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Abstract

Let a set N of items, a capacity F' € IN and weights a; € N, ¢ € N be given.
The 0/1 knapsack polytope is the convex hull of all 0/1 vectors that satisfy the
inequality
ieN

In this paper we present a linear description of the 0/1 knapsack polytope for the
special case where a; € {u, A} for all itemsi € N and 1 < pu < A < b are two
natural numbers. The inequalities needed for this description involve elements of
the Hilbert basis of a certain cone. The principle of generating inequalities based
on elements of a Hilbert basis suggests further extensions.

Keywords: complete description, facets, Hilbert basis, knapsack polytope, knap-
sack problem, separation

1 Introduction and Notation

Let a set NV of items, a capacity F' € IN and weights a; € IN, i € N be given. The
problem considered in this paper is the special case of the 0/1 knapsack prob-
lem, Y ey air; < F, z; € {0,1},7 € N where o < X are given natural numbers,
N = N;UN, is the set of items and N, contains all items of weight p, N, contains
all items of weight .



Whereas in case N; = () or Ny = (), the set of solutions to this problem de-
fines a matroid, this is not in general true if both N; and N, are nonempty
and p # A. Nevertheless, maximizing a linear function ).y ¢;z; over the set
{z € {0,1}MN2 | S v i + Yien, Avi < F} can be performed in time that is
polynomial in |N;| + |Ng| as can be easily seen by the following arguments.
Without loss of generality we assume that N; = {1,...,n;}, No = {n; +
L...,ns+ngtand that ¢; > o> ... > ¢y >0, Coyvs = Cryvo = oo = Coy gy >
0. For every t € {n;+1,...,n;+ns} determine s(t) := min{| N/, LWJ An
optimal solution to the problem max{> ;. ciz; | x; € {0,1},4 € N, Yicn, pii +
Yien, AT; < F'}is the vector qu(t;) Ew —i—Zf;:an e, Where qu(t;) Cw —i—Zf;:an Cw
attains the maximum value of qu(ti)l Cw+ wa:n1+1 Cow-

The fact that this special case of the 0/1 knapsack problem can be solved in poly-
nomial time indicates that one can derive an explicit description of the associated
polytope P(u, A, F) := conv{z € {0, 1} | Sien, 1i + ien, Ari < F'} by means
of inequalities. Indeed, this is true, as we show in this paper.

There is already an important literature on special cases of the 0/1 knapsack
polytope for which a linear description is known.

Wolsey [11] showed that under certain restrictive assumptions the class of minimal
cover inequalities describe the convex hull of the 0/1 solutions to the inequality
Yien @i < F. A subset S C N is called a cover if a(S) > F. The cover is called
minimal if a(S\ {i}) < F for all i € S. Padberg [7] introduced the notion of
(1, k)-configurations, a generalization of minimal covers. A set N'U{z} is called a
(1, k)-configuration if Y ;e a; < F, but KU{z} is a minimal cover for all K C N’
with |K| = k. In [7] was proved that if N = N'U{z} is a (1, k)-configuration, then
the convex hull of the associated knapsack polyhedron is given by the inequalities
Yier i + (|T] =1+ 1)x, < |T| where T C N’, T U {2} is a (1,!)-configuration
together with the inequalities x; > 0, x; < 1. Recently, Laurent and Sassano
[5] showed that |/NV| minimal cover inequalities suffice to describe the knapsack
polytope provided that a = (ay, ..., a,) is a weakly superincreasing sequence, i.e.,
Yisq@j < aq_q for all ¢ = 2,...,n where N = {1,...,n}. Finally, a complete
description of the 0/1 knapsack polytope is known for the two cases

aj=1loraje[|5]+1,....5]] forall j € N;
aj=1lora;e[|5]+1,...,Fforall jeN.
In both cases, the facets of the corresponding polytopes are no longer necessarily

minimal cover- or (1, k)-configuration inequalities, but are derived by means of a
“ weight-reduction” principle (see [10]).

One reason why many researchers are interested in new polyhedral results for



knapsack problems is that such results often apply to more general cases. In
fact, Crowder, Johnson and Padberg [3] have first shown that general 0/1 integer
programs can be solved quite efficiently via branch and cut algorithms. The
cutting plane phase of their code is essentially based on valid inequalities for the
0/1 knapsack polytopes associated with the rows of the given problem. Other
applications include for instance the node capacitated graph partitioning problem
[4]. Here the nodes of a graph must be partitioned into no more than & “clusters”
such that the sum of the weights of the nodes within one cluster does not exceed
a given capacity and the total sum of edges between nodes of different elements
of the partition is minimized. For the corresponding polytope, valid inequalities
can be derived that transform a knapsack inequality associated with the nodes
and the capacity into a “cut-inequality” associated with the edges of the graph.
Here new polyhedral results for the knapsack polytope directly apply to a better
understanding of the more complex polytope.

This paper is organized as follows. In the remainder of this section we give as
an example the description of the polytope associated with the 0/1 knapsack
inequality 2z; 4+ 222+ 223+ 22, + 225 + 326 + 327+ 3w+ 319 < 8 and introduce
some notation. Section 2 deals with the two dimensional vectors (—x,y) where
y=1,...,u, x = Ly’\%j, 0 <r < pand pu, A are two natural numbers. In
particular, we present a recursive procedure for determing the Hilbert basis for
the cone generated by those vectors.

Having established a procedure for computing this Hilbert basis, we show in
Section 3 how the elements of the Hilbert basis can be transformed into valid
inequalities for P(u, A, F'). In Section 4 we outline the proof that the inequalities
of Section 3 (together with lower and upper bounds on the variables and one
minimal cover inequality) describe P(u, A, F'). In Section 5 we finally discuss
possible extensions.

Throughout the paper we use the following notation.

Let a set NV of items, a capacity F' € IN and weights a; € IN, i € N be given. The
0/1 knapsack polytope denoted by P is the convex hull of all 0/1 vectors that
satisfy the knapsack inequality ;e a;z; < F. The number F' is called knapsack
capacity.

Let two positive integer numbers p < A be given, the greatest common divisor
between these numbers is denoted by ged(p, A). For t € {0, u} and r € {0, u— 1},
we denote by n,(t) the integer division |24~ ]. If r = 0, we also use the symbol
n(t) instead of ny(t). The two dimensional vector (—n,(t),t) is called exchange
vector, because n,(t) is the maximum number of elements having weight u that
can be exchanged against t elements of weight A plus a given value of r. For




r € {0, u — 1}, the symbol V(r) is used to denote the (unique) exchange vector
(—n(t),t) with tA — n(t)u = r. Let N be a set of items that can be partitioned
into two sets IV; and N, such that a; = p for all © € N; and a; = A for all i € N,
where 1 < o < A < F are integers and ged(u, A\) = 1. The convex hull of all
0/1 vectors that satisfy the constraint ;. n, pa; + X ey, Az < F is denoted by
P(u,\ F).

We say F, a face of some polytope P induced by the inequality cfax < ~, if
F.={x € P|c'z =~} Every x € F, is also called a root of ¢’z < ~. The
inequalities x; < 1,7 € N and x; > 0, ¢ € N are called trivial. For real numbers
7y, j = 1,...,n we define 3% 7; := 0 if v > w and, for I C {1,...,n} we use
the notation 7(I) := Y;.; 7, with 7(0) = 0. By e, we denote the unit vector in
R? having a one in position u and a zero everywhere else.

Finally, let W = {wy, ..., wx} be a finite set of integer vectors. A subset W’ C W
is called integer generating set if every w € W is a nonnegative integer combi-
nation of the elements in W’. By C(WW) we denote the cone generated by the
elements of W. A set ‘H of integer vectors is called integral Hilbert basis if every
integral vector z € C(H) is a nonnegative integer combination of the elements
in H (see [8], section 16.4). The following well known result can be found in [§],
Theorem 16.4: Each rational polyhedral cone is generated by an integral Hilbert
basis. If C'is pointed there is a unique minimal integral Hilbert basis generating

C.

Example 1.1. Consider the knapsack polytope defined as the convex hull of all
0/1 vectors that satisfy the inequality

201+ 2xp+ 205+ 20, + 205 + 3w+ 3x 7+ 3w+ 319 < 8.

A complete inequality description (checked by a program developed in [1]) is
given by the trivial inequalities x; > 0, z; < 1, ¢+ = 1,...,8 and the following
system of inequalities:

(1) +xe+x7+r8 +T9 < 2
(2) +x2 +x4+T5+T6 +T7+T8 +T9 < 3
(3) +x2 +T3 +T5+T6+T7+T8 +T9 < 3
(4) +x1 +x4 +T5+T6 +T7+T8 +T9 < 3
(5) +x1 +x3 +T5+T6+T7+T8 +T9 < 3
(6) +x1+x2 +T5+T6+T7+T8 +T9 < 3
(7) +x1+T2+2T3 +xe+T7+T8 +T9 < 3

(8) +x1+x2 +x4 +xe+T7+T8 +T9 < 3
9)  +x1 +T3+Ta +xe+T7+T8 +T9 < 3
(10) +x2 +x3 44 +xe+T7+T8 +T9 < 3
(11) +x3+T4 +x5+26 +T7+r8 +x9 < 3
(12) +x1+x2+2T3+T4 425 +T6 +27 +28 +209< 4
(18) +x1+x2+T3+T4 425 +T6 +27 +208+T9 < 4
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(14)

+x1 +x2 +x3 +T4 +Ts

+xe +2r7+x8 +T9 < 4

(15) +x1 +x2 +x3 +T4 +T5 +2v6+T7 4T3 +T9 < 4
(16) +x1 +T2 +T3 +2%4 14254206 1207 4208 +2x9< 6
(17)  +x1 +x2 +2x3+T4 4254206 12074208 +2x9< 6
(18) +x1 +2x9+x3 +x4 +2542v6 12074208 +2x9< 6
(19)  +2x1+x2 +x3 +T4 420542061207 4208 +2x9< 6
(20) +x1 +xo +2x3+2%x44x5 +2v6+2v7 4208 +2x9< 6
(21) +x1 +2x2+x3 +2x44x5 +2v6+2v7 4208 +2x9< 6
(22) +2v1+x2 +x3 +2x44x5 +2v642v7 4208 +2x9< 6
(28) +x1 +2x2+2x3+x4 +x5 +2v6+2v7 4208 +2x9< 6
(24) +2v1+x9 +2x3+T4 +x5 +2v642v7 4208 +2x9< 6
(25) +2x1+2x2+x3 +T4 +x5 +2v612v742v8+2x9< 6
(26)  +21x1 +2x2+2x3 +2x4 425 +3x6 307 4308 +3x9< 8

2 Exchange Vectors

Let a knapsack capacity F' and positive integer numbers p and A such that 1 <
i< A <band ged(u, \) = 1 be given. In this section we analyze the exchange
vectors (—n,(t),t) and the corresponding residua R((—n,(t),t)) := At — n,.(t)u,
where r € {0,...,u—1} and t € {0, ..., u}. More precisely, let t,,4.(7) > 0 be the
minimum positive number such that R((—n,(tmaz(r)), tmaz(r))) < 0. Then, we
determine an integral Hilbert basis for the cone generated by the set {(—n,(t),1) |
t =0,...,tma(r)}. Having determined the Hilbert basis elements, we define in
Section 3 classes of valid inequalities for P(u, A\, F') that involve these elements.
Throughout this section we always assume that two natural numbers p and A,
1<pu< A< F,gced(u,\) =1 and an integer r € {0,...,u — 1} are given.

We start with two easy and well known observations concerning the numbers
ng(t), t = 1, c. ,tm(w(O) = W.

tl)) + R((—n(tg),tg)) = R((—n(t1 + tg),tl + tg))

Observation 2.1. R((—n(t,),
= n(t1 + tg)

if and only if n(t;) + n(te

Observation 2.2. Let a,s,t < pu be natural numbers. Then the relations
s = n(t) and a = R((—n(t),t) hold if and only if 0 < tA — su = a < p. If
tA — sp < 0, then s > n(t) holds.

Before making precise the relation between the integral Hilbert basis of a certain
cone and the vectors (—n(t),t),t =1,..., u, let us give an example.

Example 2.3. Setting p := 34 and X\ := 47, the subsequent table shows the
values n(t) x || tx X || R((—n(t),t)) fort=1,..., pu.



Co O Tu ™. M~

12
18
15
16
17
19
20
22
23
24
26
27
29
30
81
33
34
35
37
38
40
41
42
44
45
47

34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34
34

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

o X D G o

W W W W MV WV WW MWW ®WWHRHANENHNNNNRNNNTLYG
W W NN IO OO VRO 0N G W=D

£

X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X

47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47
47

13
26

18
31
10
28

15
28

20
33
12
25

17
30

22

14
27

19
32
11

24

16
29

21

In this example the vectors (—1,1), (—4,3), (—11,8), (—29,21) and (—47, 34) are

an integer generating set for the vectors (—n(t), t),t =1,...

y and R((_

R((~4,3)) > R((—11,8)) > R((—29,21)) > R((—47,34)). Moreover,

R((=4,3)) < R((—
R((—11,8)) < R((~
R((—29,21)) < R((—
R((—47,34)) < R((—

n(t),t)) for all 1 <t < 8§,

n(t),t

)
n(t),t)

) for all 1 <t < 21,
) forall 1 <t < 34.

n(t),t)) for all 1 <t < 3,

1L,1)) >

These properties of the integer generating set for the vectors (—n(t),t), t =
, i are indeed not random, but hold in general as we now show.
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2.4 Recursive construction of an integer generating set for the exchange
vectors.

Set Ry :=0, hy:=(0,0), lp:= (0,0) and o4 := 0.
Set Ry := X —n(1)u, hy:=(—n(1),1), l;:= h; and 0, := 1.
For i > 2 perform the following steps until R;,_; = 0.

— Compute 0; :=max{0 <o |oR;_;+ R(l,_;) < p}.
— Set R; := (0 + 1)Ri_s1+ R(l;_1) — p.

— Set h; :== (oy+ Vhi_s + Li_s — (1,0).

— Set l; :==o0;hi_;+ ;4.

— Set 1 : =1+ 1.

Let 7 denote the index with R, = 0. In the following we show that h;, ..., h,
is an integer generating set for the vectors (—n(t),t), t = 1,...,p and that
h; = (—h}, h?) satisfies R(h;) < R((—n(t),t)) for all 1 <¢ < h? and [; = (=11, 17)

19 '% 1771

satisfies R(l;) > R((—n(t),t)) for all 1 <t < h? — 1.

First note that by induction on ¢ one can easily convince oneself that the vectors
h; and l;, i = 1,..., 7, are exchange vectors and that R; = R(h;) holds. Secondly,
Ri = (Ji + 1)Ri_1 + R(lz_l) — U= Ri—l + R(ZZ_J) —u < Ri_l for ¢ = 1,...,’7‘.
Hence, R; > Ry > ... > R. = 0. Similarly, R(ly) < R(l;) < ... < R(l;), because
R(h;_;) > 0 and 0; > 0. We now prove that hy, ..., h, is an integer generating
set for the exchange vectors. To establish this we need the following lemma.

Lemma 2.5. For ¢ = 2,...,7 the following properties are satisfied.

(a) R(l;) — R((—n(t),t)) > Ri_; for all 1 <t < I?.
(b) R(l;) > R((—n(t),t)) for all 1 <t < hf.

(¢) For every h?+1 <t < h?,, there exist nonnegative integers €,, u = 1,...,4
such that (—n(t),t) = Y. _; €uhu.

Proof. For ¢ = 2 the properties are easily verified. Suppose, ¢ > 3 and (a), (b),
(c) is true for all j <i— 1. We now show that they are true for i as well. Recall
that lz = Jihi—l -+ li—l and hz = (Ji -+ 1)hi_1 -+ li_l — (1, 0)



(a) Let (—n(t),t) be an exchange vector with ¢ < [7. We write ¢ as t = oh?_, +
t' where t' = t — oh?_; < hf Clearly, 0 < ¢ < g; and 0 < ' < [, if
o = ;. Moreover, A\t — (ahf ; —|— n(t)) = Mohi_, +t') — plohl_, + n(t)) =
oR(hi_;) + R((—n(t"),t')). Since o;R;_; + R(l;_;) < p and since by assumption
of the induction R(l;_;) > R((—n(v),v)) for all 1 < v < h? ,, we obtain 0 <
oR(hi_;)+R((—n(t"),t')) < p. By Observation O2 this yields n(t) = oh!_,+n(t).
Furthermore, if 0 < 0, then R(l;) — R((—n(t),t)) > R;_;. Otherwise, 0 = 0; and
t' < 12 ,. By assumption of the induction we know R(l;_;) — R((—n(t'),t")) >
R,_» > R;_;. ThU.S, R(lz) — R((—n(t),t)) = JiR(hi_J) + R(lz_l) — O-Z‘R(hi_l) —
R((—n(t),t)) > R;_s > R;_;. This completes the proof of (a).

(b) Let (—n(t),t) be an exchange vector with ¢ < h7. We write ¢ as t = ch?_,+t’
where ' = ¢ — ahf_l < hf_l. Then, 0 < o0 < o0;+1and 0 < t' < lf_l if
o = o0; + 1. We first consider the case where o0 < 0;. By assumption of the
induction we have R((—n(t'),t")) < R(l;_;), because t’ < hf ,. Hence, 0 <
Nt —p(ohl +n(t)) )\(Jhg ) —u(ohl +n(t) = oR(hi_1)+ R((—n(¥),t"))
< o Ri_1+ R(li_y) By Observation 02 this yields n(t) = oh!_, + n(t).
Moreover, R(l;) — R (—n(t),t)) = R(l;) — oR(hi_1) — R((—n(t"),t)) > R(l;) —
O-Z‘R(hi_l) — R(lz_l) 0.

A/\II

In case 0 = 0; + 1 we know ' < IZ_ ;. By (a), R(li_;) — R((—n(t"),t")) > Ri_;
,and hence, 0 < X — p(ohl_, + n(t')) = oR(hi_;) + R((—n(),t")) < (0; +
DR, 1+ R(li_1) — Ri_; = 0;Ri_1 + R(li_;) = R(l;) < p. By Observation 02,
n(t) = ohl_, +n(t’) and R(l;) — R((—n(t),t)) > 0 follows. Thus, statement (b)
is verified.

(¢) Let (—n(t),t) be an exchange vector with ¢ < h?, ;. We write t as t = ohi 4+’
Where t' =t —oh? < h?. By definition, 0 < 0;,; + 1 and if ¢ = 0;,; + 1, then

< 12 If 0 < 0,44, then by similar arguments as in case (b) we obtain n(t) =
ahl + n( /). By assumption of the induction there exist nonnegative integers €,,
u=1,...,i—1such that (—n(t"),t) = > e h,. Hence, (—n(t),t) = X _, €uhy
Where € =0.

If 0 = 0,5+ 1, then ¢’ < I and by (a), R((—n(¥),t") < R(l;) — R;_;. Hence,
0< Mt — /L(Jhil + n(t’)) =oR; + R((—n(t’),t’)) < (0i+1 + 1)RZ + R(lz) —R,_:1 <
oiR; + R(l;) = R(l;41) < p. Therefore, Observation 02 yields n(t) = oh! + n( ).

By assumption of the 1nduct10n there exist nonnegative integerse,, u =1,...,1—1
such that (—n(t'),t") = X021 e,hy. Hence, (—n(t),t) = 3 _, €ha Where € = 0.
This completes the proof. [

As a corollary of Lemma 2.5 we immediately obtain R; = min{ R((—n(t),t)) |
t=1,...,h%; — 1}, because R(h;) < R(h;_;) < ... < R(h;). In addition, the



set H :={hy, ..., h;} is an integer generating set for the set of exchange vectors.
We now briefly show that H is not only an integer generating set, but even an
integral Hilbert basis for the cone C(H).

Theorem 2.7. The set H = {hy, ..., h,} defined via (2.4) is an integral Hilbert
basis for the cone C(H).

Proof. It is easy to see that the two extreme rays of the cone are the lines passing
through the points (0,0), (=, x) and (0,0), (—n(1),1), respectively. Suppose,
there exist points in C'(H) that are not nonnegative integer combinations of the
exchange vectors (—n(t),t), t = 1,...,u. Let (—z,y) be such a point with y
minimal. We know (—z,y) = a(—=\, p) + B(—n(1),1) = (—(aX + n(1)), ap+ B)
where a > 0, > 0 and x and y are integers. Clearly, 0 < a<land 0 < <1
holds. Hence, au + < pu and consequently, (—n(y),y) is an exchange vector.
Moreover, R((—z,y)) = Ay — px is integer and since Ay — px = S(A —n(1)u), we
obtain 0 < R((—z,y)) < u. By Observation O2, x = n(y) holds, a contradiction.
Since H is an integer generating set for the exchange vectors the statement follows.

By now we have analyzed the exchange vectors (—n,(t),t) and their residua for
the special case that » = 0. To end this section we deal with the case r > 0. First
note that n,.(t) = ny(t +v) — ng(v) where (—n(v),v) = V(r). We now show that
tmaz(r) = min{t > 0 | R((—no(t),t)) > pu—r} and that (—n,.(t),t) = (—n(t),?)
for t = 1,...,tma(r) — 1. Both relations are quite obvious for the following
reasons.

np(t) = LthAJ _ Lr+R((—”(3,t))+n(t)#J — L%ﬂﬁ)tw +n(t). Hence, n,(t) = n(t)
and R((—n.(t),t)) := X — un.(t) = R((—nyp(t),t)) if and only if R((—n(t),t))
< pu — 1. Consequently, t,q.(r) = min{t > 0 | R((—n(t),t) > p —r}. Taking
our discussions for the case r = 0 into account it follows that H, := {h; | i =
Lo .7, he < timaz (1)} U{(=n(tmae(r)) — 1, tmae(7))} is an integer generating set
for the exchange vectors (—n,.(t),t),t =1, ... tma(r). In addition, H, is a Hilbert
basis for the cone generated by these exchange vectors.

3 The Facets of P(u, A\, F)

In this section we establish a link between the elements of the Hilbert basis H, and
the facets of P(u, A, F'). Throughout this section we assume that natural num-
bers u, A\, ' with ged(p, \) = 1 and nonempty subsets N;, Ny are given. Before



explaining the relation between the elements of H, and the facets of P(u, A, F)
in more detail let us introduce the notion of “A-maximum” with respect to an
inequality:.

Definition Let >~,cn, N, dizs < 0 be an inequality. A natural number ¢ is called
A-maximum with respect to d7x < ¢ if for all vectors x € P(u, \, F') with |{i €
Ny | #; = 1} > t, d"z < ¢ holds and if there exists a vector 2 € P(u, A, F')
satisfying [{i € Np | 2! = 1}| =t and d"z’ = §.

For every number ¢ € {1,...,|Ny|} such that |N,| > L%t’\j we now generate a
series of inequalities where ¢ is the A-maximum. We proceed as follows.

Choose I; C Ny, s:= |I4] = LFft’\j and I, C Ng, t = |15 and set r := F —tA—sp.
Due to the choice of s and t we have 0 < r < . Furthermore, let h; = (—=h}, h?)
be some element of H, = {hy, ..., h,} satisfying

L hzl S ’N1\11’7

o b} <L

and consider the inequality

(3.1) > hiw;+ Y hlw; < shi+th].

iENl iENQ

Of course, for every subset V; C Ny, Vo C Ny, |Vi| = s, |Ve| = t the vector
Y veviuv, €u satisfies the inequality at equation. Moreover, choosing V; € Ny,
Vil = s+h! and Vo C Ny, |Vs| =t — h? and setting z, = 1if v € V,;U Vs, 2, =0
otherwise, yields a root of the above inequality. Unfortunately, the inequality is
not always valid for P(u, A, F'). More precisely, we will show later the following.

Under the assumption that ¢ is the A-maximum with respect to >;cn, hiz; +
Sien, hizi < shZ+thl, it is valid for P(p, A, F) if and only if one of the following
conditions is satisfied

1=T,
hi,; > INi\ 14,

h%@+1 > 112’

10



If none of the three conditions holds, the above inequality must be modified to be
valid for P(u, A, F') in a way we outline now. In this case, there are four possibil-
ities to determine an inequality. We first demonstrate some of these possibilities
on an example.

Example 3.2. For the polytope defined as the convex hull of all 0/1 vectors that
satisfy the inequality in 0/1 variables

8 14
> 5w+ Y Ta; < 35,
i=1 =9

the inequalities

(i) 6$1+6$g+6$3+6$4+6.T5+5$5+5$7+5$8+8$9+8$10+8$11—|—8$12+
8.%134-8.%14 < 40,

(ii) 3$1+3$g+3$3+3$4+3.T5+3$5+3$7+3$8+5$9+4$10+4$11—|—4$12+
43+ 4wy < 21,

(iii) 43}1+4$g+4$3+4$4+4$5+4$5+4$7+43}8+6$9+6$10+6$11+5$12+
5$13+5$14 < 28.

define facets (checked by the program developed in [1]). The Hilbert basis #,
consists of the three vectors (—1,1), (—4,3) and (—7,5). It is easily checked that
for the inequalities (i), (ii), (iii) the vector eg+ e;p+ €17 + €12 + €13 is a root.
Moreover, choosing the Hilbert basis element h; = (—4,3) we obtain in all three
cases that the vector 3, .y, Ly, €v defined via V; = {1,2,3,4}, Vo = {9,10} is a
tight point. However, the inequality >=,cn, 375 + Y icn, 42 < 20 is not valid for
the corresponding polytope, because for h;; = (—=7,5) we have 3x 7+0x 5 > 20
and hl, ; <|N;\ I, hi,; < |Ng. To obtain valid inequalities we have the choice
either to reduce some of the coefficients in N; from K,h? to a smaller value or to
increase coefficients in N from xh; to a bigger value (k is some natural number)
such that the vector Y,cv oy, €v with Vi = {1,...,7}, Vo = 0 is tight for the
corresponding inequalities.

Let us now formalize these possibilities. We assume that I; C Ny, s := |[,] =
L%t’\j and Iy C Ny, t = |I, is given and that r := F — tA — sy denotes the
residuum. Furthermore, h; = (—h}, h?) is some element of H, = {hy,...,h,}
satisfying

g hzl < ’N1\11’7

11



o h < |I.

Finally we assume that ¢ < 7, h!,, < |N;\ I;] and hf,, < |4, i.e., the inequality
of type (3.1) is not valid for P(,u, A\ F).

(3.3.) We choose an integer h? < j < h7,, and a subset J C Iy, |Jo| = j. With
this subset J, we associate an inequality such that the coefficients of the items
in N; are all equal to some value a, where the coefficients of the items in I\ Jz
are all equal to a value b" and where the coefficients of the items in (Ng\ I2) U Jz
are all equal to a value b < b’. The appropriate choice of the numbers a, b, b’ is
determined by the two equations

hla = hb,
hz+1a = jb + (hz+1 ‘)bl7

which yields a = kh?, b = kh}, k = hi,, — j and V' = h}, ,h7 — jh!. Choosing
a,b, b’ as indicated here we will show later that the inequality

Zaa:i—l— Z b'r; + Z br; < sa+ jb+ (t — j)b

€Ny iEIQ\JQ iE(NQ\IQ)UJQ
is valid for P(u, A\, F'). It is not difficult to see that for every subset V; C Ny,
Iy\ Jo C Vo C Ny, |Vi| = s, |Vo| =t the vector Y ey, €0 + Yper, €v Satisfies
the inequality at equation. Moreover, choosing V; C Ny, |Vi| = s + h} and
Ig\Jg C Vy, C Ng, ’Vg’ = t—h? and setting x, = 1 if v e VJUVQ, T, = 0
otherwise, yields a root of the above inequality. Finally, we have that every

vector -,y oy, €v Satisfies the above inequality at equation for which V; C Ny,
’V]’ :S+hz~1+1 and Vggfg\Jg, ’Vg’ :t—hiq

(3.4.) We choose an integer h{ < j < hl,; and a subset J; C N, \ I, |J;| = j.
With J; we associate an inequality such that the coefficients of the items in N,
are all equal to some value d, where the coefficients of the items in ;U J; are all
equal to a value ¢ and where the coefficients of the items in N, \ (I;U J;) are all
equal to a value ¢’ < ¢. The numbers ¢, ¢/, d are a solution to the system

hic = hZd,
jc+ (hzl+1 j)e = h%g+1d

which yields ¢ = kh?, d = kh!, k = hl,, — j and ¢’ = hZ, ,h} — jh}. Now consider
the inequality

Z cr; + Z cx; + Z dr; < sc+td.

ieljuJy ie N1\ (T1uJy) i€N2
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The roots of this inequality are the vectors >, .y, v, €v such that

VIQIIUJD VQQN% ’V1’:S> ’Vg’ =tor
V]gIIUJI, ’VJ’:S—F}‘LZJ and VggNg, ]Vg]:t—hfor

I;UJ; CViC Ny, |Vi| =s+hl,; and Vo C Ny, [Vo| =t —hi,,.

The remaining cases are 1 < j < h? or 1 < j < h}, respectively. In both cases an
inequality similar to the one above can be derived.

(3.5.) We choose an integer 1 < j < h?, a subset Jp C I, |Jo| = j and determine
numbers «, (5, 5’ via the following system

hz‘1+104 =B+ (h?+1 —7)B.

Solving these equations yields o = w(hf,, — hf), 8’ = k(hl,, — hl), k = j and

B =—(hi—j)(hi;—hi)+hl(hi ,—h?). Choosing a, 3, as indicated here we
present conditions such that the inequality

Sari+ Y Bai+ > Br; <sa+jB+(t—5)5

ieNy iela\J2 ie(Na\I2)uJz

is valid for P(u, A, F').
(3.6.) We choose an integer 1 < j < h}, a subset J;, C N;\ I, |J;] = j and
define numbers v, 7', via the equations

37 + (hf = )7 = hi0,

37 4 (Wi — )7 =iy 0.
This yields v = k(h},; — h?), 6 = k(hi,; — h}), K = j and v = hZ(h} , — h}) —
(hi — j)(hi., — hf). Under certain conditions, the inequality

Sooymi+ Y. Aw+ D dni <sy+1io

ieliuJq ieNl\(IlLJJl) i€ No

is valid for P(u, A, F').
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Having introduced the inequalities (3.1), (3.3), (3.4), (3.5) and (3.6) we now deal
with the question when they are valid and facet defining for P(u, A, F'). For this
purpose we first present three easy, yet technical lemmas. The corresponding
proofs are left to the Appendix.

Lemma 3.7. Let natural numbers p < A with ged(p, A) = 1 and 0 < r < p be
given. For every h; € H, and h; € H,, ¢ # j the following relations hold.

(1) hZh! —hih? >0, if j <.
(2) hZh! —hih} <0, if j > i.

Lemma 3.8. Let natural numbers p < A with ged(p, A) = 1 and 0 < r < p be
given and let a; > as > ... > ap, tpanr)) and by < bp < o0 < by ) DE tWO
sequences of nonnegative integers such that

hl h? n(t) t
> a, = byand Y a, <> b, foral t <hf
v=1 v=1 v=1

= v=1

where h; = (—=h},h?) € H, = {hs,...,h;} and ¢ < 7. Then the following

(e T
statements are true.

(1) ¥ g, <5t _ b, for all t < hZ,, and g, < b, for all 241 <
t < h%,,, provided that a; > ap1 or by < bye.

1 2
h':l Ay = h':l v, 1t follows that >, 7" a, < ' _, b, for all ¢ < an
2) If St o by, it foll hat 72" a, < S _, b, for all t < h? and
Z:r:(lt) ay < b_,b, for all 7, +1 <t < hZ, provided that apl, < Qplyg
or bh?—‘rl > bh?+1'

(3) If ot ay < St by, then Y72 a, < S, b, for all B2, , < t < 2.

Lemma 3.9. Let natural numbers p < A with ged(p, A) = 1 and 0 < r < p be
given and let a; > ap > ... > ap, and by < by < ... < by,, ny(ng) = n; be two
sequences of nonnegative integers such that zj}ﬁj a, < 3¢ _ by, for all t < b2

(1) "0 g, < 57 by, then " a, < S b, for all t > A2,

2) "0 g, < s b, then " a, < S b, for all ¢ > h2.

f_, b, for all t > b2

14



Proposition 3.10. Let I; C N;, s = |[;] = L%t’\j and I, C Ny, t = |1

and set 7 := F — t\ — su. Furthermore, let h; = (—h}, h?) be some element of

H, = {hy,...,h,} satisfying h! <|N;\ I;] and hf < |1,].
Provided that ¢ is the A-maximum, the inequality (3.1),

> hix; + > hlz; < shi +th!

iENl iENQ

is valid for P(u, A, F') if and only if one of the following conditions is satisfied

(V1) i =,
(V2) hi,, >IN\ 14,
(V3) hi ;> |1,

In addition, the inequality defines a facet of P(u, A, F') if and only if the following
two conditions (O1) and (O2) are satisfied.

(O1) s >0o0r s+ h} <|Ny|or [N, =1,

Proof. We start with proving the validity statements. First notice that the
above conditions guarantee the existence of sets J; and J, with I, C J; C Ny,
’JJ’ = S—i—hzl and Jgg Ig, ’Jg’ :t—h?

Suppose, none of the conditions (V1), (V2), (V3) is satisfied. By Lemma 3.7
we have that h?, k! — hl, h7 < 0. Choose sets V; and V3 such that V; C Ny,
Vil = s+ hi; and Vo C Ny, |Vy| = t — hf,,. Such sets exist since (V1),
(V2), (V3) do not hold. The vector Y,cv,0v;, €v is an element of P(u, A, F') and
Sienm hiwi+ Sien, hiwi = (s + hi, )hi + (t = b )hi > shi +th].

To prove the converse direction we assume that (V1) or (V2) or (V3) is satisfied.
Let € P(u, A\, F) and set V; := {v € N, |z, = 1}, Vo :={v € No | z, = 1}.
We can assume that |Vs| < t (otherwise, x clearly satisfies the inequality). Let
vg > 0 such that |Vs| =t — ve. Then, |V;| < s+ n,(vg).

If (V1) is satisfied, then by Lemmas 3.7 and 3.9 $577(%) p2 < St v, 41 B and
hence the inequality is valid.

If (V2) holds, then |V;| < s+ k!, ,. Define v, via |V;] = s + v, and let v} be the
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smallest natural number such that n,(v}) > v;. Clearly, vy > v/ and hf L = VY
By Lemma 2.5, (—n,(v}),v}) = ¥h_; €4hy and by Lemma 3.7, h?h! — hih? > 0
for all j =1,...,7— 1. Therefore, |V;|h + [Volh! < (s + n.(vy))hs + (t —vy)h! =
sh? +th! — ' _ e.(h2h} — hlh?) < sh? +thl.
If (V3) is satisfied, we conclude that vy < h7,,. By Lemma 2.5, (—n,(vg),vg) =
t—1 €uhy. Since hZh] —h1h? >0 forall j =1,...,i—1 (Lemma 3.7), we obtain
\Vilh? +|Valh! < (s+n.(ve))hZ+ (t —vo)h! = sh?+th! — " _ e, (h2hl—hlh?) <
sh? 4+ th!. This proves that the inequality is valid.

We now turn to the second statement.

Suppose, (O1) or (02) do not hold. W.l.o.g. we assume (O1) is not satisfied, i.e.,
s =0 and s+ b = |[N;| and [N;| > 1. By Lemma 3.7, h?h} — hih? > 0 for all
j=1,...,i—1. Hence, every vector z satisfying (3.1) at equality either satisfies
x; =0forall i € Nyor o; =1 for all i € N;. Since |N,| > 1, x also satisfies the
equation x; — zy,; = 0 and consequently, the dimension of the face induced by
inequality (3.1) is less or equal than |N|—2. Analogous arguments apply if (O2)
is not satisfied.

Conversely, let ¢’z < v be a facet defining inequality of P(u, A, F)) such that
every root of (3.1) satisfies ¢’z = ~. If |[N;| > 1, there exist § # V; C Ny,
V1 7é N1 with ’V]’ = S Oor ’V]’ = S+ hzl Let Vg Q Ng with ’Vg’ = ¢ if ’V]’ =S
and [Vo| =t — h? if |V)] = s+ k. Then, & := 3, cyu, €0 18 a Toot of (3.1).
Moreover, for every v € Vy, v € Ny \ Vi, the vector 2’ := x — e, + e, is a root
of (3.1). Therefore, ¢!z = ¢Tx’. This yields ¢, = ¢, for all u,u’ € N;, since u
and v’ can be chosen arbitrarily. By analogous arguments we obtain ¢, = ¢, for
all u,u” € Ny Finally, let V; C Ny, ’V]’ =35, Vo C Ny, ’Vg’ =t and VII C Ny,
\Vi| = s+ hl, VJ C Ny, |V}| =t — h?. Since z and x’ are roots of (3.1) we
immediately obtain hlc, = hfc, where u € Ny, v € V. This shows that ¢’z < v
and inequality (3.1) are equal up to multiplication by a scalar. [

The next question to be raised is when the inequalities (3.3) — (3.6) are valid and
facet defining for P(u, A, F'). This question is answered by Proposition 3.11. Here
we show that under mild assumptions such inequalities are valid. In addition,
for each type of inequality (3.3) — (3.6) necessary and sufficient conditions are
presented such that the corresponding inequality defines a facet of P(u, A, F).
It turns out that the statements as well as the corresponding proofs are quite
similar for the four types of inequalities and we decided to outline just one such
proof in detail.

Proposition 3.11. Let I; C Ny, s := |I4] = LFft’\j and Ip C Ny, t = |Ig

and set 7 := F — t\ — su. Furthermore, let h; = (—h!, h?) be some element of

H, ={hs,...,hy} such that ¢ < 7, bl ; <|N;\ I] and h?,, < |Iy| (these three
conditions guarantee that the corresponding inequality of type (3.1) is not valid).
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(1)

Let hf < j < h?,; be some integer and let J, C Iy, |Jo| = j. Set a = kh7,
b=rhi, k=hi,—jand ¥ = hl h?— jhi If t is the l-maximum, the
inequality (3.3),

Sazi+ > b+ Y Va; <sa+jb+ (t— )Y

€Ny iEJgU(NQ\IQ) iEIQ\JQ

is valid for P(u, A, F'). In addition, it defines a facet of P(u, A, F) if and
only if the following two conditions are satisfied

(F1) t < |Ng| or j > hi or hi =1,

(F2) hi ,<torj=hi, 6 —1

Let h! < j < hl,,besome integer and let J, C N/\I;, |.J4| = j. Set ¢ = Kh?,

d=rkhl, k="nhl,—jand ¢ = hi h! — jhi If tis the lmaximum, the
inequality (3.4),

Z cxri + Z cdx; + Z dr; < sc+td

ieliuJy ieNl\(IlLJJl) i€ No

is valid for P(u, A, F'). In addition, it defines a facet of P(u, A, F) if and
only if the following two conditions are satisfied

(F3) s>0or j > h!orhl=1,

(F4) hz~1+1 < ’N1\11’ OI'j :hi1+1_1‘

Let 1 < j < h? be some integer and let Jy C Iy, |Jo| = j. Set o = k(h?,; —
h?), B = k(hi,; — hi), k= j and B = hi(hi,, — h7) — (A} — j)(hiy; — ).

(2

We require that the numbers «, 3, 5’ satisfy the properties

vl — L”’\T_rj@ < 0 for all values of v with 1 < v < |Np| —t and
2] <.

—vf 4+ n.(v)a < 0 for all numbers v with 1 <wv < j.

—iB —vB" +n,(j +v)a <0 for all numbers v with 1 < v < h! — j.

Then, the inequality (3.5),

Sooaxi+ Y fai+ Y Bx; <sa+jB+(t—5)5

ieNy ielo\Jo iE(NQ\IQ)UJQ

is valid for P(u, A, F'). In addition, it defines a facet of P(u, A, F) if and
only ¢t < |Np| or j = 1.

Let 1 < j < h! be some integer and let J, C N;\ I;, |J;] = j. Set
T = ”(h%‘gﬂ —h7), 0 = ”(hz‘l+1 —hi), s =jand vy = h?(hz‘lﬂ —hf) = (h{ -
J)(hZ.; — h?). We require that the numbers v, d, 7" satisfy the properties
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vl — L”’\T_rj”y < 0 for all values of v with 1 < v < |Np| — ¢ and
ey £

—vd + n,(v)y < 0 for all numbers 1 < v with n,(v) < j.
—vd+jy+(n.(v) =)y < 0 for all numbers 1 < v with j < n,(v) < hl.

Then, the inequality (3.6),

Yooyt > Aai+ D dn < sy+to

ieliuJy ieNl\(IlLJJl) i€ No

is valid for P(u, A, F'). In addition, it defines a facet of P(u, A, F) if and
only if s >0 or 5 =1.

Proof of (1). For ease of notation we denote the corresponding inequality
by ¢’z < 7. First notice that by Lemma 3.7 we obtain b = h/, ki — jh} >
hZ, hl — jhi = b. W.lo.g. we assume that Io = {n;+1,...,n;+t} and Jy =
{ni+t—75+1,...,n;+t}. Let V; € N;and Vi C Ny such that 2 = 3 oy, Ly, €0
is feasible. If |V, > t, ¢’x < 7 obviously holds, because t is the A-maximum.
Hence |Vo| =t — v with v > 1 and |V, < s+ L”’\“ij = s+ n,(v). Moreover, we
can assume that V; = {1,...,|Vy|} and Vo = {n,;+ 1,...,n;+t — v}. We write
(=1, (0),0) = Cyen, €uhu. In case, v < h7,;, we immediately obtain ¢’z < 7,
because h?h] — hih} > 0 for all j < i and ¢; = 0 for all j > i and ¢; > 0 for all
1< Ifv= th, the inequality is satisfied as well. It remains the case v > th.
By definition, css,...,Copm,v) and ¢, ..., ci_y41 are sequences of numbers as
investigated in Lemma 3.8 (2) and Lemma 3.9. Hence, 577 ¢, <Y, cu
and it follows that x satisfies the above inequality.

We now turn to the facet statement. Let c¢Iz < v denote the above inequality.
Suppose, condition (F1) is not satisfied. Then, ¢t = |Ng| and j = h7 > 1. Hence,
|.J;| > 2 and every = € F, satisfies the equation z, — x,, = 0 where u,w € Jy,
u # w. Similarly, if condition (F2) is not satisfied, then, h?,; = ¢ and j < hf,,.
Therefore, |15\ Jo| > 2 and every x € F, satisfies the equation z, — z,, = 0 where
u,w € I\ Jo, u # w.

This shows that the conditions (F1) and (F2) are necessary. To prove that both
conditions are sufficient such that an inequality of type (3.3) defines a facet of
P(p, A, F') is straight forward and we omit further details.

Proof of (2). This proof is very similar to the one outlined above. We just notice

the;t c=rkhi d=rhl, Kk =hi,,—jand ¢ = hi hl—jh? < hl hi— jhi =
kh; = c.
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Proof of (3). Let ¢z < 7 denote the inequality of type (3.5). Again, we
first conclude that 8 = hi(h7,, — hi) — (hi — j)(hi., — h}) = hihZ., — hih? —
hZhl, , + hih! + j(hl, — hi) = hihi,, — bl h? + 3" < (. Secondly, the three
conditions guarantee that t is the A-maximum of the inequality and that every
vector Y,y oy, €0 With Vi € Ny, Vo C Ny, [Vo| =t — v, v < b, [V| = s+ L”’\%j
< s+ h! satisfies ¢z < ~. Taking these facts into account, one can proof

statement (3) analogously to (1).

Proof of (4). This proof is similar to the ones above. |

To end this section we finally introduce a class of inequalities that can be viewed
as a degenerate case of the inequalities (3.1). We choose numbers s, t,7,l with
the properties 1 <t < [Ny, s = L%t’\j, r=F—tA—su, 1 <1 <n.(l)and
0<s,s+1<|Ny. For every subset I; C Ny, |I;] = s+ [, the inequality

(3.12) Sowi+ )l <s+lt

ie]l iENQ

is valid for P(u, A, F) if t is the A-maximum. It is facet defining for P(u, A, F') if
and only if s > 0 or [ = 1. These two statements can be shown quite easily.

4 A Complete Description of P(u, A\, I)

Having introduced the five classes of inequalities in the previous section we
now show that they are together with the trivial inequalities and the inequal-
ity Yien, i < L%j sufficient to decribe the polytope P(u, A, F').

Theorem 4.1. The trivial inequalities, the inequality 3y, z; < |5, the in-
equalities (3.1), (3.3), (3.4), (3.5), (3.6) and (3.12) completely describe P(u, A, F').

Proof. Let ¢’z < 7 define the nontrivial facet F. of P(u, A\, F'). W.lLo.g. we
assume that N; = {1,...,ns}, No={n;+1,...,n;+ng} and ¢; > ... > ¢,
and ¢, ;7 > ... > Cpysn,- Let t be the A-maximum with respect to c¢Ta < 7.
If ¢; = 0, then it is easy to see that F. C {z € P(u,\, F) | Tien, @i = [ 5]}
Otherwise, ¢; > 0 and we can assume that the vector 2’ defined via z? = 1 for
v=1,..., L%t’\j, zl=1forv=mn;+1,...,n;+t 2% =0, else is a root of F, (for
if not, then F,. C {x € P(u, \, F) | x; =1}). Set s := L%t’\j and r 1= F—tA—spu.
Since Fr is a nontrivial facet, not every root satisfies the equation Y.y, x; = t.
Thus, there exist numbers ¢’ < ¢t and s’ > s and a root x € F, such that x, =1

ifo=1,...,8, z, =1ifv=n,;4+1,...,n;+ 1", v, = 0 else. Let t; denote the
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maximum number ¢’ with the above properties, i.e., there exist numbers t; < ¢

and s; > s and a root z! € F,. such that z! = 1ifv = 1,...,s;, z! = 1 if

v=ng+1,...,n9+t;, ! =0, otherwise. Of course, s; < LF_Ttl’\j Notice that
, F_t'\N| _ | F=tA+{t—t')\| _ | r+sut+t—t' )| _ r+t—t' )X

for every number ¢' < ¢, [==2] = | . 1=1 - ] =s+ 7]

=s+n.(t—1t).
We distinguish the two cases: (1) s; = s+ n,.(t —t;) and (2) s; < s+ n,.(t —t;).

(1) s; = s+n,(t —t;). Since both 2? and z' are roots of F,. and due to the choice
of t; we derive the following relations:

(R1) S5m0 ¢, < St e forallt >t >ty

s+ny (t—t1) o +t
(RQ) Zv:sil ' Cy = Zglznl +t1+1 Cy-

Let H, = {hy,...,h:} denote the Hilbert basis as introduced in Section 2. From
Lemma 2.5 we know that every vector (—n,(t —¢'),t — ¢') with ¢t — " < h? can
be written as 3, _; €,h, where h,, are the elements in H, and €, > 0, ¢, integer
(u=1,...,7). Moreover, ¢s;; > Cs49 > ... > Cpy, and Cpy ¢ < Cpypt_1 < ... <
Cn, +1 are two sequences of numbers as investigated in Lemmas 3.8 and 3.9. In
particular, we conclude from Lemma 3.9 that ¢t — ¢; < h?. Furthermore, Lemma
2.5, (R1) and (R2) imply that ¢t —¢t; = h? for some i € {1,...,7}. Therefore
by Lemma 3.8, 570" ¢, < St o forall B2 <t —t < hi U >0,
n(t —t) <n;—sand 20 e < St i forall Y <t —t < h?,,
t' >0, n.(t —t') <n;— s, provided that cs.; > ¢, Or ¢ < ¢y 41

(a) Suppose, i =T or hi,; >n; —sor h,, > t.

By Lemma (3.8) and (3.9) we obtain that every x € F, satisfies [{i € N, | z; =
1} =s+o0(s;—s)and |[{i € Ng | &; = 1}| =t — o(t — t;) for some 0 > 0, ¢
integer. Thus F;. is defined by the inequality 3=;cn, hiz; + Y ien, hiz; < shi+thl.
(b) Suppose, ¢ < 7 and h!,, < n; — s and h7,; < t. We distinguish the two
subcases:

(b1) ¢5, = Csyq and ¢py 44 = Cny 44y 41 Hence, ¢, = ¢, = khf for all u,v, s +1 <
u < v < s;and ¢, :cv:fﬁhilforallnl—i—tl—l—l < u <wv<n;+t where 5
is is some positive integer. Moreover, (—n,(v),v) = 3\ _, €,h, for K2 +1 < v <
h?,,—1 and nonnegative integers ¢, (Lemma 2.5) and consequently, qu’:;% Cw <
S i ws1Cw- By Lemma 3.7 we know that h?,,xh] — h! ,kh? < 0. Since
the inequality ¢’z < « is valid there exists h7,; > j > h? such that ¢;_; >
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kh} or there exists hl,, > j > h} such that ¢;4; < xh?. Now it follows that
s+h; . s+h;

Lo=sil Cv = Zﬁiﬁ H—hZ 41 For if not then 3,3} ¢, < Zﬁilii Hh2,, 1Y
and together with Lemma 3.8 (3) and Lemma (3.9) , every root © € F. would
satisfy the equation Y ey, hiw; + Yien, hiz; = shi + thl, which contradicts the
assumption that F. is a facet of P(u, A, F'). Since there exists h] < j < hl,,
with ¢j; < kKh? = ¢, or there exists hY,; > j > h? with ¢,_; > kh] = cn 44,41
we obtain Y070 ¢, < St prcu forallv = hZ, ... h? (Lemma 3.8 (2))
and 51V e, < St i Cu for all v > h? (Lemma 3.9). This implies that
¢z < v is of the type (3.3) or (3.4).

s+nr(v)

(b2) €5, < Cs1 O Cpyit > Cpy4ty+1- By Lemma 3.8 (1) we obtain >, 2" ¢, <
1
ny+t 2 2 : s+hiy ny+t
Dty +t—vs Cu for all by < v < hi, . Further, if 37, _ 7 o < 3000 b2, +1 Cw

then by Lemma 3.8 (3) and Lemma 3.9, Zi’:;:(f) cu < St L iicy forall v >
hZ,,. Hence, every x € F, would satisfy the equation Yy, hiz; + Yien, hizi =

sh? 4+ th! and consequently, dim(F,) < |N| — 2, a contradiction. Therefore,

S+h}+1 7Z1+t . . .
Dou—sti Cu = Zu:m b2, 41 ¢y. Taking Lemmas 3.8 and 3.9 into account, it

follows that ¢’z < 7 is of the type (3.5) or (3.6). This completes the analysis of
the case (1), i.e., s; = s+ n,.(t —t;).

(2) s; < s+n,(t —t;). Then, t; =t — 1 for the following reasons:

Suppose, t; < t —1 and let s’ denote the maximum number such that s+mn,(s") <
s;. Then, s’ < t—t; follows and s;— (s+n,(s")) < n,(1) < n(l)+1. Since the in-

equality is valid and due to the choice of t; and s; we conclude that Zz’:;:(f) Cy <

ny+t s1 s+n(1)
>y +t—s +1Cu-  Moreover, Zw:5+m(5,)+1 Co < YwmsriCw < Cnppt < Coygtes

Thus, >0,/ = quﬁlsrﬁ) Cw + Ziinr (s)+1Cw < 221:1:1 s 41 Cw T Cny ity <
St +1Cw, & contradiction since Y5 ¢ = S, L ¢y Therefore,
t; =t—1and s; < s+ n, (1) and we obtain (x) Y0l ., Cw = Cpyp. Since
s; < s+mn.(1), for every s;+1 < v < n; the vector Y5\, ; €y —i—ev—l—ZZl:’:fjH Cw
is feasible. Together with (%) we obtain ¢, = 0. Set kK = s; — s. Then, every
x € F, satisfies the equation Y7L, x; + Y77 ka; = s + kt and consequently,

c'z < v is of the type (3.12). [

Let us end this section with a brief remark on the separation problem for the
inequalities of P(y, A, F). Let y € R be a fractional solution. W.l.o.g. we
assume that Ny = {1,....n;}, No={n;+1,...,n;+ng} and y; > ... > yn,,
Yny+1 = o = Yny+ny- Choose a number t € [1,...,ng] and check whether there
exists a violated inequality of the above types. Setting r = F' — t\A — ,uLF%t’\j,
we can construct the Hilbert basis H, in polynomial time. For every h; € H, we
can check in polynomial time whether the inequality of type (3.1) is valid and in
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case it is, whether it is violated.

For the inequalities (3.3) — (3.6) we can proceed accordingly. Having established
the sorting of the values y; in N; and Np, the number ¢ and the element h;,
we just check for every j € [1,...,hl,, — 1] and j € [1,...,h7,; — 1] whether
the corresponding inequality of type (3.3), (3.4), (3.5) or (3.6) is valid and if so,
whether it is violated. Since all numbers j, t and h}, hZ, hl,,, h7,, are polynomial
in |N|, a polynomial running time for solving the separation problem is obtained.

Similar arguments apply for separating the inequalities of type (3.12).

5 Extensions

Having seen how Hilbert basis elements of a certain cone can be transformed into
valid inequalities for a special knapsack polytope, the natural question is how to
extend or apply this concept to more general cases. Within this section we briefly
discuss some directions that might be of interest for further investigations.

Let a 0/1 integer programming problem of the form Ax < F be given where
a; € N, i € N denote the columns of A. Suppose that N can be partitioned
into two sets N; and Ny say, and suppose there exist values u, A, F¥ € IN such
that t;u + teA < F if and only if for every subset T, C Ny, |T4] = t; and
Ty C Ny, |Ts| = ts, the relation Y;cp, a; + > ier, a; < F holds. Then, the convex
hull of all 0/1 vectors satisfying Az < F is equal to conv{zx € {0, 1}MN2 |
Yien, BTi + 2ien, AT < F'} and an inequality description is given by Theorem
4.1.

One way to apply this result to more general cases is to incorporate the lift-
ing and complementing of variables (see [6] and [11] for details on this subject).
Roughly speaking, the idea is the following. Let Az < F be a 0/1 integer pro-
gram where a; € R™, ¢ € N denote the columns. We choose C' C N and
S C N\ C and consider the problem Y, ga,x; < F — > ;cca;. If the set S
can be partitioned into S; and Sy and if there exist numbers u, A\, F such that
tip 4 toX < F7if and only if Y,cp, a;i + Yo, a0 < F for all Ty € Sy, |T4] = 4
and Ty C Sy, |Ts| = ts, the inequalities (3.1), (3.3) — (3.6) and (3.12) are valid
for conv{z € {0,1}* | Yics, airi < F — Yicc ai}. Any of these inequalities can
now be expanded by ordering the variables in N \ S and subsequently compute
appropriate coefficients for those variables not considered before. Of course, each
of these computation steps needs not be polynomial in the encoding length of
the problem Ax < F and for practical purposes approximate coefficients are
usually determined. However, can one go further? Is it possible, for instance, to
choose a valid inequality for conv{z € {0, 1}MN2 | S v psxi+ S ien, pexi < F'}
and one for conv{z € {0,1}"°Ne | 3o, n. pusxi + Sien, v < G} and combine
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them appropriately to obtain a valid inequality for conv{z € {0, 1} N1 -N20Ns0Na |
Zf:z Yjen; Hitig < F + G}? If this is true, what is the precise relation to
the Hilbert basis associated with the exchange vectors of the knapsack prob-
lem 7, djen; miz; < F' 4+ G?7 Finding an answer to this problem is not only
of theoretical interest, but also has an algorithmic impact, because Hilbert bases
can be computed by the Buchberger algorithm. The latter algorithm plays an
important role for computational algebra in the setting of Grébner bases (see [2],

[9)-
Besides this, there are several generalizations of the problem

Z,uxi—l—Z)\xigF

iENl iENQ

that seem interesting. How does the inequality description look like if we replace
x; € {0,1} by z; € {0,1,...,u;} where u; is some natural number (i € N)?

Is there a way to extend Theorem 4.1 to the polytope conv{z € {0, 1}U?=1Ni
DieNy i+ Dien, M+ Yien, AT < F'} where Ny, Ny, Ny is the set of items with
weight 1, u, A, respectively? Finally, the mixed integer program

conv{z € {0,1}"1°N2 gy € [0, 1]V | 3 v on, Ui < FLyi < pxgyi € Ny oy <
Azi,i € Np} is a natural generalization of the knapsack problem ;o n, px; +
YieN, A < Fand it certainly would be interesting to understand its facial
structure.

Acknowledgement. I wish to thank Giinter Ziegler and Alexander Martin for
several valuable discussions on this subject.

Appendix

Proof of Lemma 3.7.

(i) Let j < i be given. From the generation of the integer Hilbert basis H, we
know that R; > R;. Hence, hiX — hju > hi\ — hip. Equivalently, h;(:—jl)\ —p) >

2 . h2 2
hf(%A—,u). Since h < h}, we conclude that h—jl)\—u > %A—,u and consequently,
h2 2 h2 2
& > T Moreover, 11h! — h? > Th! — h? = 0. Then, hZh{ — h?h! > 0 follows.
J ? J 7

This proves statement (i).

(ii) Let j > 4 be given. In this case we have that R; < R; and h > h/. By the
same computations as outlined above the statement follows. [
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Proof of Lemma 3.8.

(1) Let H, = {hy,...,h:} be the Hilbert basis as introduced in Section 2 and
let (—n,(t),t) be given with h? < ¢t < hf,,. From Lemma 2.5 we know that

(—n.(t),t) = 3 _, € h, where €, > 0, integer and €; > 0. Since a;>ap> ... >
1

U, (b (r)) and b; <bs < ... < by, ) We obtain St ) y < Y 0—g€u ZZ“:I Ay <

e by < by I as > ay, then S0rPa, < S e, Y 4y, and if

b1 < bye, then e Zw:l by < 3! _, b,. Hence, statement (1) is true.

(2) Let (—n.(t),t) be given with ¢ > h?, ;. We write t = [ + o(h?,, — h?) where

h? <1< h?,,. Now we first show that n,(t) < n.(l) + o(hl,; — h!) holds.
. r 40 (h2, | —h2)A
[=2] = | o]

8 ey oy ’12)A
=2+ == ]

I
| MU0l g, 1)+ (R, — )] =
no(l) o (hly; — hi) 4 | s
(l) + J(hz+1 hzl)

nr(l)+cr(hz+1—h}) a

IN

Henceforth, Z:’":(t) <Y =: A and

A = Zia,+ T,
SAUIED oM T
S a, +o % 1*;1”

e

Zi’ lb +oX Z+l112+1

l+(u+1)(h2, | —h?)
Z Ib + v=l4u(h?, +ih2)+lb”

t
v=1 bru.

IAN I IAIA

IN

In fact, strict inequality is true if ply1 > Qpl | OF bpz 1 < bh?+1

(3) This statement can be shown similarly to the proof of (ii). |
Proof of Lemma 3.9.

This proof is analogous to the proof of Lemma 3.8. We briefly outline the steps.
Let (—n,(t),t) be given with ¢ > h?. We write ¢t = oh?+¢ where 0 < ¢’ < h? and
by similar arguments as used in the proof of Lemma 3.8 we obtain n,(t) < ohl+
n,(t'). Due to the ordering of the numbers a;, i = 1,...,n;and b;, i = 1,...,ny

and since Y"1 ¢, < SF_, by, we easily obtain statements (1), (2) and (3). M
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