ry. For
real z € (r1,2k) thus from (4.37) it follows that

G*(w, 2) = (WG*(w,0)+wd} | (o, w)—1)

/z Cw—n)(m—z)fﬁ"ﬁ” dz
r \(z=11)(r2—12) (x—r1)(ra—2)’
Rw >0, z € (r,2k). (4.38)
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The substitution ((z—r1)(ro—=2))/((z—r1)(r2—x)) = e~ 3¢ yields that

G (w,2) = 25 (WG (w0, 0)+wil,y (7,w) 1)

0 e~ wEd¢
0 (ro—2)elr2=20)8/2 4 (z—py)eln—26)8/27
Rw >0, z € (r,2k).  (4.39)

By means of analytic continuation to z = 0 and applying the geometric
series with common ratio (ry/r9)e("~72)¢/2 to the integrand, for Rw > 0
from (4.39) we obtain the representation

00 (ri/r )k
Zkz(] (r272n+21u)/2(7“2*7‘1)+k

o0 T T k
o —w Zk:o (r2—2n+(21u/)/2()r2—r1)+k

G*(w,0) = (w1 (0, w)—1) (4.40)

of the Laplace transform of G(&,0) by a hypergeometric function. On the
other hand, in view of (4.13), (4.31), and of the properties of the Laplace
transform, from (4.39) we find that

Gle.o) =57 [ 5 (5 (G0 +3r(0:m)

dn
(ro—2)e(r2=20)(E=m/2 4 (z—p )e(ri=26)(6-m)/2

EeRy, z€(r,2k), (4.41)

where (4.41) even holds for £ € Ry, |z| < r2 due to the uniqueness theorem
for analytic functions and Taylor’s theorem, and where r > 1 because of
(4.19). In view of (4.13) and (4.31), integration by parts provides that

G(6.2) = 5 (G(E6:0)+911(0,)

- 1 T9—7T1
9 (ro—2)e(r2=2M)E/2 4 (z—py ) e(r1—2)&/2

ro—r £ ~
2 [ G0+ ()

0

(7’2 — Z) (7’2 — 2,€)6(T2—2’€)(5—W)/2 _|_ (Z_Tl)(rl — Q,Q)G(TI—QH)@—W)/Q
((7’2 — z)e(r2_2ﬁ)(§—n)/2 + (z—rl)e(rl_Q’@)(ﬁ—U)/Q)Z

EeRy, |zl <re. (4.42)

dn,
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In particular, choosing z = 0 in (4.42) yields that

To—T1
7‘26(7”2_25)5/2 —rle(rl_ZH)f/z

G(f, 0) = 75171(0-7 5) -

g )
20 (G, 0)+D11(0,m))
2 Jo
r2(r2 — 25)6(7'272“)(5777)/2 -7 (rl _ 2H)€(T1 72’{)(6777)/2 d
(roe(r2—2RE1)/2 _p o(ri—2e)(E-m)/2)2 g
EeR,.  (4.43)

Due to (4.43), (4.29), (4.24), (4.9), and (4.17), moreover it holds

Ele V0] — 2(rg—11)
(7"2 _ 1)6(7"2—25)5/2 + (1 _Tl)e(r1—2ﬁ)§/2

_ ro—1q _ ro—T1 EE[e—/\UV(O,n/)\)]
roe(r2—2K)€/2 _p, o(r1—2r)€/2 2 0

T9 (7"2 — 2/{/)6(7‘2_2H)(§_n)/2 -7y (f,’-l — 2/4/)6(711_25)(5_77)/2
(7«26(7”2—25)(5—77)/2—rle(ﬁ—%)(é—n)ﬂ)? T
ce0 ],  (4.44)

cf. [Bra] Theorem 4 for the case of an M/M/2 — PS system.

The Volterra integral equation (convolution equation) (4.43) can be used
for computing G(&,0), £ € [0,Ad], e.g. by means of the Neumann series.
Alternatively, (4.40) can be used for computing G(&,0), £ € [0, Ad], by in-
verting both factors on the r.h.s. and applying the convolution formula.
Subsequently, G(&,1), £ € [0, Ad], can be computed via (4.41) or (4.42) for
z=1.

4.2 M/GI/2 — PS with bounded from below service times

In this section we consider the M/GI/2 — PS system with bounded from
below service times, i.e., we consider the case of r = 2 where

B(z)=0, =z€]0,d), (4.45)

for some d € (0,00). Moreover, we assume that the stability condition (1.1)
for the M/GI/2— PS system is satisfied, i.e. that ¢ < 2, and that the system
is in steady state. The LST of V(7) is given by the limit x | 0 of the LST
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of V(7) in the corresponding system with locally exponential service times,
cf. Section 4.1. Thus from (4.28) we obtain that

E[ef)\o'V(ﬁ/)\)] — hm(lig/Q (QG(& 1)—G(§,O)_7§1,1(07 5))

K10 1+Q/2
2 ~
Ele V€N ) 0, Ad]. 4.46
In view of
limr; =0, limry = 140, (4.47)
k|0 K]0

cf. (4.18), from (4.17) we find that

1+o

1,3%1191,1(0'» §) = T oe(Fo)E/2 £ €10, Ad]. (4.48)

Moreover, after tedious algebra from (4.21) and (4.18) it follows that

. Ry 1—0/2
lim Ele- oV EN] — |
s | e v 15 €2+ ()

€€[0,Md]. (4.49)

In the limiting case of x | 0, in view of (4.47) and (4.48), the Volterra
integral equation (4.43) for G(¢,0) simplifies to

_ o —(140)E/2
G(&O) o 1—|—0’e(1+0)§/2 — e
I+o [* l+o —(1+0)(E—m)/2
B 2 0 <G(77,0)+ 1—|—0‘e(1+0)77/2>e dTI’

€€ 0,Md]. (4.50)

Multiplying by e(1T9)¢/2 differentiating with respect to £, and multiplying
again by e(11t9)¢/2 provides that
2 14+0)3¢/2
ﬁ (e(1+‘7)£G(§, 0)) = _0(1+U) e(1+o)3¢/ 7
73 2 (14oe(+0)E/2)2

In view of G(0,0) = 0, cf. (4.50), thus we find that

e =257 [[ () ]

&€ (0,Ad).

C=e(1+0)E/2’ € €[0,Ad], (4.51)
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where

¢ - o6
/1 (1—:7077>2d77 - % (U@_l) — 2log (111;) * (1+J()€(1-1|-)0<))

for o > 0. Further, in the limiting case of x | 0, taking into account (4.47),
(4.48), (4.51), and using integration by parts, from (4.41) for z = 1 after
some algebra we obtain that

B o(1+0)? [¢ o w N \2
G(E1) =~ /1 (w+002w2/1 (Hm) dndw
o(1+0)? < ¢
B 2 /1 (1+ow)(w+0o()? de

_0(1+0)/<( U )2dn’
2¢2 i \l+om cme40)E/2

¢ w
:—U(1+U)2/1 (cH—;C)Qw/l (1jan)2dndw

o(1+0) /C n )2 ‘
— d , € [0, \d], 4.52
¢ (1+077) ! C=e(1+0)E/2 celod (4.52)

where for the last equation again integration by parts has been used. Note
that the r.h.s. of (4.52) can be evaluated by using the dilogarithm function

Liy(2) := — /OZ de.

w

Summarizing, from (4.46), (4.52), (4.51), (4.48), and (4.49) we find the
following representation for the LST of V(7).

Theorem 4.1 Let the stability condition o < 2 for the M/GI/2 — PS sys-
tem, where the service time fulfills (4.45), be satisfied. Then for s € Ry and
T € (0,d] the LST of V(1) is given by

—wvry _ 1=e/2( 2 [ 1 Yrom 2
Ele I= 1—|—Q/2< 20(1+0) /1 (w+0§)2w/1 <1+077> dndw
o(l+0) [C/ n \2 1+o
B ¢2 /1 <1+U17) dn — 1+0(

N 2(1+0)? >
(1-0/2)(1+0)* + olog(C) + 0*(¢—1)

?
0':5/)\’ C:e(/\+3)7/2

ref0,d. (4.53)
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Note that Theorem 4.1 also provides the LST of V(7), 7 € [0, mg], and in
particular the LST of V = V(mg) in M/D/2 — PS for d = mg.

Taking the kth derivative with respect to s at s = 0 on both sides of
(4.53) yields the kth moment of V' (7) for 7 € [0, d]. In particular, we find the
following simple expression for the variance of V(7) after tedious algebra.

Corollary 4.1 Let the stability condition o0 < 2 for the M/GI/2 — PS
system, where the service time fulfills (4.45), be satisfied. Then for T € [0,d]
the variance of V(1) is given by

_ 1 2082 A(eS—1-¢)
wr(V(n) = 52 (rop(—a/a? ~ (T e/Di-e®
;1+§g((12€—10)65+9+625))LW2, ref0,d.  (4.54)

Note that Corollary 4.1 also provides the variances of V(7), 7 € [0, mg], and
of V.=V(mg)in M/D/2 — PS for d = mg, cf. Table 3.1 for r = 2.
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