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Abstract

This study presents a differential equation model for the feedback mechanisms between
Gonadotropin-releasing Hormone (GnRH), Follicle-Stimulating Hormone (FSH), Luteinizing
Hormone (LH), development of follicles and corpus luteum, and the production of estradiol
(E2), progesterone (P4), inhibin A (IhA), and inhibin B (IhB) during the female menstrual
cycle. In contrast to other models, this model does not involve delay differential equations
and is based on deterministic modelling of the GnRH pulse pattern, which allows for faster
simulation times and efficient parameter identification. These steps were essential to tackle
the task of developing a mathematical model for the administration of GnRH analogues. The
focus of this paper is on model development for GnRH receptor binding and the integration of
a pharmacokinetic/pharmacodynamic model for the GnRH agonist Nafarelin and the GnRH
antagonist Cetrorelix into the menstrual cycle model. The final mathematical model describes
the hormone profiles (LH, FSH, P4, E2) throughout the menstrual cycle in 12 healthy women.
Moreover, it correctly predicts the changes in the cycle following single and multiple dose
administration of Nafarelin or Cetrorelix at different stages in the cycle.

AMS MSC 2000: 92C42, 92C30, 90C31, 65L09

Keywords: human menstrual cycle, mathematical modelling, GnRH analogues, differential
equations, systems biology

1 Introduction

The gonadotropin-releasing hormone (GnRH) plays an important role in the female reproductive
cycle. GnRH controls the complex process of follicular growth, ovulation, and corpus luteum
development. It is responsible for the synthesis and release of gonadotropins (follicle-stimulating
hormone (FSH) and luteinizing hormone (LH)) from the anterior pituitary to the blood. These
processes are controlled by the size and frequency of GnRH pulses. In males, the GnRH pulse
frequency is constant, but in females, the frequency varies during the menstrual cycle, with a
large surge of GnRH just before ovulation. Low-frequency pulses lead to FSH release, whereas
high frequency pulses stimulate LH release. Thus, pulsatile GnRH secretion is necessary for correct
reproductive function.

∗Zuse Institute Berlin, Takustraße 7, D-14195 Berlin, Germany. Supported by DFG Research Center Matheon
“Mathematics for Key Technologies”, Berlin, Germany.

†Department of Pharmacokinetics, Dynamics and Metabolism, Pfizer, Ramsgate Road, Sandwich, Kent CT13
9NJ, United Kingdom.

‡Molecular Medicine, Pfizer, Ramsgate Road, Sandwich, Kent CT13 9NJ, United Kingdom.
§Department of Clinical Pharmacology, Pfizer, Ramsgate Road, Sandwich, Kent CT13 9NJ, United Kingdom.

1



Since GnRH itself is of limited clinical use due to its short half-life, modifications of its struc-
ture have led to GnRH analog medications that either stimulate (GnRH agonists) or suppress
(GnRH antagonists) the gonadotropins. Agonists do not quickly dissociate from the GnRH re-
ceptor, resulting in an initial increase in FSH and LH secretion (”flare effect”). After their initial
stimulating action, agonists are able to exert a prolonged suppression effect , termed “downregu-
lation” or “desensitization”, which can be observed after about 10 days. Generally this induced
and reversible hypogonadism is the therapeutic goal. GnRH agonists are used, for example, for
the treatment of cancer, endometriosis, uterine fibroids, and precocious puberty [10].

GnRH antagonists compete with natural GnRH for binding to GnRH receptors, thus leading
to an acute suppression of the hypothalamic-pituitary-gonadal axis without an initial surge. For
several reasons, such as high dosage requirements, the commercialization of GnRH antagonists
lagged behind their agonist counterparts [12]. Today, GnRH antagonists are mainly used in IVF
treatment to block natural ovulation (Cetrorelix, Ganorelix) and in the treatment of prostate
cancer (Abarelix, Degarelix) [10].

The fundamental understanding of the receptor response is necessary to create safer phar-
maceutical drugs. Therefore, the aim of this paper is to develop a mathematical model that
characterizes the different actions of GnRH agonists and antagonists by their different effects on
the GnRH receptor binding mechanisms. The model should be able to explain measurement values
for the blood concentrations of LH, FSH, estradiol (E2), and progesterone (P4) after single and
multiple dose treatment with a GnRH agonist or antagonist. Such a model should eventually help
in preparing and monitoring clinical trials with new drugs that affect GnRH receptors.

There are only a few publications available that focus on feedback mechanisms in the female
menstrual cycle. In 1999, a differential equation model that contains the regulation of LH and FSH
synthesis, release, and clearance by E2, P4, and inhibin was introduced by Schlosser and Selgrade
[36, 33]. This model was extended by Selgrade [35], Harris [16, 17] and later by Pasteur [30] to
describe the roles of LH and FSH during the development of ovarian follicles and the production
of the ovarian hormones E2, P4, inhibin A (IhA), and inhibin B (IhB). Reinecke and Deuflhard
[32, 31] added, among other things, a stochastic GnRH pulse generator and GnRH receptor binding
mechanisms. This model was insufficient for our purpose and needed modifications.

On the other hand, there exist pharmacokinetic/pharmacodynamic (PK/PD) models for GnRH
analogues [28, 38, 20]. These models describe the influence on LH and/or FSH but do not include
the GnRH receptor binding mechanisms. Our goal is to couple such a PK/PD model with the
model of the female menstrual cycle.

The paper is organized as follows. In Sec. 2 we derive the model equations with special focus
on the GnRH receptor binding model and the coupling of a PK model. The problem of parameter
identification is addressed in Sec. 3. Sec. 4 contains the simulation results for the normal cycle
as well as for the treatment with Nafarelin and Cetrorelix. The conclusion follows in Sec. 5.
Details about initial values and parameter values as well as a list of abbreviations are shifted to
the appendix.

2 Model Equations

The model of the female menstrual cycle includes the physiological compartments hypothalamus,
pituitary gland and ovaries, connected by the bloodstream. The model delivers a qualitative
description of the following regulatory circuit as illustrated in the flowchart in Fig. 1: In the
hypothalamus, the hormone GnRH (gonadotropin-releasing hormone) is formed, which reaches
the pituitary gland through a portal system and stimulates the release of the gonadotropins LH
and FSH into the bloodstream. The gonadotropins regulate the processes in the ovaries, i.e.
the multi-stage maturation process of the follicles, ovulation and the development of the corpus
luteum, which control the synthesis of the steroids P4 and E2 and of the hormones IhA and IhB.
Through the blood, these hormones then reach the hypothalamus and pituitary gland, where they
again influence the formation of GnRH, LH and FSH.

Since exact mechanisms are often unknown or more specific than necessary, Hill functions are
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Figure 1: Flowchart of the model for the female menstrual cycle.

used to model stimulatory (H+) or inhibitory (H−) effects:

H+(S(t), T ; n) =
(S(t)/T )n

1 + (S(t)/T )n
, H−(S(t), T ; n) =

1
1 + (S(t)/T )n

.

Here, S(t) ≥ 0 denotes the influencing substance, T > 0 the threshold, and n ≥ 1 the Hill
coefficient, which determines the rate of switching.

The following model equations partially overlap with equations used in the models of Harris
[16], Pasteur [30] and Reinecke [31], but have been extended and adapted for the purpose of
simulating GnRH analogue treatment. We started with the Reinecke model (named “original”
model) and performed model extension and reduction. First, we reduced this model by omitting
components which couple only weakly to the rest of the model. In particular, we left out the
enzyme reactions in the ovaries. According to [30], the number of follicular phases was extended
from 5 to 8 in order to distinguish between IhA and IhB. Moreover, we replaced the stochastic
GnRH pulse generator by a deterministic counterpart, which will be explained in more detail in
Sec. 2.5.

2.1 Luteinizing Hormone

The gonadotropin equations are based on synthesis-release-clearance relationships. This structure
was first introduced in [33]. LH-synthesis in the pituitary is stimulated by E2 and inhibited by P4.
There is a small constant release rate of LH into the blood (bLHRel

) [19], but the release is mainly
stimulated by the GnRH-receptor complex and additionally, if present, by the agonist-receptor
complex. Parameter Vblood corresponds to the blood volume. From the blood, LH is cleared by
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binding to free LH receptors (kLH
on ) and by other unspecified mechanisms (clLH) .

SynLH(t) = (bLHSyn
+ mLH

E2 ·H+(E2(t), TLH
E2 ; nLH

E2 )) ·H−(P4(t), TLH
P4 ; nLH

P4 ) (1a)

RelLH(t) =
(
bLHRel

+ mLH
G-R ·H+(G-R(t) + Ago-R(t), TLH

G-R; nLH
G-R)

)
· LHpit(t) (1b)

d

dt
LHpit(t) = SynLH(t)− RelLH(t) (1)

d

dt
LHblood(t) =

1
Vblood

· RelLH(t)− (kLH
on · RLH(t) + clLH) · LHblood(t) (2)

LH receptor binding is described by chemical reaction kinetics:

LHblood + RLH
kLH
on−−⇀ LH-R

LH-R
kLH
des−−⇀ RLH,des

RLH,des

kLH
recy−−−⇀ RLH

The corresponding differential equations read:

d

dt
RLH(t) = kLH

recy · RLH,des(t)− kLH
on · LHblood(t) · RLH(t) (3)

d

dt
LH-R(t) = kLH

on · LHblood(t) · RLH(t)− kLH
des · LH-R(t) (4)

d

dt
RLH,des(t) = kLH

des · LH-R(t)− kLH
recy(t) · RLH,des(t) (5)

2.2 Follicle Stimulating Hormone

FSH synthesis is stimulated by low GnRH frequencies to account for a suppression of FSH in case
of a constant frequency [15]. Moreover, FSH synthesis is inhibited by IhA and IhB [14, 18, 24, 34].
In [30], these mechanisms were modelled by delay differential equations to account for a delayed
inhibitory effect of both IhA and IhB. Since in our model the timing of FSH synthesis and release is
additionally influenced by GnRH, the delayed effect of IhB could be neglected. The delayed effect
of IhA, however, is still important. To avoid the use of delay differential equations we therefore
introduced a “delay component” IhAτ , compare Eq. (28). The equations for release and clearance
of FSH are the same as for LH.

SynFSH(t) =
mFSH

Ih

1 +
(

IhAτ

TIhA

)nIhA

+
(

IhB
TIhB

)nIhB ·H
−(freq, TFSH

freq ; nFSH
freq ) (6a)

RelFSH(t) =
(
bFSHRel

+ mFSH
G-R ·H+(G-R(t) + Ago-R(t), TFSH

G-R ; nFSH
G-R )

)
· FSHpit(t) (6b)

d

dt
FSHpit(t) = SynFSH(t)− RelFSH(t) (6)

d

dt
FSHblood(t) =

1
Vblood

· RelFSH(t)− (kFSH
on · RFSH + clFSH) · FSHblood(t) (7)

FSH receptor binding is described by chemical reaction kinetics:

FSHblood + RFSH
kFSH
on−−−⇀ FSH-RFSH

FSH-RFSH
kFSH
des−−−⇀ RFSH,des

RFSH,des

kFSH
recy−−−⇀ RFSH
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The corresponding differential equations read:

d

dt
RFSH(t) = kFSH

recy · RFSH,des(t)− kFSH
on · FSHblood(t) · RFSH(t) (8)

d

dt
FSH-R(t) = kFSH

on · FSHblood(t) · RFSH(t)− kFSH
des · FSH-R(t) (9)

d

dt
RFSH,des(t) = kFSH

des · FSH-R(t)− kFSH
recy · RFSH,des(t) (10)

2.3 Development of Follicles and Corpus Luteum

The model for the development of follicles is adapted from [30]. Follicular growth is initiated
by FSH. Then, transition from one follicular stage to the next is stimulated by LH and/or FSH.
Moreover, the growth rate of the secondary follicles SeF1 and SeF2 increases with increasing follicle
size. To account for large LH and FSH peaks resulting from GnRH agonist treatment, we added
some new features to the original model.

First, the action of LH and FSH was replaced by the action of their corresponding receptor
complexes. Moreover, the growth of the secondary follicles SeF1 and SeF2 is now bounded by a
maximum capacity (SeFmax). With increasing size, the follicles evolve LH-receptors (Rfoll

LH) on the
granulosa cells, thus becoming more sensitive to LH, which stimulates their transition to the next
stage [39]. The LH receptors disappear with the sustained development of the corpus luteum,
represented by increasing amounts of P4:

d

dt
Rfoll

LH(t) = mRLH
FSH ·H

+(FSH-R(t), TRLH
FSH ; nRLH

FSH)−mRLH
P4 ·H+(P4(t), TRLH

P4 ; nRLH
P4 ) · Rfoll

LH(t) (11)

All LH dependent transition rates between different follicular stages are multiplied with the amount
of Rfoll

LH. These changes became necessary to capture different effects of an LH peak (caused by
GnRH agonist treatment) in the early and late follicular phase. The corpus luteum starts to
develop under the condition that there is an LH peak and the follicles are ready for ovulation.
Therefore an ovulatory follicle (OvF) only develops when the preovulatory follicle (PrF) is large
enough. Thus, an LH peak in the early follicular phase cannot cause ovulation. To make the
ovulatory scar (Sc1) independent from the size of the ovulatory follicle OvF, its growth only de-
pends on OvF via a Hill function. Thus, a normal luteal function is maintained even if ovulation is
enforced earlier, for example by GnRH agonist treatment in the late follicular phase. Furthermore,
the transitions between different luteal stages are stimulated by the GnRH-receptor complex or
the agonist-receptor complex, respectively. This modification became necessary to account for a
truncated luteal phase after agonist administration in the late luteal phase.

d

dt
PrA1(t) = mPrA1

FSH ·H+(FSH-R(t), TPrA1
FSH ; nPrA1

FSH )− kPrA2
PrA1 · FSH-R(t) · PrA1(t) (12)

d

dt
PrA2(t) = kPrA2

PrA1 · FSH-R(t) · PrA1(t)

− kSeF1
PrA2 · (LH-R(t)/SFLH-R)nSeF1

PrA2 · Rfoll(t)LH · PrA2(t) (13)
d

dt
SeF1(t) = kSeF1

PrA2 · (LH-R(t)/SFLH-R)nSeF1
PrA2 · Rfoll

LH(t) · PrA2(t)

+ kSeF1
SeF1 · FSH-R(t) · SeF1(t) · (1− SeF1(t)/SeFmax)

− kSeF2
SeF1 · (LH-R(t)/SFLH-R)nSeF2

SeF1 · Rfoll
LH(t) · SeF1(t) (14)

d

dt
SeF2(t) = kSeF2

SeF1 · (LH-R(t)/SFLH-R)nSeF2
SeF1 · Rfoll

LH(t) · SeF1(t)

+ kSeF2
SeF2 · (LH-R(t)/SFLH-R)nSeF2 · SeF2(t) · (1− SeF2(t)/SeFmax)

− kPrF
SeF2 · (LH-R(t)/SFLH-R) · Rfoll

LH(t) · SeF2(t) (15)
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d

dt
PrF(t) = kPrF

SeF2 · (LH-R(t)/SFLH-R) · Rfoll
LH(t) · SeF2(t)

− clPrF · (LH-R(t)/SFLH-R)nOvF
PrF · Rfoll

LH(t) · PrF(t) (16)
d

dt
OvF(t) = mOvF

PrF · (LH-R(t)/SFLH-R)nOvF
PrF · Rfoll

LH(t) ·H+(PrF(t), TOvF
PrF ; nOvF

PrF )

− clOvF ·OvF(t) (17)
d

dt
Sc1(t) = mSc1

OvF ·H+(OvF(t), T Sc1
OvF, nSc1

OvF)− kSc2
Sc1 · Sc1(t) (18)

d

dt
Sc2(t) = kSc2

Sc1 · Sc1(t)− kLut1
Sc2 · Sc2(t) (19)

d

dt
Lut1(t) = kLut1

Sc2 · Sc2(t)

− kLut2
Lut1 · (1 + mLut

G-R ·H+(G-R(t) + Ago-R(t), TLut
G-R; nLut

G-R)) · Lut1(t) (20)
d

dt
Lut2(t) = kLut2

Lut1 · (1 + mLut
G-R ·H+(G-R(t) + Ago-R(t), TLut

G-R; nLut
G-R)) · Lut1(t)

− kLut3
Lut2 · (1 + mLut

G-R ·H+(G-R(t) + Ago-R(t), TLut
G-R; nLut

G-R)) · Lut2(t) (21)
d

dt
Lut3(t) = kLut3

Lut2(1 + mLut
G-R ·H+(G-R(t) + Ago-R(t), TLut

G-R; nLut
G-R)) · Lut2(t)

− kLut4
Lut3 · (1 + mLut

G-R ·H+(G-R(t) + Ago-R(t), TLut
G-R; nLut

G-R)) · Lut3(t) (22)
d

dt
Lut4(t) = kLut4

Lut3(1 + mLut
G-R ·H+(G-R(t) + Ago-R(t), TLut

G-R; nLut
G-R)) · Lut3(t)

− clLut4 · (1 + mLut
G-R ·H+(G-R(t) + Ago-R(t), TLut

G-R; nLut
G-R)) · Lut4(t) (23)

2.4 Estradiol, Progesterone and Inhibins

E2, P4, IhA and IhB are produced by the follicles and/or the corpus luteum. The ability of the
follicles to produce E2 is stimulated by the GnRH-receptor complex and additionally, if present,
by the agonist-receptor complex. This feature was introduced in the model to capture the increase
in E2 at agonist administration.

d

dt
E2(t) = bE2 + kE2

SeF1 · (G-R(t) + Ago-R(t)) · SeF1(t)

+ kE2
SeF2 · SeF2(t) + kE2

PrF · (G-R(t) + Ago-R(t)) · PrF

+ kE2
Lut1 · Lut1(t) + kE2

Lut4 · Lut4(t)− clE2 · E2(t) (24)
d

dt
P4(t) = bP4 + kP4

Lut4 · Lut4(t)− clP4 · P4(t) (25)

d

dt
IhA(t) = bIhA + kIhA

PrF · PrF(t) + kIhA
Lut2 · Lut2(t)

+ kIhA
Lut3 · Lut3(t) + kIhA

Lut4 · Lut4(t)− cl IhA · IhA(t) (26)
d

dt
IhB(t) = bIhB(t) + kIhB

PrA2 · PrA2(t) + kIhB
Sc2 · Sc2(t)− cl IhB · IhB(t) (27)

To account for a delayed effect of IhA on FSH synthesis and to avoid the use of delay differential
equations, we additionally introduce a “delay component”:

d

dt
IhAτ (t) = cl IhA · IhA(t)− cl IhAτ

IhAτ (28)

2.5 Gonadotropin Releasing Hormone

The level of GnRH (G) is dependent on the amount (mass) produced in the hypothalamus and the
frequency of pulsatile release into the pituitary. The frequency is inhibited by P4 and stimulated
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by E2 [13, 21, 15]. Moreover, we assume that E2 is inhibitory on the released amount of GnRH
at low concentrations and stimulatory at high concentrations [4, 37, 15].

freq(t) = kfreqH−(P4(t), T freq
P4 ; nfreq

P4 ) · (1 + mfreq
E2 ·H+(E2(t), T freq

E2 ; nfreq
E2 )) (29a)

mass(t) = kmass
(
H+(E2(t), Tmass,1

E2 ; nmass,1
E2 ) + H−(E2(t), Tmass,2

E2 ; nmass,2
E2 )

)
(29b)

d

dt
G(t) = mass(t) · freq(t)− kG

on ·G(t) · RG,a(t) + kG
off ·G-Ra(t)− kG

degr ·G(t) (29)

This modelling is purely deterministic, in contrast to the stochastic GnRH pulse generator that
was used by Reinecke [32]. That stochastic modelling, when correctly implemented, had required
extremely small time steps which are impractical for the simulation of several cycles including
parameter identification. Moreover, in that model a constant GnRH pulse frequency had had no
effect on the course of the menstrual cycle, which contradicts scientific findings. Since we are not
interested in the stochastic pulse pattern but in the mean frequency and the amount of GnRH in
the pituitary, the deterministic modelling is fully sufficient. If wanted, the pulse pattern of GnRH
could be computed from the frequency but this is not in the scope of our present model.

The model for the GnRH receptor binding is similar to the model of the epidermal growth
factor receptor presented in [22] and is described via the following scheme:

k interk recy

kon

k inactkact

kdiss

koff

kdegr
G−R

G−R G−R

G−R

R R

RR

G

G

Gk

kksyn degr

degr

GG

complex G−R a[

complex [ G−R ]i

GnRH pituitary [G ]

active GnRH−receptor

inactive GnRH−receptor

GnRH receptorsactive

inactive GnRH receptors

[

[

R

RG,i

G,a

]

]

ii

G,iG,i

]

Figure 2: GnRH receptor binding model as it is integrated into the large model, see upper left
part of Fig. 1.

In the pituitary, the GnRH receptors available for binding (RG,a) are assumed to be on the cell
surface. We also assume a pool of inactive GnRH receptors (RG,i) inside the cell, not available
for binding. The GnRH that is released from the hypothalamus binds via a reversible reaction to
its free receptors on the cell surface, forming an active GnRH-receptor complex (G-Ra), that is
also located on the cell surface. This complex gets internalized (or inactivated) and recycled to
the membrane (re-activated) in a reversible way. The inactive complex (G-Ri) is degraded and,
at the same time, it dissociates inside the cell, forming new inactive GnRH receptors in the pool.
From the pool, a certain amount of receptors are permanently recycled and becoming active with
rate constant kRG

recy . At the same time active receptors on the cell surface are internalised and
become inactive with rate constant kRG

inter . We assume that there is a permanent synthesis and
degradation of free inactive receptors inside the cell. The differential equations corresponding to
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the above described reaction scheme are described below:

d

dt
RG,a(t) = kG

off ·G-Ra(t)− kG
on ·G(t) · RG,a(t)− kRG

inter · RG,a(t) + kRG
recyRG,i (30*)

d

dt
RG,i(t) = kG-Ri

diss ·G-Ri(t) + kRG
inter · RG,a(t)− kRG

recyRG,i(t) + kRG,i
syn − k

RG,i
degr · RG,i(t) (31*)

d

dt
G-Ra(t) = kG

on ·G(t) · RG,a(t)− kG
off ·G-Ra(t)− kG-R

inact ·G-Ra(t) + kG-R
act G-Ri(t) (32)

d

dt
G-Ri(t) = kG-R

inact ·G-Ra(t)− kG-R
act G-Ri(t)− kG-Ri

degr ·G-Ri(t)− kG-Ri

diss ·G-Ri(t) (33)

The star in the equation number labels preliminary equations which are changed when GnRH
analogues are included into the model system.

2.6 Administration of GnRH Analogues

2.6.1 The pharmacokinetic model

Administration of GnRH agonists and antagonists is modelled via a classical two-compartment-
PK model [3]. The drug is administered directly into the dosing compartment, from where it
is transported into the central compartment. A certain amount of drug reaches the peripheral
compartment, from where it is transported back into the central compartment. We chose this
approach to account for a two-phase decrease in the drug data (Cetrorelix). Regarding the data
of Nafarelin, the agonist model could as well be modelled with a one-compartment-PK model, but
the current approach is more general and only insignificantly more costly. In the following, we use
the agonist as example to describe the reaction scheme between the compartments:

Agod

kAgo
A−−⇀ Agoc

kAgo
cp−−⇀↽−−

kAgo
pc

Agop , Agoc

clAgoc−−−−⇀ ∗

Agod is the amount of agonist in the dosing compartment, Agoc the amount in the central, and
Agop the amount in the peripheral compartment. Here and in the following, the ∗ represents a
component without feedback to the rest of the system, which is therefore neglected during the
simulation.

The agonist concentration in the dosing compartment is determined by first order absorption:

d

dt
Agod(t) = −kAgo

A ·Agod(t) (34)

At the time points of dosing, {tD,i}n
i=1, the dose DAgo is added to Agod(t).

Since only the free drug in the central compartment is available for binding to the GnRH
receptor, we multiply the amount of agonist that reaches the central compartment from the dosing
compartment with the fraction unbound in plasma, fAgo

u . This value was obtained from the
literature [25, 28]. Moreover, the agonist concentration is diluted with respect to the volume of
the central compartment (Vc).

The differential equations for the components of the PK model are:

d

dt
Agoc(t) = kAgo

A ·Agod(t) · fAgo
u /Vc − clAgoc

·Agoc(t)

− kAgo
cp ·Agoc(t) + kAgo

pc ·Agop(t) (35*)
d

dt
Agop(t) = kAgo

cp ·Agoc(t)− kAgo
pc ·Agop(t) (36)

The equations for the antagonist PK model look exactly the same, except that in the parameter
and component names “Ago” is replaced by “Ant”.
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Figure 3: Coupling of the 2-compartment PK model to the GnRH receptor binding model, see
also upper part of Fig. 1.

2.6.2 Agonist receptor binding

The coupling of the PK equations to the rest of the model occurs via reaction-rate equations
(Fig. 3). The agonist binds via a reversible reaction to free GnRH receptors on the cell surface
(RG,a) and forms an active complex (Ago-Ra), which is acting in the same way as the GnRH-
receptor complex. That means, the complex gets internalized and recycled in a reversible way.
The inactive complex is degraded or dissociated into a pool of inactive receptors inside the cell.
The reaction scheme is:

SFAgo ·Agoc + RG,a

kAgo
on−−⇀↽−−

kAgo
off

Ago-Ra Ago-Ra

kAgo-R
act−−−−⇀↽−−−−

kAgo-R
inact

Ago-Ri

Ago-Ri

kAgo-R
degr−−−−⇀ ∗ Ago-Ri

kAgo-R
diss−−−−⇀ RG,i

The scaling factor SFAgo accounts for the conversion of units from the agonist in the central
compartment (usually ng/mL) to the amount of agonist-receptor complex (nmol/mL). The amount
of active and inactive agonist-receptor complex is calculated as:

d

dt
Ago-Ra(t) = kAgo

on · SFAgo · RG,a(t) ·Agoc(t)− kAgo
off ·Ago-Ra(t)

+ kAgo-R
act ·Ago-Ri(t)− kAgo-R

inact · RG,a(t) ·Ago-Ra(t) (37)
d

dt
Ago-Ri(t) = kAgo-R

inact · RG,a(t) ·Ago-Ra(t)− kAgo-R
act ·Ago-Ri(t)

− kAgo-R
diss ·Ago-Ri(t)− kAgo-R

degr ·Ago-Ri(t) (38)

The effect of the agonist-receptor-complex is added to the effect of the GnRH-receptor complex
wherever it appears (cf. RelLH, RelFSH, CL development, E2).

Since the binding is reversible, it also effects the equation for the agonist in the central com-
partment:

d

dt
Agoc(t) = kAgo

A ·Agod(t) · fAgo
u /Vc − clAgoc

·Agoc(t)

− kAgo
cp ·Agoc(t) + kAgo

pc ·Agop(t)

− kAgo
on · RG,a(t) ·Agoc(t) + kAgo

off /SFAgo ·Ago-Ra(t) (35)
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2.6.3 Antagonist receptor binding

There are differences in the impact of the agonist and antagonist, which are due to a different
behavior of the agonist and antagonist receptor complexes. In contrast to the agonist, the GnRH
receptor is not activated by binding to the antagonist. Therefore, we consider only the following
reactions:

SFAnt ·Antc + RG,a

kAnt
on−−⇀↽−−

kAnt
off

Ant-R Ant-R
kAnt
degr−−−⇀ ∗

The equation for the antagonist-receptor complex is

d

dt
Ant-R(t) = kAnt

on · SFAnt · RG,a(t) ·Antc(t)

− kAnt
off ·Ant-R(t)− kAnt-R

degr ·Ant-R(t). (39)

The modified equation for the central compartment becomes

d

dt
Antc(t) = kAnt

A ·Antd(t) · fAnt
u /Vc − clAntc ·Antc(t)

− kAnt
cp ·Antc(t) + kAnt

pc ·Antp(t)

− kAnt
on · RG,a(t) ·Antc(t) + kAnt

off /SFAnt ·Ant-R(t). (40)

Finally, the equations for both the active and the inactive GnRH receptors have to be modified:

d

dt
RG,a(t) = kG

off ·G-R(t)− kG
on ·G(t) · RG,a(t)

− kRG
inter · RG,a(t) + kRG

recyRG,i

− kAgo
on · SFAgo ·Agoc(t) · RG,a(t) + kAgo

off ·Ago-R(t)

− kAnt
on · SFAnt ·Antc(t) · RG,a(t) + kAnt

off ·Ant-R(t), (30)
d

dt
RG,i(t) = kG-Ri

diss ·G-Ri(t) + kRG
inter · RG,a(t)− kRG

recyRG,i(t)

+ kRG
syn − kRG

degr · RG,i(t) + kAgo
diss ·Ago-Ra(t) (31)

3 Applied numerical algorithms

The main difficulty is not to simulate the system, i.e. to solve the differential equations, but to
identify the unknown parameters. We will briefly describe the mathematical techniques that we
use for parameter identification.

Formally, the system of differential equations can be written as

y′(t,p) = f(y(t,p),p),

where y(t,p) = (y1(t,p), . . . , yn(t,p)) denotes the solution vector for a given parameter vector
p = (p1, . . . , pq). Assume there are m experimental data points varying in the selected component
at different time points,

zk = ŷjk
(tk), k = 1, . . . ,m, jk ∈ {1, . . . , n},

associated with corresponding measurement tolerances δzk. Here ŷjk
(tk) denotes the measurement

of component yjk
at time tk. The m to n mapping jk assigns to every measurement time point tk

one of the n components of y.
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Parameter identification is equivalent to solving the least squares minimization problem

I(p) = F(p)T F(p) → min
p

,

where F(p) = (F1(p), . . . , Fm(p)) is a vector of length m with entries

Fk(p) =
yjk

(tk,p)− zk

δzk
.

That means we want to minimize the relative deviation of model and data at the measurement
time points tk. The above problem, which is highly nonlinear in p, can be solved by affine covariant
Gauss-Newton iteration, see [5], where each iteration step i requires the solution of a linear least
squares problem,

J(pi)∆pi = F(pi).

The kth row of the Jacobian (m× q)-matrix J(p) has the form

J(p)(k, :) = ∇pyjk
(tk,p),

thus representing the sensitivity of the solution y with respect to the parameters p at the time
points of measurements. An analysis of the matrix J(p) gives some hints whether the current
combination of model and data will permit an actual identification of the parameters. Parameters
with very small sensitivity have nearly no influence on the solution and can therefore not be
estimated. In this case the entries of the corresponding column in J(p) (and thus the weighted l2
column norm) are almost zero. Furthermore, some of the parameters might be linearly dependent,
which leads to nearly identical columns in J(p). In both cases the matrix J(p) will be singular
or, from a numerical point of view, nearly singular.

Linearly independent parameters can be identified by analyzing their subcondition. Let us
consider the QR-decomposition of J(p). By a suitable permutation of the matrix columns of
J(p), the diagonal elements of the upper triangular matrix R can be ordered in the form r11 ≥
r22 ≥ . . . ≥ rqq. The subcondition of parameter pj is given by

scj = r11/rjj .

Thus, the permutation of matrix columns corresponds to a new ordering of parameters according
to increasing subcondition. The subcondition indicates whether a parameter can be estimated
from the given data or not. Only those parameters can be estimated for which

scj < 1/ε,

where ε is the relative precision of the Jacobian J(p) [6]. The above described techniques for
solving a nonlinear least squares problem were first implemented in the software packages PARKIN
[29, 7] and NLSCON [1, 5]. A renewed version of this software, named BioPARKIN [8], which is
especially adapted to parameter identification in ordinary differential equation models, has been
used throughout the study.

4 Simulation Results

4.1 Normal Cycles

The simulation results in Fig. 4 show that the current set of model parameters generates curves
consistent with the data for 12 healthy women with a normal menstrual cycle. The women were
synchronized at the beginning of the study. Parameters have been estimated such that the cycle
length in the simulation is about 28 days throughout. Initial values have been chosen in such a
way that the simulation starts on a limit cycle.
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Figure 4: Simulation results (solid lines) with parameters fitted to the data from 12 healthy women
(LH, FSH, E2, P4). Individual patient level hormonal data were pulled from Pfizer database. The
time units are days.
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4.2 GnRH Agonist Nafarelin

The parameters for the PK model of single dose Nafarelin administration were obtained as pop-
ulation estimates from NONMEM analysis of a 2-compartment model with 1st order absorption
(Tab. 1). The values kon = 2.5nM−1 · min−1 and koff = 5min−1 are reported in [2]. To ob-
tain a reasonable dynamic behavior, however, we had to use values that are ten times smaller
(kon = 0.25nM−1 · min−1, koff = 0.5min−1), but the ratio kon/koff = 0.5nM−1 has been kept.
The remaining parameters are listed in Tab. 2. These values were used as starting values for
parameter identification with single and multiple dose Nafarelin data. However, the parameters
kAgo-R
degr , kAgo-R

diss , kAgo
inact and kAgo

act are difficult to estimate, see for example Fig. 5. Moreover, the val-
ues for kAgo

on and kAgo
off changed only slightly during optimization with data from different women.

Therefore, we kept the initial parameter values because they give reasonable results. A similar
argument applies to kAnt

on , kAnt
off and kAnt-R

degr during parameter identification with data for Cetrorelix
administration. On the other hand, clAgo,Antc

is the most sensitive and best identifiable parameter.
Its value for different data sets is listed in Tab. 3.

The simulation results for single administration of 100µg Nafarelin are illustrated in Tab. 5.
Administration of Nafarelin in the early follicular phase postpones ovulation, whereas ovulation is
triggered when Nafarelin is administered in the late follicular phase. The luteal phase is truncated
by Nafarelin administration. Tab. 4 contains a comparison between experimental observations
reported in the literature [27] and our simulation results, which are in good agreement. Similar
results were obtained in a simulation with a lower dose of 5µg (figures not shown).

parameter fA
u /Vc kA

A clAc
kA

cp kA
pc

unit 1/L 1/d 1/d 1/d 1/d

Nafarelin (sd) 0.0562 108 5.976 68.88 157.68
Cetrorelix (sd) 0.03 65.2 – 3.216 4.76
Cetrorelix (md) 0.023 73.84 – 2.704 0.936

Table 1: Pharmacokinetic parameters for single dose Nafarelin administration (NONMEM pop-
ulation estimates) and for the administration of single and multiple dose Cetrorelix (reported in
[28]). The parameters occur in Eq. (35) and Eq. (40). The superscript letter “A” in the parameter
names stands for Ant or Ago, respectively.

parameter kA
on kA

off kA-R
degr kA-R

diss kA
inact kA

act

unit L/(d·nmol) 1/d 1/d 1/d 1/d 1/d

Nafarelin 360 720 0.1 360 0.36 3.6
Cetrorelix 360 720 0.01 – – –

Table 2: Receptor binding parameters for Nafarelin and Cetrorelix. The parameters occur in
Eq. (37), Eq. (38), and Eq. (39). The superscript letter “A” in the parameter names stands for
Ant or Ago, respectively.

The simulation results for multiple administration of 250µg Nafarelin are presented in Fig. 6.
After the initial stimulatory phase, LH and FSH levels are suppressed but acute responses to
Nafarelin are maintained. In all cases, ovulation is inhibited (absence of luteal phase). The acute
E2 response is still evident, but the higher the dose, the more profound the suppression of E2
(figures not shown). This agrees very well with the observation in [26].
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Figure 5: Information from parameter identification for selected parameters with the data for single
dose Nafarelin administration (ID208). Left: The column norms of the sensitivity matrix show
that all selected parameters are sensitive, with clAgoc

being most sensitive. Right: Parameters
with large subcondition, however, are difficult to estimate (kAgo-R

degr , kAgo
inact ) or cannot be estimated

at all (kAgo-R
diss , kAgo

act ) from the given data.

4.3 GnRH Antagonist Cetrorelix

The parameters for the PK model of single and multiple dose Cetrorelix administration were
reported in [28], see Tab. 1. Furthermore, the data for single as well as multiple dosing can be
captured equally well by the same receptor binding parameter values, see Tab. 2.

The simulations for single dose administration of Cetrorelix were performed by varying the
time of dosing, the dose (DAnt), and the clearance rate constant (clAntc

), see Tab. 3. All other
parameter values were kept fixed. The simulation results are illustrated in Tab. 6 and Tab. 7.
High doses (≥ 3 mg) postpone ovulation, whereas lower doses (≤ 1 mg) do not result in a delay.
This agrees with published data [23, 9]. In our model, the length of the suppressive effect depends
on the individual clearance rate of Cetrorelix from the central compartment.

The simulation results for multiple dose administration are presented in Tab. 8. Note that the
data are group averages [9]. The time point of ovulation after the final dose is hardly visible in
the data because the LH peak, for example, has disappeared by data averaging. Nevertheless, the
simulation results agree with the reported delays of ovulation. An acute response to Cetrorelix is
visible for all doses in all components (LH, FSH and E2), but the suppression of E2 in strongest
in the highest dose group (1000µg). Moreover, E2 values after ovulation hint to a normal luteal
function, and the next cycle after treatment has normal length of 28 days.

5 Conclusion

The mathematical model developed in this paper describes the hormone profiles throughout the
female menstrual cycle in correspondence with measurement values of LH, FSH, P4 and E2 for 12
individual healthy women. Unlike previous models [16, 32, 30], the new model correctly predicts
the changes in the cycle following single and multiple dose administration of a GnRH agonist
or antagonist at different stages in the cycle. To the best of our knowledge, this is the first
mathematical model that describes such feedback mechanisms in consideration of cyclicity of the
female hormonal balance.

The model applied herein for the normal cycle without GnRH analogues comprises 33 dif-
ferential equations and 114 unknown parameters. Thereof 21 could be identified from the data
of 12 individual women. The number of identifiable parameters increased to 52 when Nafarelin
and Cetrorelix data were included. Thus we have learned more about the system by studying
its reaction to external manipulations. The number of identifiable parameters might be further
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Figure 6: Simulation results for the daily administration of 250 µg Nafarelin on cycle days 1 to
90 (individual data from [11], also published and discussed in [26]). After an initial stimulatory
phase, LH, FSH and E2 levels are suppressed but acute responses to Nafarelin are maintained,
whereas P4 is suppressed constantly.
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sd/md ID t0 tf DA clAc

d d µg 1/d

Nafarelin sd 105 5 5 100 5.48
Nafarelin sd 208 12 12 100 9.62
Nafarelin sd 306 22 22 100 6.00

Nafarelin md 311 1 90 250 30

Cetrorelix sd Leroy1 14 14 5000 1.0
Cetrorelix sd Leroy2 14 14 5000 0.6
Cetrorelix sd Leroy3 14 14 5000 5.0
Cetrorelix sd Leroy4 14 14 3000 1.8

Cetrorelix sd Duij1 3 3 250 6.0
Cetrorelix sd Duij2 3 3 500 5.0
Cetrorelix sd Duij3 3 3 1000 5.0

Cetrorelix md Duij1 3 16 250 3.0
Cetrorelix md Duij2 3 16 500 3.0
Cetrorelix md Duij3 3 16 1000 3.0

Table 3: Parameters for the administration of single dose (sd) and multiple dose (md) Nafarelin or
Cetrorelix. The parameter clA turned out to be the most sensitive and best identifiable parameter
and was therefore varied between the different data sets.

reference [27] simulation results

ovulation 15 days after Nafarelin administra-
tion, prolongation of cycle by 4.6± 1.7 days

ovulation 17 days (100µg) or 14 days (5µg)
after Nafarelin administration

shortened cycle by 2.3 ± 1 days, statistically
not significant

shortened cycle by 2 days (100µg) or 3 days
(5µg)

truncated luteal phase by 4 days truncation of luteal phase by several days, de-
pending on the day of dosing

Table 4: A comparison between experimental observations reported in [27] (reference) and our
simulation results.

increased by including more data, for example data for the administration of LH or FSH agonists
or antagonists.

A key step in developing a mathematical model for the administration of GnRH analogues was
the elimination of time delays and the integration of a deterministic model for the GnRH pulse
pattern. The deterministic modelling turned out to be fully sufficient. In particular, in our model
a nearly constant GnRH frequency, as it results for example during the multiple dose treatment
with a GnRH antagonist, reduces the FSH concentration in the blood. This agrees with published
observations.

The new model emphasizes the importance of time of dosing within the cycle, and it gives
insight into the recovery of the cycle after the final dose. The model is robust in the sense that,
after the final dose, the solution returns to the initial steady state. Beyond the results given
here, a different parametrization would lead to a destabilization of the cycle, which might be an
interesting topic for further investigations.

Simulation results for single and multiple dosing of Nafarelin and Cetrorelix are in good qual-
itative agreement with the data, but the quantitative agreement could be improved with “better”
data. Ideally, the data for the dosing event would come along with measurements that were taken
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Table 5: Simulation results for the administration of 100µg Nafarelin (single dose) at different
times in the cycle (data from [27]).
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Table 6: Simulation results and data (from [23]) after the administration of 5mg (top three lines) or
3mg (bottom line) single s.c. dose of Cetrorelix to four representative women in the late follicular
phase. The LH peak occurs 9, 14, 3 or 5 days after antagonist administration, depending on the
individual degradation rate of Cetrorelix.

during the non-treatment cycle. This kind of data would allow for an individual parametrization
of the non-treatment cycle, including individual cycle length and basal hormone levels. In this
case, a better fit to individual dosing data could be obtained. However, this was not the case for
the available data.

Parameter identification also gets difficult or even impossible with averaged data when aver-
aging takes place for women with different cycle lengths and/or at different phases of the cycle
as for example in [9]. The reason for this is that such data can simply not be explained by a
single parametrization. Ideally, one would have individual data available, but such data are usu-
ally deleted in industry when a study is finalized and results have been published. Therefore, we
hope that more companies and departments will save and provide their data in the framework of
standardized data management systems.

The model could be used as starting point for further investigations. For example, in drug
development one could study the influence of certain diseases on the menstrual cycle. Moreover,
further testing would be required with the model to check that the parameter estimates determined
from the GnRH antagonist and agonists and healthy women are viable for other therapeutic agents
acting on other targets, e.g. LH and FSH. The results can then be used to explore novel targets.
In order to simulate therapeutic options, our objective for the future is to not just model the
idealized cycle of an “idealized woman”, but to describe individual “virtual” patients by reliable
models.
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Table 7: Simulation results and data (median for n = 12 per group, from [9]) following single s.c.
administration of Cetrorelix in the early follicular phase (cycle day 3). In all figures the time units
are days. The administration did not result in an apparent delay of ovulation.

19



Duij1 (250µg) Duij2 (500µg) Duij3 (1000µg)

LH

−20 0 20 40 60
0

20

40

60

80

100

120

days

m
IU

/m
L

 

 

data
LH

−20 0 20 40 60
0

20

40

60

80

100

120

days

m
IU

/m
L

 

 

data
LH

−20 0 20 40 60
0

20

40

60

80

100

120

days

m
IU

/m
L

 

 

data
LH

FSH

−20 0 20 40 60
0

5

10

days

m
IU

/m
L

 

 

data
FSH

−20 0 20 40 60
0

5

10

days

m
IU

/m
L

 

 

data
FSH

−20 0 20 40 60
0

5

10

days

m
IU

/m
L

 

 

data
FSH

E2

−20 0 20 40 60
0

100

200

300

400

days

pg
/m

L

 

 

data
E2

−20 0 20 40 60
0

100

200

300

400

days

pg
/m

L

 

 

data
E2

−20 0 20 40 60
0

100

200

300

400

days

pg
/m

L

 

 

data
E2

Cetrorelix

0 5 10 15 20 25
0

2

4

6

days

ng
/m

L

 

 

data
cetrorelix

0 5 10 15 20 25
0

2

4

6

8

10

12

days

ng
/m

L

 

 

data
cetrorelix

0 5 10 15 20 25
0

5

10

15

20

25

days

ng
/m

L

 

 

data
cetrorelix

Table 8: Simulation results and data (median for n = 12 per group, from [9]) following daily
administration of Cetrorelix between cycle days 3 and 16. Ovulation is delayed by 5 days (0.25mg),
10 days (5mg), or 13 days (1mg).
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A Abbreviations

abbreviation explanation

LH luteinizing hormone
FSH follicle stimulating hormone
E2 estradiol
P4 progesterone
IhA, IhB inhibin A/B
IhAτ inhibin A delayed by diffusion
GnRH, G gonadotropin releasing hormone
PrA1, PrA2 early and late primary follicle
SeF1, SeF2 early and late secondary follicle
PrF preovulatory follicle
OvF ovulatory follicle
Sc1, Sc2 early and late ovulatory scar
Lut1/2/3/4 development stages of corpus luteum
RLH,FSH free LH/FSH receptor
LH-R, FSH-R LH/FSH receptor complex
RGa/i free active/inactive GnRH receptor
G-Ra/i active/inactive GnRH receptor complex
Rfoll

LH LH receptors on follicular granulosa cells
Antd/c/p GnRH antagonist in dosing/central/peripheral compartment
Agod/c/p GnRH agonist in dosing/central/peripheral compartment
Ago-Ra/i active/inactive agonist receptor complex
Ant-R antagonist receptor complex

B Parameter Values

Table 9: Parameter values (d=days)

No. Symbol value unit explanation eqs.

1 bLHSyn
7309.92 IU/d basal LH synthesis rate constant (1a)

2 mLH
E2 7309.92 IU/d E2 promoted LH synthesis rate con-

stant
(1a)

3 TLH
E2 192.2 pg/mL threshold of E2 (1a)

4 nLH
E2 10 – Hill exponent (1a)

5 TLH
P4 2.371 ng/mL threshold of P4 (1a)

6 nLH
P4 1 – Hill exponent (1a)

7 bLHRel
0.00476 1/d basal LH release rate constant (1b)

8 mLH
G-R 0.1904 1/d influence of GnRH receptor complex on

LH release
(1b)

9 TLH
G-R 0.0003 nmol/l threshold of GnRH on LH release rate (1b)

10 nLH
G-R 5 – Hill exponent (1b)

11 Vblood 6.589 L blood volume (2),(7)

Continued on next page...
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Table 9 – continued from previous page

No. Symbol value unit explanation eqs.

12 kLH
on 2.143 L/(d·IU) binding rate of LH to its receptor (2)–(4)

13 clLH 74.851 1/d clearance rate of LH from the blood (2)

14 kLH
recy 68.949 1/d formation rate of free LH receptors (3),(5)

15 kLH
des 183.36 1/d desensitization rate of LH receptor

complex
(4),(5)

16 TFSH
freq 0.8 1/d threshold of GnRH frequency (6a)

17 nFSH
freq 5 – Hill exponent (6a)

18 mFSH
Ih 2.213e+4 IU/d basal FSH synthesis rate constant (6a)

19 TIhA 95.81 IU/mL threshold of Inhibin A in FSH synthesis (6a)

20 TIhB 70 pg/mL threshold of Inhibin B in FSH synthesis (6a)

21 nIhA 5 – Hill exponent (6a)

22 nIhB 2 – Hill exponent (6a)

23 bFSHRel
0.05699 1/d basal FSH release rate constant (6b)

24 mFSH
G-R 0.272 1/d stimulation of FSH release by GnRH re-

ceptor complex
(6b)

25 TFSH
G-R 0.0003 nmol/l threshold of GnRH on FSH release rate (6b)

26 nFSH
G-R 2 – Hill exponent for FSH release (6b)

27 kFSH
on 3.529 L/(d·IU) binding rate of FSH to its receptor (7)–(9)

28 clFSH 144.25 1/d clearance rate of FSH from the blood (7)

29 kFSH
recy 61.029 1/d formation rate of free FSH receptors (8),(10)

30 kFSH
des 138.3 1/d desensitization rate of FSH receptor

complex
(9),(10)

31 TRLH
FSH 0.5 [Rfoll

LH] threshold of FSH-R to stimulate LH re-
ceptors on granulosa cells

(11)

32 nRLH
FSH 5 – Hill exponent (11)

33 TRLH
P4 1.235 ng/mL threshold of P4 for clearance of LH re-

ceptors on granulosa cells
(11)

34 nRLH
P4 5 – Hill exponent (11)

35 mRLH
FSH 0.219 [Rfoll

LH]/d synthesis rate constant of LH receptors
on granulosa cells

(11)

36 mRLH
P4 1.343 1/d Rfoll

LH clearance rate constant (11)

37 mSc1
OvF 1.208 1/d growth rate of Sc1 stimulated by OvF (18)

38 mOvF
PrF 7.984 1/d growth rate of OvF (17)

39 kSeF1
SeF1 0.122 l/(d·nmol) self growth rate of SeF1 (14)

Continued on next page...
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Table 9 – continued from previous page

No. Symbol value unit explanation eqs.

40 kSeF2
SeF1 122.06 1/d transition rate constant from SeF1 to

SeF2
(14),(15)

41 kSeF2
SeF2 12.206 1/d self growth rate of SeF2 (15)

42 kPrF
SeF2 332.75 1/d transition rate constant from SeF2 to

PrF
(16)

43 clPrF 122.06 1/d elimination rate constant of PrF (16)

44 clOvF 12.206 1/d elimination rate constant of OvF (17)

45 kSc2
Sc1 1.221 1/d transition rate constant from Sc1 to Sc2 (18),(19)

46 kLut1
Sc2 0.959 1/d transition rate constant from Sc2 to

Lut1
(19),(20)

47 kLut2
Lut1 0.925 1/d transition rate constant from Lut1 to

Lut2
(20),(21)

48 kLut3
Lut2 0.7567 1/d transition rate constant from Lut2 to

Lut3
(21),(22)

49 kLut4
Lut3 0.61 1/d transition rate constant from Lut3 to

Lut4
(22),(23)

50 clLut4 0.543 1/d clearance rate constant of Lut4 (23)

51 nSeF2
SeF1 5 – Hill exponent (14),(15)

52 nSeF2 2 – Hill exponent (15)

53 nOvF
PrF 6.308 – Hill exponent (16),(17)

54 nSeF1
PrA2 3.689 – Hill exponent (13),(14)

55 nPrA1
FSH 5 – Hill exponent (12)

56 TPrA1
FSH 0.608 nmol/L threshold of FSH receptor complex for

stimulation of PrA1
(12)

57 mPrA1
FSH 3.662 [PrA1]/d growth rate of PrA1 (12)

58 kPrA2
PrA1 1.221 L/(d·nmol) transition rate constant from PrA1 to

PrA2
(12),(13)

59 kSeF1
PrA2 4.882 1/d transition rate constant from PrA2 to

SeF1
(13),(14)

60 SFLH-R 2.726 nmol/L scaling of LH receptor complex (14)-(17)

61 TOvF
PrF 3 [PrF] threshold of PrF for OvF formation (17)

62 nOvF
PrF 10 – Hill exponent (17)

63 SeFmax 10 [SeF1] maximum size of SeF1 and SeF2 (14),(15)

64 T Sc1
OvF 0.02 [OvF] threshold of OvF to form Sc1 (18)

65 nSc1
OvF 10 – Hill exponent (18)

Continued on next page...
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Table 9 – continued from previous page

No. Symbol value unit explanation eqs.

66 mLut
G-R 20 [Lut1] effect of G-R to stimulate luteal devel-

opment
(20)–(23)

67 TLut
G-R 0.0008 [G-R] threshold of G-R to stimulate luteal de-

velopment
(20)–(23)

68 nLut
G-R 5.395 [G-R] Hill exponent (20)–(23)

69 bE2 51.558 pg/(mL·d) basal E2 production (24)

70 kE2
PrA2 2.095 g/(mol·[PrA2]) production of E2 by PrA2 (24)

71 kE2
SeF1 309343.1 pg/(mL·[SeF1]·d) production of E2 by SeF1 (24)

72 kE2
SeF2 6960.53 pg/(mL·[SeF2]·d) production of E2 by SeF2 (24)

73 kE2
PrF 161848.9 pg/(mL·[PrF]·d) production of E2 by PrF (24)

74 kE2
Lut1 1713.71 pg/(mL·[Lut1]·d) production of E2 by Lut1 (24)

75 kE2
Lut4 8675.14 pg/(mL·[Lut4]·d) production of E2 by Lut4 (24)

76 clE2 5.235 1/d E2 clearance rate constant (24)

77 bP4 0.943 ng/(mL·d) basal P4 production (25)

78 kP4
Lut4 761.64 ng/(mL·[Lut4]·d) production of P4 by Lut4 (25)

79 clP4 5.13 1/d P4 clearance rate constant (25)

80 bIhA 1.445 IU/mL/d basal IhA production (26)

81 kIhA
PrF 2.285 IU/mL/([PrF]·d) production of IhA by PrF (26)

82 kIhA
Sc1 60 pg/mL/([Sc1]·d) production of IhA by Sc1 (26)

83 kIhA
Lut1 180 pg/mL/([Lut1]·d) production of IhA by Lut1 (26)

84 kIhA
Lut2 28.211 IU/mL/([Lut2]·d) production of IhA by Lut2 (26)

85 kIhA
Lut3 216.85 IU/mL/([Lut3]·d) production of IhA by Lut3 (26)

86 kIhA
Lut4 114.25 IU/mL/([Lut4]·d) production of IhA by Lut4 (26)

87 cl IhA 4.287 1/d Inh A clearance rate constant (26),(28)

88 cl IhAτ
0.199 1/d clearance of Inhibin A in delayed com-

partment
(28)

89 bIhB 89.493 pg/mL/d basal IhB production (27)

90 kIhB
PrA2 447.47 pg/mL/([PrA2]·d) production of IhB by PrA2 (27)

91 kIhB
Sc2 134240.2 pg/mL/([SeF1]·d) production of IhB by Sc2 (27)

92 cl IhB 172.45 1/d Inh B clearance rate constant (27)

93 kfreq 1 1/d mean GnRH pulse frequency (29a)

94 T freq
P4 1.2 ng/mL threshold of P4 for inhibition of GnRH

frequency
(29a)

95 nfreq
P4 2 – Hill exponent (29a)

Continued on next page...
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Table 9 – continued from previous page

No. Symbol value unit explanation eqs.

96 mfreq
E2 1 – stimulation of frequency by E2 (29a)

97 T freq
E2 220 pg/mL threshold of E2 for stimulation of

GnRH frequency
(29a)

98 nfreq
E2 10 – Hill exponent (29a)

99 kmass 0.0895 nmol amount of GnRH released by one pulse
at high E2 concentration

(29b)

100 Tmass,1
E2 220 pg/mL threshold of E2 for stimulation of

GnRH mass
(29b)

101 nmass,1
E2 2 – Hill exponent (29b)

102 Tmass,2
E2 9.6 pg/mL threshold of E2 for inhibition of GnRH

mass
(29b)

103 nmass,2
E2 1 – Hill exponent (29b)

104 kG
degr 0.447 1/d degradation rate of GnRH (29)

105 kG
on 322.18 L/(d·nmol) binding rate of GnRH to its receptor (29),

(30),(32)

106 kG
off 644.35 1/d breakup rate of GnRH-receptor com-

plex
(29),
(30),(32)

107 kG-Ri

degr 0.00895 1/d degradation rate of inactive receptor
complex

(33)

108 kG-Ri

diss 32.218 1/d dissociation rate of inactive receptor
complex

(31),(33)

109 kRG
inter 3.222 1/d rate of receptor inactivation (30),(31)

110 kRG
recy 32.218 1/d rate of receptor activation (30),(31)

111 kRG
degr 0.0895 1/d degradation rate of inactive receptors (31)

112 kG-R
inact 32.218 1/d rate of receptor complex inactivation (32),(33)

113 kG-R
act 3.222 1/d rate of receptor complex activation (32),(33)

114 kRG
syn 8.949e-5 nmol/(L·d) synthesis rate of inactive receptors (31)

C Initial Values

Table 10: Initial values

No. component value unit

1 LHpit 3.572e+05 IU
2 LHblood 6.619 IU/L
3 RLH 7.304 nmol/L
4 LH-R 0.565 nmol/L
5 RLH,des 1.5032 nmol/L

Continued on next page...
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Table 10 – continued from previous page
No. component value unit

6 FSHpit 3.737e+4 IU
7 FSHblood 5.762 IU/L
8 RFSH 5.741 nmol/L
9 FSH-R 0.844 nmol/L
10 RFSH,des 1.915 nmol/L
11 Rfoll

LH 1.597 –
12 PrA1 2.943 [Foll]
13 PrA2 38.995 [Foll]
14 SeF1 3.652 [Foll]
15 SeF2 2.478e-3 [Foll]
16 PrF 0.8755 [Foll]
17 OvF 1.822e-10 [Foll]
18 Sc1 1.087e-13 [Foll]
19 Sc2 2.572e-10 [Foll]
20 Lut1 7.055e-9 [Foll]
21 Lut2 4.066e-7 [Foll]
22 Lut3 1.557e-5 [Foll]
23 Lut4 1.852e-4 [Foll]
24 E2 60.454 pg/mL
25 P4 0.2142 ng/mL
26 IhA 0 IU/mL
27 IhB 0 pg/mL
28 IhAτ 30.42 IU/mL
29 G 3.1806e-2 nmol/L
30 RG,a 8.9738e-3 nmol/L
31 RG,i 1.0214e-3 nmol/L
32 G-Ra 1.3650e-4 nmol/L
33 G-Ri 1.2408e-4 nmol/L
34 Agod 0 µg
35 Agoc 0 µg/L=ng/mL
36 Agop 0 µg/L=ng/mL
37 Ago-Ra 0 nmol/L
38 Ago-Ri 0 nmol/L
39 Ant-R 0 nmol/L
40 Antc 0 µg/L=ng/mL
41 Antd 0 µg
42 Antp 0 µg/L=ng/mL

The presented model equations are consistent with respect to physical units. Since we wanted
the units of the output curves for measured quantities to agree with the (inconsistent) units of
the corresponding measurement values, we introduced correction factors SFAgo and SFAnt in the
model equations to account for the conversion of units. These factors were computed from the
molar weights,

MNaf = 1322.49g/mol, MCet = 1431.06g/mol.

Since Nafarelin is measured in ng/mL (1 ng/mL = 10−6 g/L ≡ 10−6 g/L
1322.49 g/mol = 0.7561 nmol/L),

we decided for nmol/L as unit for the unknown quantities (receptors, receptor complexes). The
conversion of units for Cetrorelix conforms to 1 ng/mL≡ 10−6 g/L

1431.06 g/mol = 0.6988 nmol/L. Thus,

SFAgo = 0.7561 ng/pmol, SFAnt = 0.6988 ng/pmol.

The physical units of all system components are listed in Tab. 10.
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