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Abstract

Induction heating of large steel slabs can be described by a coupled system of
nonlinear evolution equations of Stefan type representing the temporal and
spatial distribution of the induced magnetic field and the generated temper-
ature within the slab. Discretizing these equations implicitly in time and by
finite differences in space, at each time step the solution of a system of dif-
ference inclusions is required. For the solution of that system two multi-grid
algorithms are given which combined with a nested iteration type continu-
ation strategy to proceed in time result in computationally highly efficient
schemes for the numerical simulation of the induction heating process.

Keywords: induction heating, system of two coupled Stefan equa-
tions, multi-grid algorithms.
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1. Introduction

In steel industry, for reasons of energy savings, induction heating of steel
slabs is preferred to heating with fuel-fired furnaces, because approximately
87 percent of the thermal energy is generated within the slab. The principle
of induction heating is as follows: an aluminum or copper conductor, being
wrapped around the steel slab along its longer side, generates an alternating
magnetic field thus causing eddy currents in the slab which in turn heat
the slab by Joule dissipation. Due to the skin-effect the eddy currents are
concentrated below the surface which results in a non-uniform distribution
of the temperature. Mathematically the temporal and spatial distribution
both of the induced magnetic field and of the generated temperature within
the slab can be described by a coupled system of two nonlinear evolution
equations, an electromagnetic equation and a heat equation. Since carbon
steel undergoes a phase transition at the Curie temperature of 760° C with
a jump-like behavior of the enthalpy (Figure 1), the heat equation is of
Stefan type. Likewise, the magnetization characteristics can be modelled
as a discontinuous curve with a jump discontinuity at zero as long as the
saturation flux density is positive which happens to be the case below the
Curie temperature (Figure 4). Hence, also the electromagnetic equation is
of Stefan type in regions where the temperature is below the Curie point.
Altogether, we thus are faced with a coupled system of two Stefan type
equations.

As far as the analysis and numerical solution of the coupled system is con-
cerned, the most advanced work so far has been done by Bossavit [2], [3].
Note, however, that for the solution of the nonlinear electromagnetic equa-
tion in one space dimension, assuming a known temperature distribution,
there are earlier approaches by Gillott and Calvert (8], who use an explicit
finite difference discretization (with severe stability restrictions), by Lim and
Hammond [14] whose scheme is based on a modified DuFort-Frankel finite
difference method and by Schulze and Andree(16] using integral equation
techniques. Since the right-hand side of the heat equation, where essentially
the gradient of the magnetic field enters, is rapidly oscillating, in the approach
taken by Bossavit [2], [3] different time-scales for the two equations are intro-
duced. Then, a limit analysis yields a model system with an averaged heat
equation and a time-periodic electromagnetic equation the coupling being
unilateral in the sense that the heat equation has the lead, and the elec-
tromagnetic equation is subordinated to it. Numerically the leading heat
equation can be solved by a nonlinear Crank-Nicolsen type scheme requiring
at each time step the evaluation of the averaged right-hand side. This can be
done by performing a corresponding nonlinear Crank-Nicolsen scheme for the
electromagnetic equation over a sufficient number of half-periods in order to



get a suitable approximation to the periodic solution of that equation. The
resulting systems of nonlinear difference equations are solved by a nonlinear
SOR technique with a local choice of the relaxation parameter w. In partic-
ular, w = 1 is chosen for grid points where a change of phase occours while
overrelaxation is performed elsewhere. Note that a corresponding SOR tech-
nique has been proposed by Elliott [7] for the numerical solution of two-phase
Stefan problems. It is well known that the convergence rate of such iteration
schemes deteriorates considerably with decreasing step sizes. Hence, it would
be preferable to use iterative methods with a reasonable convergence rate be-
ing independent of the chosen step sizes. Such methods can be provided by
the application of multi-grid techniques. Multi-grid algorithms have been
originally designed for the efficient solution of elliptic boundary value prob-
lems but have also proven their usefulness in a wide variety of other type of
problems [10]. Concerning two-phase Stefan problems, the authors [12] have
developed two multi-grid algorithms and have shown their superiority com-
pared to Elliott’s single grid SOR technique by application to a model Stefan
type equation. Actually, both algorithms solve a difference equation resulting
from a discretization of the Stefan problem implicit in time and by standard
finite differences in space. The first of the algorithms is based on an inter-
polation of the enthalpy function between its two phases in regions where a
change of phase occurs and uses bilinear interpolation as prolongations and
full weighted restrictions while the coarse grid correction is damped by a
strictly chosen damping factor. The main features of the second multi-grid
algorithm which can be derived by a duality argument from convex analysis
are the use of nonlinear Gauss-Seidel iteration as a smoother and a different
choice of prolongations and restrictions in regions close to the free boundary
and off the free boundary. Finally, in both algorithms at each time step an
approximation on the finest grid is obtained by a suitable nested iteration
type continuation strategy.

In this paper, we will show how these multi-grid schemes can be effectively
applied to the coupled systems of Stefan type equations describing induction
heating of large steel slabs. The paper is organized as follows: in chapter 2,
following Bossavit’s approach, we will introduce and discuss the averaging
based model system. Then, in chapter 3 the multi-grid algorithms will be
presented in detail and finally, in chapter 4 numerical results will be given
documenting the whole spectrum of physical phenomena arising during the
induction heating process.



2. The Coupled Stefan Equations

We consider a steel slab of width 2a, length 2b and height ¢ (2b > ¢ > 2a) oc-
cupying the domain [0, 2a] x [0, 2b] x [0, ¢] in Euclidian 3-space (typical dimen-
sions are a = 0.05m,b = 2.5m, ¢ = 1m). Denoting by B = (B,,B;, B3), E =
(£1, E, E3),H = (Hy,H,, H3) and J = (Ji, J2,J3) the vector fields repre-
senting the magnetic induction, the electric field, the magnetic field and the
eddy currents density, respectively, by Faraday’s law we have

0B

T +rotE=0 . (2.1)
According to Ohm’s law, the electric field E is related to the eddy currents
density J by

E= geJ (22)

while by Ampére’s theorem we have
J =rotH (2.3)

where in (2.2) the scalar function pe stands for the electric resistivity de-
pending on the temperature distribution © = ©O(z,y, z,t) within the slab
(Figure 2). Finally, the magnetic field H is related to the induction B by

H = no(|B|)sgn(B) (2.4)

with a temperature dependent monotone function ne satisfying 7¢(0) =0 .
In the subsequent analysis, for the inverse fo = 1g' , called the magnetiza-
tion characteristics, we will assume the simplified Frohlich’s model

»

Bo(8) = pos + besgn(s),s €ER (2.5)

with g0 denoting the magnetic permeability in vacuum and bg the tempera-
ture dependent saturation flux density. In view of the geometric configuration
of the problem - the conductor is wrapped around the longitudinal axis of
the slab — the induced magnetic field H is parallel to the z-axis, i.e.,

HlEO, H,=0 (26)
H; = h(z,y,t), 0<z<2a, 0=Xy<2b. '
Moreover, due to symmetry reasons we may assume
=h - z,y,t), 0<z<
h(z,y,t) = h2a - z,3,1), 0<z < a -

h(z,y,t) = h(z,2b—y,1), 0 <y < b.
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Consequently, the problem is basically a two-dimensional one in the domain
R = (0,a) x(0,b), where in view of (2.2, 2.3, 2.4, 2.5) and (2.6) the governing
electromagnetic equation (2.1) reduces to

2 folbla,u,1) ~ V- (20 Vh(z,u,) =0, >0, (28a)

Taking (2.7) into account, the boundary conditions are given by

k(z,y,t) = hsinwt, (z,y) € HR

(;inh(z,y,t) = 0, (z,y) €E0R
where & R = {(z,0)|0 <2 <a}U{(0,9)|0 <y <b},0:R = {(z,0)|0 < z <
a} U {(a,¥)[0 < y < b}, h denoting the amplitude and w the frequency of
the applied magnetic field. Since B¢ has a jump discontinuity at the origin
as long as bg > 0, the electromagnetic equation (2.8a) is of Stefan type and
thus has to be interpreted in a suitable weak sense [13].

(2.8b)

For the temperature distribution © within the slab we may also assume
that it is constant in z-direction satisfying the same symmetry (2.7) as h.
Neglecting heat exchange by radiation or convection at the slab surface, the
heat equation takes the form

7]
(—%—q(G(w,y, t)) — V- (ke VO(z,y,t)) = 0o|Vh(z,y,t)]*, (z,y) € R (2.9a)
with zero Neumann boundary conditions
0
565,;@(323 yat) =0 ) (.’L‘, y) € aR ’ (29b)

where ¢ = ¢(©) denotes the enthalpy and xe the thermal conductivity (Fig-
ures 1,3). Since the enthalpy ¢ exhibits a jump discontinuity at the Curie
temperature of ©, = 760°C, the heat equation (2.9a) is also of Stefan type.

In order to clarify the coupling between the electromagnetic equation (2.8a)
and the heat equation (2.9a) we introduce a new time scale according to

T=wt (2.10)
and we transform the domain R onto the unit square = (0,1) x (0,1) by
z=af, y=by. (2.11)

Furthermore, normalizing the electric resistivity po and the saturation flux
density bg by
oo = por(0©), be = byv(0O) (2.12)

7



and setting _
h(z,y,t) = hu(€,n,7) (2.13)
the transformed boundary value problems (2.8, 2.9) are given by

agmmwmntm

(2.14a)
—52——( (@) )—a —-(?‘(9) )=0, (¢n) e
u(é,n,7)=sint , (£, o
gf n,7) = sin (¢im) € (2.14b)
where
i = {(§0)0<E<13U{(0,7)]0 <n <1},
0 = {({(D0<E<1}U{L,n0<n <1}
229 oy _ 29, 90 20 090,
) Ve ;uae 07" 9 (2.152)
=mﬂw%r @Izl Emen
593—'9(57 7]77) =0 ’ (§7 77) €0Q. (215b)

Note that in (2.14a) the constants a, (! are given by a = (wbya?b?)/(goh)
and ¢! = (poh)/bo. (¢ is commonly referred to as the Stefan number of the
problem).

Since w > 1 in (2.10) (a typical value is w = 1007), we thus have a coupled
system of two equations with significantly different time scales. In particular,
the variation of the temperature © with time is slow as compared to the rate
of time variation of u and the right-hand side of the heat equation (2.15a).
Such systems can be conveniently handled by the method of avaraging. Fol-
lowing Bossavit’s approach [3], we consider the time-periodic electromagnetic
equation

056;(7(9)8@1(") + (M) = Loy (u) =0, (6,7) €9, 0<T <2 (216a)

u(i»n,T)=SinT ) (6177)68197 0<7<2r

8 (2.16b)
5’;{“(57"777)=0 ’ (617])60291 0<r<2n

u(&v’hf) = u(g’"’T + 27")

8



and the “averaged” heat equation

42 4(0) ~ Ley(©) = fo, (EMER, >0 (2172

D 0(Em,1) =0, (En) €00, t>0 (2.17b)

where the differential operators L, LT and the source term fg in (2. 17a.) are
given by

L o)(u) = bza_E (r((‘))-gg) + az% (r(@)a_:;) (2.18a)
2 0 9 )
Lie)(©) = b5z (x(6) 86) 51}(”(@)3_77) (2.18b)
fo = oob’(fs + 12,
O . ) (2.19a)
= wr(e)-z—l; [ggnofds,
2 = e)— / ] f,n,s)lzds. (2.19b)



3. The Multi-Grid Algorithms

In this section we will discuss the application of two multi-grid algorithms
in the numerical solution of the coupled system (2.16), (2.17) which have
recently been developed by the authors for the solution of the classical two-
phase Stefan problem [12]. Both algorithms are based on a discretization of
(2.16), (2.17) implicit in time with step sizes A7, At and by standard finite
differences in space with respect to a hierarchy (Q)i_, of equidistant grid
point sets. As we shall see below, the discretized problems can be inter-
preted as difference inclusions being equivalent to variational inequalities of
the second kind and unconstrained minimization problems for convex subd-
ifferentiable functionals, respectively.

We denote by Ge and @ the functions given by
Go(s) = ofy(O)sgn(s) + ¢ 's], s €R (3.12)

Q(s) = a®b%¢(s), s €R* (3.1b)

where the graph of the enthalpy function ¢ is shown in Figure 1. Due to -
the jump discontinuity of the enthalpy at the Curie temperature, @) must
be interpreted as multivalued function. Moreover, in view of sgn(s) =
[-1,+1] for s = 0 , the same applies to Gg for temperatures below the
Curie point.

Now, we choose step sizes AT =27/M , M €N, and At >0, and we
denote by ©® , u™™ approximations to © , u at times t, = nAt, n €N,
and 7, = mA7T, 0 < m < M, respectively. Since the variations of x(0)
and r(0) are small during a full time period of the electromagnetic equation,
we may choose £(0) = £(O") and r(O©) = r(O") in (2.17a). Moreover,
we discretize f§. , f2. by approximating the integrals in (2.19) by the
summarized trapezoidial rule for periodic functions, i.e.

AT 1 3u"° M-t gunrm 1 au

for = ¥r(0") (512 5| 'g;ll F+3l I), (3.2a)
" WAT 1 Gu M1 gynm 1,8u™M
3 = @) GGG+ T TP 5T (s2b)

Then, if we select some appropriate G§n» € Gen(u™™),0 < m < M — 1,
where u™® = u"~'M for n > 1, and Q™ € Q(O"),n > 0, the implicit time
discretization of (2.16a), (2.17a) results in the differential inclusions

G&n + ATL (gmy(u™™) € Gon(u™™*?) (3.3)

10



Q" + AtL (@,.,(6"“) + Atfon € Q(G)““) (3.4)
where f3. = poh?(f5n + f57) -

Remark. In view of the results by J. Jerome for the classical two-phase
Stefan problem [13], for sufficiently small A7, At the differential inclusions
(3.3), (3.4) with corresponding boundary conditions (2.16b), (2.17b) admit
unique solutions. Moreover, for A7 — 0 and At — 0 the piecewise linear
prolongations in time of these solutions converge in the L?-sense to weak
solutions of (2.16) (with v(©) = 7(0"),r(0©) = r(O")) and (2.17) (with
£(0) = £(0),(0) = r(07)).

We now consider finite difference discretizations of the differential inclusions
(3.3),(3.4) with respect to a hierarchy (Q4)i_, of grid point sets O, = QNIRZ
where

Rz = {(§i> 77])'61 = ihky ;= jhk, Z’] € Z}

with step sizes hryy = hr/2, 0 < k < 1—1, given hg = 1/2. For grid functions
ur on QU = QﬂlRi we denote by Df'g and D,tn the standard forward and
backward difference operators

DEcur(€,m) = hi* [Fua€ £ heyn) Fualé, )]s (€1) € D,
Dz‘,ﬂ defined similarly. The normal derivative Ou/dn on 0f) is then approx-
imated by Dj,ux on 0Q; = 00 ﬂlRZ where Dy u; = D,tguk [Dk‘nuk =
D;:,r,“k] in (¢,7) = (0,7;) [(5,77) = (&',0)] and Dynup = —Dj cuy [Dk.nuk =
—Diqui] in (6,m) = (L) [(6m) = (&,1)], 1 <45 S Ne—1, Ne = 1/hs
while at the corners we use Dy nur = (D qur + D}t ui)/2in (€,7) = (0,0) [

with similar definitions in (0,1),(1,0) and (1, 1)] We approximate the ellip-
tic differential operators Lr(@") and Ln(@"} by ﬁmte difference operators L}
and Li’ where L! is given by

Li(uk) = Dy C(T(ek: 1/2)Dk¢”k) + Dy, {(r((—)k,ﬂ-l/‘z)Dk guk)
+ sz T)(r(@k] 1/2)Dk r;uk) + b2Dk n(r(gk ]+1/2)Dk nuk)

with r(07:412) = [r(OF(¢ £ hw,m)) + r(OF(6,m))] /2 and (07 j41y2) =
[r(©2(6n + hy)) + r(e;;(.g,n))] /2 while LI is defined analogously with
b*> and r(-) replaced by a? and k(-), respectively. Finally, we discretize
|0u/OE?, |0u/On]? in (3.2) by (|Dfcux|* + |Dj cux|?)/2, where

(|D{ yur*+| D ,ukl?)/2 is denoting the resulting grid functions by f,:"'é,,, 1<
t < 2, and fJgn. Then the fully discretized problems (2.16, 2.17) can be writ-
ten as the following system of difference inclusions

» + ATLi(up™") € Gop(up™ ) (3.5a)

11



u:’m+1 = sin Tm+1, (f? 17) € ale = alQ nIRZ

3.5b

Dk,nuz’m-’-l = 07 (£7 77) € aZQk = a2Q ﬂ'RZ ( )
Q" + ALLI(OF) + AtfTon € QOFH) (3.62)
Dk,n92+1 =0, (C,T]) € o . (3.6b)

Remark: If u;™(z) = 0 or ©%(z) = O,z € &, we choose Ggn(z),0 <
m < M — 1, respectively Q"(z) by

Gayle) = GE(e) + ArLLE™E)
@) = Qi)+ AULI(ON() + AT
where Gen = Ge.._x

Identifying grid functions on € with vectors in IRM,
Ni = card i, with respect to the lexicographic ordering of grid points
and incorporating the boundary inclusions, the conditions (3.5), (3.6) can be
algebraically written as

b — Afup™! € Gop(up™") (3.7)

b’ — AOF € Q(Or) (3-8)

where the (Nx, Ni)-matrices A}, A} denote the matrix representations of the
difference operators —ATLi, —AtL{’ and b,b}! are appropriately defined
vectors in R

In the sequel we will present two multi-grid methods for the numerical solu-
tion of (3.7) and (3.8). For simplification the schemes will only be described
as applied to (3.7). Furthermore, for notational convenience the superscripts
I,n and m+ 1 in (3.7) will be omitted.

The first multi-grid algorithm is based on the idea to replace the inclusion
(3.7) by an equivalent nonlinear algebraic systems which is then solved using
Brandt’s FAS algorithm [4] comblned with damping of the interpolated coarse
grid correction. Setting A = (a,J) =1 and

Nx
Aki(uk) = (bk,i ~- Y afui+ a7(®k,.-)) [2a7(Ok;), 1 <¢< N,
=1 g

it is easily seen from (3.1a) and (3.7) that the two phases ug; <0, uz; >0
and the change of phase ux; = 0 can be characterized by Ag;(ux) according

12



to

Uk, <0 Aki(uk) <0
Uk, = 0 — /\k,i(uk) € [01 1]
ug; >0 Aki(ue) > 1.

Now, if A :(ux) € [0,1] we replace the i-th component of (3.7) by
bei — (Axur); = G, (ui) (3.9)

where Ggr7(ux,;) is the following convex combination

Ggri(ur:) = (1 = Mi(wr)) (@ uri — oy(Ok,))

(3.10)
+i(ug) (o€ ups — ay(Ok)) -

Obviously, (3.9) implies ux; = 0 and hence, defining a vector Gi(ug) € RN
by

Gek,;(uk,i) y if /\k,,-(uk) ¢ [0, 1]
Gari(ukg) , if Aki(ur) €10,1]

the algebraic inclusion (3.7) is equivalent to the nonlinear algebraic system

Fk(uk) = bk - Akuk - ék(uk) =0. (312)

ék';(uk) = { (3.11)

Starting from an iterate uj ,» > 0, on the highest level and choosing full
weighted nine-point restrictions rf~! | 1 < k <!, Brandt’s FAS scheme [4]
involves the nonlinear systems

Fi(ug)=b, 0<Ek<I (3.13)
where b, = 0 and b , 0 <k <!~ 1, is recursively defined by

be == Fk(rll:+l'&ll:+l) - 7'11:+1(Fk+1(ﬂl':+1) - i’k+1) ’

4}, denoting the result of the smoothing process on level k + 1. A conve-
nient smoothing process is to perform x; > 0 nonlinear Gauss-Seidel itera-
tions applied to (3.13). Choosing u;® = u} respectively uy® = rf  uy,, ,
0 <k Ll-1, as a startiterate, uf is computed by

L€

W= uf™, w = S k), 1<n<K

where Si(-; b;) denotes the execution of one nonlinear Gauss-Seidel iteration
step. Taking (3.10) and (3.11) into account, the components of u;” can be
easily computed by means of
(dii + av(Or:))/ (2, (1 +af) , if dii < —ay(O4y)
UZ:? =9 0, ifd;; € [—cx’y(G)k',-) s +a'y(€‘)k';)] (3.14)
(dii — av(04:))/(al ™" + af) if dii > +ay(Ok;)

13



where

_bk‘ za'Juk Z a:Jull:;z 1’ 1<:< N
i=1 j=i+1
Nonlinear Gauss-Seidel iteration will also be used as an iterative solver of the
coarsest grid correction problem, performing at most x¢ iterations. Finally,
having computed an approximation ux_; to the coarse grid problem on level

k —1, a new iterate ul*! on level k is determined by

upt! = 2} — wipk_ (i — wen)

where pf_, is the prolongation based on bilinear interpolation and wy, a suit-
ably chosen damping parameter. Note that damped nonlinear multi-grid
iterations have been recently proposed by Hackbusch and Reusken [11] for
the solution of discretized nonlinear elliptic boundary value problems. Allto-
gether, the complete multi-grid algorithm for the approximate solution of the
fully discretized electromagnetic equation can be described by the following

procedure MGELEC1 (I, y,, 5,) with u; = u? as input and v; = u}*! as output:

procedure MGELEC1 (l,u;,l_)l);
integer i,l; array wu;,b;
if [ =0 then
for i:= 1 step 1 until ko do up := So(uo;l_)o)
else
begin array ul_l,l_n_];
for i:=1 step 1 until x;_; do u := S)(u;b);
wy =1y
by = Fioa(rf  w) = 7 (Fi(w) - Br); i
for i:=1 step 1 until _; do MGELEC1 (I -—1,w_1,b_1);
u =y —wpl_y (1w~ wer);
end
end MGELEC1.

The choice 4 = 1 respectively v = 2, 1 < k < I — 1, corresponds to a
V-cycle respectively W-cycle structure of the multi-grid iteration.

A suitable startiterate on the highest level can be provided by nested iteration
incorporating the previously computed values u]* at time t = t,, [10]:

procedure NIELEC1 (I,u;,u]", E;) ;

integer [; array wu;,ul*,b;

begin integer i,k;

for k:=0 step 1 until /-1 do
if k=0 then u; = uy

14



else
up = uf + pf_g (k-1 — ufty); _
for i:=1 step 1 until 7 do MGELEC1 (k,u,bx);
u =y + Proq (w1 — uy);
end NIELEC1.

The second multi-grid algorithm can be derived by making use of some ele-
mentary facts from convex analysis. In particular, the multivalued function
Ge as given by (3.1a) appears to be the subgradient 0®¢ of the piecewise
quadratic function -

Bo(s) = %a(—lsz +ay(0)(s4 —s_)

where s, = max(s,0) and s_ = min(s,0). Setting

Ni
vo,(uk) = Y Do, (uri) , ar(ur,vi) = (Axur, vi)

i=1

where (-,-) denotes the Euclidean scalar product in IR™* | the inclusion (3.7)
is equivalent to the nonlinear variational inequality

ar(ur, ve —ur) — (br, vk — uk) + o, (vk) — wo, (ux) >0, v €RM | (3.15)

Due to the appearance of the subdifferentiable functional pe,, such inequal-
ities are commonly referred to as variational inequalities of the second kind
[9]. Moreover, (3.15) is the necessary and sufficient optimality condition for
the unconstrained minimization of the subdifferentiable convex functional

Te(ua) = u (e, ) = (bey ) + o, () (3.16)

For variational inequalities of type (3.15) Elliott [7] has developed a nonlin-
ear SOR technique with relaxation parameter &w = 1 when change of phase
occurs and overrelaxation elsewhere which results in a globally convergent
minimizing sequence for the functional J;. Since nonlinear SOR iteration
suffers from poor convergence rates for decreasing step sizes but is known
to yield good smoothing rates within a multi-grid framework, we will use a
multi-grid approach to the problem at hand. The difficulty to deal with inclu-
sions can be circumvented by taking advantage of the well known equivalence
[6]

b, — Ayuy € a@ek (uk) < U € 8<I>§k (b}c — A;,uk) (317)

where @5, stands for the Fenchel conjugate of ®g,. Here, ®% can be easily
computed giving

85(5) = 307(s — (@)} + 507¢(s + ar(O))?

15



so that its subgradient d®§ turns out to be the piecewise linear continuous
function.

a (s +av(0)), s<—ay(O)
003(s)={ 0, s € [~a1(6), +a1(O) (318)
a (s —av(0)), s> +ay(0).

Consequently, the second inclusion in (3.17) reduces to the nonlinear alge-
braic system

U = 6<I>2,k(bk - Akuk)

and it is that nonlinear system which will be solved by Brandt’s FAS scheme
using nonlinear Gauss-Seidel iteration a a smoother and an adaptive local
choice of restrictions and prolongations in the fine-to-coarse and coarse-to-
fine transfers of the multi-grid cycles. The FAS scheme gives rise to the
nonlinear systems

Fi(uz) = ux — 09, (b — Axur) =0, 0<k <1, (3.19)
where b, = b; and
b = Ak"ll:+1‘_‘2+1 - "f+1(Ak+1ﬁ‘l:+1 - Bk+l) , 0<k<I-1,

uy,, again denoting the result of the smoothing process on level k£ + 1. Re-
garding (3.18), the components of the Gauss-Seidel iterates can be computed

in the same way as described by (3.14).

As far as the restrictions r,"'l , 1 <k <, are concerned we remark that

full weighted nine-point restriction cannot be used globally, since otherwise
it is not guaranteed that the solution uj to (3.19) on level [ is a fixed point
of the multi-grid iteration. The reason is that for coarse grid point with fine
grid neighbours corresponding to different phases the full weighted restricted
defect is not a reliable indicator of the accuracy of the approximation [12]. To
remedy that inconvenience we decompose the grid point sets 2, , 0 <k <1,
according to
Q= Q}‘((uk) U QZ(uk) U Ek(uk)

where

Qi(ur) = {z € | (=1)ur(z) >0}, :=1,2

Te(ue) = {z € Q| ur(z) =0}
and we define Ni(z),z € S, as the set consisting of z € (¢ and its eight
neighbouring grid points in Q, i.e. Ni(z) = {z,c £ hyer |1 < 5 <4} N
%, where e} = (1,0) , € = (0,1), el =e +ei, ei = e —e€p
Then a grid point z €  will be called regular, if Ni(z) C Qi(ux) , i €
{1,2}, or Ni(z) € Zi(ux), and irregular otherwise. Denoting by 7! full
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. . . . . ok-1 . . . s
weighted nine-point restriction and by r,  pointwise restriction, we choose
81 according to

(#u)(z) , if zis regular

(ri 7w )(z) = { ok-1

(r, wux)(z) , if =z irregular.

Moreover, a change of phase should not be caused by the coarse-to-fine trans-
fer but only by the smoothing process, since otherwise an oscillatory be-
haviour of the iterates will occur in a vicinity of the discrete free boundary.
For that reason denoting by pf_, prolongation based on bilinear interpola-
tion, a convenient choice of p’;_l 1s

(pf_juk-1)(z) , if T is regular

(Pk_1ur-1)(z) = {

0 , if z is irregular.

The complete multi-grid algorithm can be described by the following proce-
dure MGELEC2 (I, us, b):

procedure MGELEC2 U, u, b)) ;
integer ¢,I; array up, br;
if [ =0 then
for i:=1 step 1 until ko do up := So(uo;Eo);
else
begin array u,_l,l_)l_l;
for i:=1 step 1 until &} do u := .S’;(ul;Bl);
=1,
w_q =T W
bi_q1 = Al_lrf_luz - r{‘l(Aml - 51); _
for 1:=1 step 1 until +_; do MGELEC2 (I —1,u_y,b—y);
w = w = Py (7w = ue); _
for i:=1 step 1 until &} do u := Si(w;by);
end
end MGELEC2.

Note that «} and s , 1 < k <[, stand for the numbers of pre-and post-
smoothings while k¢ is the maximal number of nonlinear Gauss-Seidel inter-
ations for solving the coarsest grid correction problem on level £ = 0. The
use of nonlinear Gauss-Seidel iteration as an iterative solver for the coarsest
grid correction problem is justified by the fact that the mappings F) defined
by means of (3.19) can be shown to be continuous surjective M-functions for
which the iteration is known to be globally convergent [15]. Moreover, using
elementary subdifferential calculus [5] and nonlinear multi-grid convergence
theory in the spirit of Hackbusch [10], local convergence of the multi-grid
algorithm MGELEC2 can be established [12].
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Finally, a startiterate on the highest level ! can be obtained by the nested
iteration algorithm NIELEC2 which is literally the same as NIELECI except
that MGELEC] has to be replaced by MGELEC2. The second algebraic
inclusion (3.8), representing the fully discretized heat equation, can be solved
numerically by the same multi-grid techniques as described above. Without
giving -details the corresponding multi-grid algorithms will be denoted by
MGHEAT1, NIHEAT1, MGHEAT?2 and NIHEAT?, respectively.

The efficiency of the two multi-grid algorithms has been tested for a model
two-phase Stefan problem exhibiting a step-size independent convergence

rate compared to a deteriorating convergence rate with decreasing step-size
for Elliott’s single-grid SOR technique [12].
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4. Numerical Results

The induction heating process has been numerically solved by the multi-grid
algorithms MGELEC1, MGHEAT]1 respectively MGELEC2, MGHEAT? de-
scribed in the preceding section for slabs of different width 2a and length 2b
and for various physical data H,w and discretization parameters, i.e., hier-
archies (Q4)L_, and time steps Ar,At. In accordance with the findings for
a model two-phase Stefan problem [12], the asymptotic convergence rates of
both algorithms turned out to be independent of the spatial step size com-
pared to the typical 0(1 — A?) behaviour of the convergence rate of Elliott’s
single-grid nonlinear SOR method. Moreover, for a suitable choice of the
damping parameter the solution based on MGELEC1 and MGHEAT1 was
faster than using MGELEC2 and MGHEAT?2 by an average factor of 1.5.

In the sequel we want to document the numerical simulation of the phys-
ical phenomena arising during the induction heating process by display-
ing the induced magnetic field and the temperature distribution for a slab
of width 0.1 m, length 2.0 m and physical data H = 1.4 - 10°A/m and
w = 1007(50H 2) using a hierarchy of grids with Q¢ (ho = 1/2) as coarsest
grid and 4 (hs = 1/32) as finest grid as well as time step sizes A7 = 27/16
and At = 0.02. Note that the amplitude H = 1.4 - 1084/m is not physically
realizable by the technical devices being available up to now, but has been
chosen in the present example to speed up the induction heating process.
As initial temperature we have chosen a uniform temperature distribution of
0% = 20°C. Startiterates on the finest grid have been computed by nested
iteration (NIELEC1, NIHEAT1 respectively NIELEC2, NIHEAT?2) followed
by the execution of multi-grid V-cycles (MGELEC1, MGHEAT]1 respectively
MGELEC2, MGHEAT?2) with one pre-smoothing and no post-smoothing un-
til the relative error of two subsequent multi-grid iterates was less then 5-107%.
The damping parameter both in MGELEC1 and MGHEAT1 was chosen by
0.5. '

Figures 5-8 represent the induced magnetic field over the half-section [0, a] x
[0, 28] of the slab at the beginning of the heating (¢ = 0.1), after some heating
(t = 0.5), when the surface has crossed the Curie temperature O, (¢ = 2.0)
and when most part of the slab has crossed ©, (¢ = 3.0). The plots display
the magnetic field over a full period of the electromagnetic equation from
71 = 27 /16 up to 116 = 27 and have to be regarded from left to right and from
top to bottom. Note that the plots do not reflect the actual geometry of the
slab. For the sake of better visibility of the physical effects, the slab appears
to be stretched in the z-direction. In particular, the Stefan effect, i.e., the
appearance of moving boundaries, is even better visible for one-dimensional
plots. Figures 9-12 show the induced magnetic field for 0 < z < a and fixed
y = b (half-length of the slab) at the same stages of the heating process as
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in Figures 5-8. Finally, Figures 13-16 display the corresponding temperature
distributions over the half-section [0, a] x [0, 2b)].

At the beginning of the heating (Figures 5, 9), both the skin effect, i.e., the
appearance of a dead zone which has not yet been penetrated by the electro-
magnetic field, and the Stefan effect are clearly visible. In particular, at each
half-period of the electromagnetic equation, a free boundary, corresponding
to the change of phase of the induced magnetic field, is created at the sur-
face of the slab and then wanders out to the right until it meets the dead
core. Figure 13 represents the associated temperature distribution. Note
that in the dead zone the temperature is only slightly above the initial room
temperature.

Figures 6, 10 and 14 show the corresponding results after some duration of the
heating process, but still completely in the nonlinear regime, i.e., the surface
temperature is still below the Curie point by a wide margin (Figure 14).
Basically, one can observe the same phenomena as in the figures discussed
before with the only difference that the penetration depth has increased, i.e.,
the dead core has become smaller (Figures 6, 10).

A new phenomenon, namely the coexistence of a nonlinear regime below
the Curie temperature ©. and a linear regime above ©,, arises when part
of the slab close to the surface has crossed O, (Figures 7, 11, 15). Now,
the penetration depth is already larger than the half-width of the slab, i.e.,
the dead core effect has disappeared. The moving boundaries travel to the
right up to the half-width of the slab where they meet their counterparts
coming from the right-hand side of the slab and die out. Notice the almost
uniform distribution of the induced magnetic field after that happens and
the appearance of a certain oscillating behaviour within the boundary larger
in y-direction (Plots 7, 15 in Figures 7, 11). The reason for these oscillations
lies in the fact that the penetration depth is slightly larger than 0.05 m so
that due to the geometry of the slab in z-direction we have a superposition
of the waves coming from the left and the right while in y-direction there
is still a pronounced dead core effect. As far as the associated temperature
distribution is concerned (Figure 15), besides the expected temperature peaks
at the corner of the slab notice the appearance of a moving boundary with
respect to the heat equation: the region which appears as a step in the
temperature profile corresponds to the change of phase temperature O, of
the heat equation where the magnetic behaviour of the steel changes from
ferromagnetic to paramagnetic.
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Finally, Figures 8, 12 and 16 display the results in the case where most part
of the slab has crossed the Curie temperature ©.. Note that the life span
of the moving boundaries for the electromagnetic equations has decreased
compared to the situation before (Figures 8, 12) and that, as expected, the
moving boundary for the heat equation has travelled to the right (Figure
16). All results reported in this section are based on computations which
have been performed on the CRAY X-MP/24 at the Konrad-Zuse-Zentrum,
Berlin.
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5. Concluding Remarks

We have developed multi-grid algorithms for the numerical solution of a cou-
pled system of two Stefan type equations representing a two-dimensional
model of induction heating of large steel slabs. These algorithms allow the
efficient numerical simulation of the induction heating process in much more
reasonable CPU-times than by conventional single-grid techniques. What we
did not consider in this paper was the optimal control of the heating proce-
dure using e.g. the physical data H and/or w as control parameters in order
to achieve an almost uniform temperature distribution in minimal time which
is much wanted in practice. The presented multi-grid algorithms may serve
as an important tool in the numerical solution of such a constrained time-
optimal control problem, a subject which will be investigated in subsequent
work.
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