Konrad-Zuse-Zentrum fir Informationstechnik Berlin
Heilbronner Str. 10, D-10711 Berlin - Wilmersdorf

FOLKMAR A. BORNEMANN

Interpolation Spaces and
Optimal Multilevel Preconditioners'

*

appears in:
Proceedings of the 7th International Conference on Domain Decomposition,
D. Keyes and J. Xu (eds.), CONM series of the AMS

SC 93-33 (Dezember 1993)



INTERPOLATION SPACES AND
OPTIMAL MULTILEVEL PRECONDITIONERS

FOLKMAR A. BORNEMANN

ABSTRACT. This paper throws light on the connection between the optimal condi-
tion number estimate for the BPX method and constructive approximation theory.
We provide a machinery, which allows to understand the optimality as a conse-
quence of an approximation property and an inverse inequality in H!*¢, ¢ > 0. This
machinery constructs so-called approzimation spaces, which characterize a certain
rate of approximation by finite elements and relates them with interpolation spaces,
which characterize a certain smoothness.

1. INTRODUCTION

For simplicity we consider the following elliptic boundary problem of second order
on a polygonal domain Q) C R

—Au+u=f, Ontt|on = 0,
where f € L*(). The weak solution u € H(f2) is given by the variational problem
a(u,v) == (Vu, Vou)rz2 + (u,v) 2 = (f,v) 2 Yo e HY(Q),

where we use a suggestive notation of the scalar products in L?(2)? and L?(2). Let
(7;); be a sequence of nested regular quasi-uniform triangulations of € with mesh-size
parameter
hj == max diam(T) ~ 277,
TeT,

Throughout this paper we use the notation a < b iff there is a constant ¢ > 0, such
that a < ¢b and a = b iff a < b and a 2 b. Those constants ¢ will be independent
of everything, with the only exception that they might depend on €2 and the shape
regularity of the triangulations.

Introducing the spaces of linear finite elements

Xj:{UGC(Q)Iu’Tepl(T) VTGﬁ},
where P;(T) denotes the linear functions on the triangle 7', we get

XoCcX;C...CcX;C...C H(Q).
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The finite element operator A; : X; — X defined by
(Aju,vj)r2 = a(u,vj) Yv; € X

deserves to be preconditioned for the actual efficient computation. Thus we are look-
ing for an easily invertible operator B; : X; — X such that A; = Bj, i.e.,

(Aju,u)r2 ~ (Bju,u)e Vu € X;.

Bramble, Pasciak and Xu [3] constructed the preconditioner

J
B = AoQo+ > 4"(Qr — Qi-1),
k=1
where Qy, : L*(Q) — X, are the L*-orthogonal projections. They were originally able
to prove

1 .
(1.1) j_i_—l(Bju,u)Lz S (Aju,u)Lz S (j + 1) (Bju,u)Lz Yu € Xj.

Their prove was based on the observation that

(Agu,u)re = AM|ullfs Vu € (Qx — Qr-1)L*(9),
which is a fairly easy consequence of the approximation property
(1.2) lu— Quullze S Mallullm VYue HY(Q)
and the inverse inequality
(1.3) lurll e S Bt luellze Vuw € X

Oswald [10] was the first who observed a strong link of this method of precondi-
tioning to approximation theory, a link, which in fact immediately supplies a prove
for the optimal result

Since then several authors contributed to that result within one of the following two
respects: generalization or construction of more or less elementary proofs [2, 6, 7, 14,
15]. The aim of this paper is to clarify the link to approximation theory by making
available an easily accessible framework. Moreover it will turn out, that the main
ingredients of the proof are inequalities like (1.2) and (1.3).
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2. APPROXIMATION SPACES ARE INTERPOLATION SPACES

The optimality result (1.4) would be a straightforward consequence of the following
norm equivalence with scaling exponent 0 = 1:

> 2
(2.1) lullf = llullfz + > (2% Ex(u)) Yu e HY(),
k=0

where Ej(u) denotes the error of best approzimation in L*(€2)
Er(u) = inf |lu— vgl|z2 = ||u — Qrul| 2.
v EX g

We now ask the rather abstract question: Which sequences (X;); of nested finite-
dimensional subspaces of L?(f2) allow for some scaling exponent 6 such that the norm
equivalence (2.1) holds?

Rather than answering this question directly, we define Banach spaces A’ — L2()
by the norms given as the right hand sides of (2.1),

ey 2
lull%e = lull?e + 3 (2 Ex(w)
k=0

These approzimation spaces A%, which measure by # how well their elements can be
approximated by the spaces (X;);, were introduced by Peetre [5, 11] in the early six-
ties and have been intensively studied in approximation theory since then. It should
be mentioned that the results, which will follow, had been known in a somewhat
different form to the Russian school around Nikol’skii as early as the fifties.

Our starting question reads now: Is there a § such that A’ = H*(Q)? But exactly
this question is a key issue of approximation theory — it requires the characterization
of the approximation spaces through smoothness spaces like the Sobolev spaces. The
answer given by Peetre [5, 11] was a relation between the approximation spaces
A? and the interpolation spaces (L?(2), X),2, where X is some “nice” space with
X, C X C L*(Q) for all k£ > 0.

Theorem 1. Let a > 0. An approzimation property (Jackson inequality) J,, i.e.,
(2.2) lu — Qrull e S 275 |ul|x Vk>0,u € X,

implies the embedding

(LQ(Q),X> A 0<o<l.

0,2

Let > 0. An inverse inequality (Bernstein inequality) Bg, i.e.,

(2.3) HukHX S Qkﬁﬂukﬂp vk > O,Uk c Xk,



implies the embedding
IMﬂ%(H@mx> 0<o<l.
0,2

Remark 1. Note that a standard interpolation argument applied to the Jackson
inequality J, for X and to the trivial estimate ||u — Qru||z2 < ||ul|z2 would only
reveal an approximation property for the interpolation spaces

(2.4) 247w — Quullze S llullzz@),x),.  0<o <L

This result would be considerably weaker than the assertion of Theorem 1, which
states that the right hand sides of (2.4) are in fact square summable as a sequence of
k.

If we use an appropriate method for the construction of the interpolation spaces
(L*(2), X),.2, the proof of Theorem 1 is utmost simple. We demonstrate this for the
first part concerning the Jackson inequality.

Proof. Fix some 0 < A < 1. Using the discrete version of Peetre’s K-method of
interpolation [1, 5, 13] we get
—ko gk )2
lulitrae) . = 2o (A KO, 0)"
keZ

The following estimates relate the K-functional with the error of best approximation
by using the Jackson inequality J,: For all £ > 0

Ey(u) < inf [lu— Q]
< inf (Ju vl + v = Quvllz2)

S inf (lle = vl + 27 ollx) = K27, w).

Thus, by making the choice A = 27 we end up with

ey 2
lullfraey x00 2 D0 (257 Br(w))” + lullfa = [lul%ea.
k=0

O

Let us note, that the discrete version of Peetre’s J-method of interpolation [1, 5, 13]
turns out to be appropriate for the proof of the second part of the Theorem.

Corollary 1. The approximation property is restricted by the inverse inequality, i.e.,
Jo and Bg imply o < B. For o = 3 we get the identification

sz(ﬁgmx>, 0<o<l.

7,2

4



Proof. If J, and Bg hold, Theorem 1 gives A°? < A® for 0 < ¢ < 1. This embedding
is equivalent to a < (3, as can easily be shown. O
3. APPLICATION TO LINEAR FINITE ELEMENTS
In order to answer the question from the beginning of our consideration, Corollary
1 leads us to the following strategy: Choose X and 0 < ¢ < 1, such that
HY(Q) = (L?(Q),X)
0,2

In any case this requires that X is smoother than H'(Q). Interpolation theory in
Sobolev spaces [13, 1] states for minimal smooth domains 2 (i.e., 2 allows a continuous
extension operator £ : H*(Q) — H*(IR?) for all s > 0), that

HY(Q) = (LQ(Q),HS(Q)>1/52 Vs> 1.

In our context it suffices to know, that a polygonal domain 2 without slits is minimal
smooth [12]. Now it turns out, that the finite element spaces fulfill

Xi C H*(Q) = 0<s<3/2

For the following we fix some 1 < s = 1 + € < 3/2 and we can apply Theorem 1 —
as soon as we have established an approximation property and an inverse inequality
in H'*¢. We obtain the approximation property .Js, i.e.,

(3.1) lu — Quullze < Billullms S 27 |lullus Vu e H*(Q),

by simple interpolation between the situations s = 0 and s = 2 as indicated in
Remark 1. A little bit deeper lies the inverse inequality By, i.e.,

(3.2) lunllzze < P llwellze S 2% (lunlle Vur € X,

which can be proved using the Sobolev-Slobodeckii norm

2 _ 2 |Vu(r) = Vu(y)[?
Julfisse = Wolly + [ [ e o dy

of H*(€2), cf. [4]. Thus we have a = § = 1/0 and Corollary 1 states the equivalence,
which makes the BPX preconditioner optimal:

Theorem 2. For linear finite elements the equivalence A' = H'(Q) holds.

Remark 2. This Theorem and the more general equivalence “approximation space
= smoothness space”, i.e, A®* = H*(Q)) for s from some interval, holds generically
for a lot of sequences (X;);, like higher order finite elements, spectral methods and
wavelets. Details can be found in [8, 9.



(3

Our considerations show, that it is reasonable to view the approximation property

.1) and the inverse inequality (3.2) in H'™¢(2), € > 0 arbitrary small, as the “chief

cause” for the optimality of BPX. In the original proof of the weaker result (1.1) the
corresponding estimates in H'(£2) have been the working ground. Thus, the essential
step is, to use the fact that linear finite elements are a little bit smoother than one
usually thinks. This essential step is hidden in one way or another in all proofs

[27
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11.
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13.
14.

15.

6, 7, 10, 14, 15] of the optimality of the BPX preconditioner.
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