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Abstract

This paper presents a numerical algorithm for computing the restricted sin-
gular value decomposition of matrix triplets (RSVD). It is shown that one
can use unitary transformations to separate the regular part from a general
matrix triplet. After preprocessing on the regular part, one obtains a matrix
triplet consisting of three upper triangular matrices of the same dimensions.
The RSVD of this special matrix triplet is computed using the implicit Kog-
betliantz technique. The algorithm is well suited for parallel computation.
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1. Introduction

In [9] we introduce the concept of restricted singular values of matrix triplets
(RSV) as follows.

Definition 1.1. Let A € €™**, B € ¢™*? and C € (", the restricted
singular values (RSV) of the matrix triplet (A, B, C) are defined as follows

7u(4,B,0) = min {[Dlp|rank (A+BDC) <k =1} (1)
peC™™

k =1,...,n where || - ||2 denotes the spectral norm of a matrix. A main
theorem concerning the RSV is proved in [9], which is termed as RSVD
theorem.

Theorem 1.1. [9], (RSVD).

1. Let A € €™*", B € €™** and C € €¥", then there exist nonsingular
matrices P, () and unitary matrices U and V such that

Ya
(1)
Sa OA
PAQ = 1.2.a
Q- 7 o (123)
$1 tl
=
PBU = ( ) ) (1.2.b)
t, \ Of
VCQ = (Ec, Ot(:Z)) (1 2 C)
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$4= I (1.3.2)
s by
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k+1 oY
Yp = I, (1.3.b)
I,
p—j—r—s
g—Il—-r—s OQ)
I
Yo = I, (1.3.c)
I,
j+k
where ¥ = diag (¢0;) and 0y > ... 2 0, > 0.
2. Let r =14 35+ k, denote
a; =1, Bi=1, =0 i=1,...,j (14.a)
a; =1, Bi=0, =0 1=75+1,...,7+k (1.4.b)
a; =0, Bi=1, =0 1=53+k+1,...,r (1.4.C)
a;=0i_jk, Bi=1, vi=1 t=r+1,...,7r+s (1.4.d)
o; =0, Bi=1, vi=1 i=r+s+1,...,7r+ s+ min(sy,s2) (l.4d.€)
then

(1) ai(A,B,C)=—ﬂ% i=1,...,7 + s+ min(sy, 83)
(i) 0i(A,B,C)=0 t=r+ s+ min(sy,s2) +1,...,n.

For the applications of RSVD, the reader is referred to [7] and [10]. The
purpose of this paper is to provide a numerical algorithm for computing the
RSVD of general matrix triplets. It is organized as follows. In the second
section we introduce the concept of regular RSV of a general matrix triplet,
then we show how to use unitary transformations to separate a regular sub-
triplet which only contains the regular RSV from a general matrix triplet.
In the third section we provide an efficient algorithm for preprocessing the
regular sub-triplet resulted from the previous section. In the last section
we discuss implicit Kogbetliantz technique applied to the product of three
matrices. In this paper only complex matrices are discussed, however, the
case of real matrices can be considered similarly. We use €™*" to denote the



set of all m by n complex matrices; I, denotes the identity matrix of order
s; O with different sub- and super-scripts (e.g. 09)) denotes zero matrices
with different dimensions.



2. Separating the Regular
Sub-Triplet from a General Matrix
Triplet

Definition 2.1. The triplets

o =0ijog, Pi=1, i=1 t=r+1,...,7r+s (2.1.a)
a; =0, Bi=1, vi=1 i=r+s+1,...,7r+s+min(s;,s2) (2.1.b)

in (1.4) are called the regular RSV of (A, B, C). In other words, they are the
nontrivial finite RSV of (A, B, C). From the above definition and Theorem
1.1, it is easy to obtain the following

Proposition 2.2. If a matrix triplet (A, B, C) has the property that B
and C are nonsingular, then (A, B, C) only has regular RSV, and such a
matrix triplet is called a regular matrix triplet.

The purpose of this section is to show that one can use unitary transforma-
tions to separate the regular sub-triplet from a general matrix triplet. The
whole process consists of five steps, the transformation from one step to the
next step is of the following form:

Step k to step k+ 1

A® Bk Ak+1)  B(k+1) Ul(k) A(k)U2(k) Ul(k) B(k)vl(k)
(C(k) 0 ) ( Ck+1) 0 ) = ( VZ(")C’(")Ué") 0 )

(2.2)
where U*) and Vi(k)(i = 1,2) are unitary matrices. A%, B*) and C®) are
the transformed A, B and C at step k. All the submatrices are conformally

partitioned. Let
A9 =4 BO=B cO=C (2.3)

Step 1. Transform C© to (OIC«?)) such that C’él) has full column rank

(1) (1) 1)
(Al | AZI)) B (24&)
(o] ¢y o



(2)

Step 2. Transform Agl) to (%—1)-1—) such that Aﬁ) has full row rank

A A2\ (B
0 | AD BY (2.4.b)

(0]c®) 0

Step 3. Transform Béz) to (-—9—) such that B:(,,S) has full row rank

BY
AR | A B
0 [AY 0 ’s
0 | 4D B (24.c)
o1c8?) 0

Step 4. Transform A§3’ to (Ag;) [O) such that AS‘Q has full column rank

AR | A | AR (B

o |AD]| o 0 ;
2.4.

o [AF[AT) 5P 249

(oflordlerny 0

v(5)

Step 5. Transform B§4) to (Bg)|0) and C§“’ to (%i) such that B:g”;’)

and Cg) are nonsingular matrices (see Proposition 2.4.).

AR | 4R [ 4R\ (BR|BY ) )
o (AP | o e
o [4R]4%) \BR| o (2.4.)
(olci?}cl(z’?) o
(8] o /

Remark 2.3. Both the QR decomposition (with column pivoting) and
SVD can be used in the above transformations, for details of QRD and SVD
see [3] and [8].



Pro 0s1t10n 2 4. After the above five steps, the resulted matrix triplet
A(5 3 5 31 , ) only consists the regular RSV of (A, B, C) and thus is a
regular matrlx trlplet

Proof. Since B§4) has full row rank and C§4) has full column rank, Béi) and

C§§) are nonsingular. Let us now consider the structure of A®) 4+ B® DEICG)]
while D®) are partitioned conformally with B® and C® as in (2.4.e), then

AR | X X13
A® 4+ g pEc6) = o (4% 0O
0 | Xa A(5) + B3i)D(5)C(5)

where X5, X135 and X3 are possible nonzero submatrices of A®)+B® DGCE),
Since in Step 1 to step 5, all the transformations used are unitary (see Re-

mark 2.3) and hence nonsingular, Aﬁ) and Ag) have full row rank and full
column rank respectively, then

rank (A+ BDC) = rank (A® 4+ BG)DGICG))

AD | o 0
=rank | O |AY 0
0 0 A(5) 4+ B(5)D(5) (5)
= rank (Aﬁ)) + rank (Agz)) + rank (A;(f) + B DS)C(S))

Combining the above with Definition 1.1 and Proposition 2.2, the proposition
is proved. u



3. Preprocessing of a Regular
Matrix Triplet

Let (A,B,C) be a regular matrix triplet A € €™*" arbitrary, B € €™*™ and
C € €**" are nonsingular matrices. We first give the following result which
can be obtained from definition 1.1.

Proposition 3.1. Let the singular values of B-AC™! be
o0>...20, 20

then
0i(A,B,C)=0; i=1...,n. (3.1)

For the preprocessing procedure, we distinguish two cases
l.m>n
e Transform C to upper triangular form using QR decomposition

QcC = R¢ where R¢ is upper triangular and Q¢ is unitary.

o Transform A to upper triangular form

QAA=RA=(R‘) n

0] m—n

where R4 is n X n upper triangular and @ 4 is unitary.

o Let B = Q4B, transform B to upper triangular form

- Rg R
BQg = B 12 n
O R22 m-—-n

n m-—-n

where Rp is n X n upper triangular matrix and Qg is unitary. It is
easy to see that

QL(B- ACQE = ( Ry Balic’ ) § (3.2)

0]

m—n



2. m<n
¢ Transform B to upper triangular form using Q)R decomposition
BWg = Rp

where Rp is upper triangular and @ g is unitary.

e Transform A to upper triangular form

AQA = (O’ RA)

n—m m

where R4 is upper triangular and @4 is unitary.

o Let C.= CQ4, transform C to upper triangular form

Q C~, Ry Ra n—m
C -_
0 Rc m

n—m m
where R is upper triangular and Q¢ is unitary.

It is easy to see that
Qp(BT'ACT)Qc = (0, Rp'TARG") . (3.3)

Summarizing (3.2) and (3.3), we can transform the regular triplet using uni-
tary matrices to a special matrix triplet consisting of three upper triangular
matrices of order min(m,n). For the detailed description of the QR decom-
position and its variants see [3].

It is interesting to observe that if in step 5 of section 2 (2.4.e), QR decompo-
sitions are used to transform B:(f) to Bg) and C§4) to C§§’ respectively. B;(,i)
and C’{g) are already in upper triangular form. Computational work can be
reduced if the following more efficient algorithm for preprocessing is applied.
The idea is to combine step two and three in a single step, so that the aim
now is to find unitary matrices Q4 and Qg such that Q4 A and Q4 BQp are
in upper triangular form.

We illustrate the procedure of the algorithm using a low dimension example,
where we assume m = 3 and n = 2. As used conventionally, X represents
possible nonzero entries of a matrix; ® represents the entry to be zeroed out
at the current step. The transformations used are complex Givens transfor-
mations [3].



B =

X X

i) —

Xx X X X X X
x X X X X X

X
X
X
X
X
— ®
(This notation, in words, means complex Givens transformation is applied to

row 2 and 3 of A and B to zero out the (3.1) entry of B. We will not repeat
this explanation in the following steps).

X x X ) [(x x
ii) X X X X
® X ) \ 0 X
T 1
- [ x x x\ [ x %)
iii) — X X ® X
Y N WY
X x ) [ x x )
iv) ® X o X
x ) \ o X/
[
X X X ) [ x x )
v) — X o X
-\ x) \ow®)
[ x x x ) X X )
vi) X X o X
\  ® x \o o)
T
X X X X X
vii) X X X
X o O

To make the paper concise, here we omit the detailed analysis of the operation
counts of the above procedure.
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4. Implicit Kogbetliantz Technique
Applied to the Product of Three
Matrices

The idea of implicitly using Kogbetliantz algorithm is not new, it is firstly
used in [6] for computing the generalized singular value decomposition (GSVD)
in [4] for computing the singular decomposition of the product of two ma-
trices. Recently algorithms for computing the singular value decomposition
of the product of three matrices based on GSVD of [2] is proposed. In this
section we derive a different algorithm which does not base on GSVD. A
previous version of this algorithm which is designed for implicitly computing
the SVD of CA~'B appeared in [5]. We assume the reader is familiar with
Kogbetliantz algorithm and only present the core algorithm here i.e. algo-
rithm for implicitly computing the 2 x 2 subproblem. For other issues con-
cerning the implementation of Kogbetliantz algorithm, for example, ordering
schemes, convergence analysis and systolic (parallel) implementation, the
reader is referred to the above mentioned papers and the references therein.

From (3.2) and (3.3), we can assume now that A, B and C are upper trian-
gular matrices of the same order n, furthermore let

E=B1'AC™!
and E = (e;;), B = (b;;), A= (a;;) and C = (¢;;). It is easy to verify that
-1
ei ey | _ [ bi b @i Giiy1 i Ciitl
O eip1in O biyrin O aip1in O citrin
(4.1)
fori =1,...,n — 1. In the following we also consider the case that

bi it Ci  Ciitl
and
O biyin O cip1in
are possibly singular or nearly singular, so that instead of (4.1) we consider

(fii fiina =adj(bi' b;iv1 )(aie aiit1 )adj(cﬁ Ciit1
) fi+1i+1 0o bi+1i+l 0] Git1i41 0 Cit1i41

(4.2)
where adj(T") means the adjoint of T. The idea of using adj is suggested in

[6].

11



Proposition 4.1. Let J; and J; be the combination of rotations and per-
mutations such that

i fi  fiin JH = i AO ) (4.3)
O fit1iq O fi+1i+1

then we can choose 2 X 2 unitary matrices J; and J4 such that
Js bii  biiya 7
O biyiin
a;; a;q
J3 t 1141 J4
0 ait1i41

Ci  Cii
D% SR I A
O citrin
are 2 X 2 upper triangular matrices.

Proof. Let

~ bi by bi b
B = i +1 Jl — 5 B +1
O bij1in biix1 bit1ina

~ Cii  Ciig1 Cii Ciit1
C = J, B .
0] Cit1i+1 Ciit+1 Cit1i41

In the following we distinguish three cases

L T [Bi? + |bigri[? # 0 and [Eip1:] + [big1i41]* # 0 chose J5 and Jy such that

7 i’ii i’n’
J3B X +1
) bi+1£+1
C~'J4 — éii Aéii-i-l
O Ciyripr
i),‘,‘ 75 0 and é,‘+1 i+1 75 0 .

@i Qi Gii Qi
J3 J4 = A A
O @itri+1 Ait1i Git1i41

One can derive from

fii 0 A b by i Qiip G Giin
. = adj . . R ad] R
o) fi+1i+1 ) bi+1£+1 Ait1i Qiy1i41 o) Citlit1

12

It is easy to see that

Let



that
diiy1 = 0.

2. If |?),-,~|2 + Ii), i+1|> = 0 choose J; unitary such that

A Ci  Giip
CJ4 = .
0] Cit1i+1

choose J3 unitary such that

Qi Qiip dii Qg
J3 R J4 = .
O Gip1in O Git1ip1

J3B = ( O bin )
O bit1it

3. If |éi1:]* + |éit1:41]* = 0 choose J3 unitary such that

o 0 by
JaB = o
O bit1i

choose J4 unitary such that

@i i G i
J3 1 114 J4 — 11 . 71
0] Qig1i+1 O ait1in1

then

then

Remark 4.2 The above algorithm can be easily modified when (4.3) is
computed using the approximate variant proposed in [1].
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Conclusion

This paper presents a numerical algorithm for computing the RSVD of a
general matrix triplets. The algorithm is based on separating the regular
sub-triplet from a general matrix triplet and application of implicit Kog-
betliantz technique. Through out the algorithm only unitary transformations
are used which may guarantee the numerical reliability of the algorithm. De-
tailed implementation will be developed in connection with [7] and numerical
experiments will be reported in a separate paper.

Acknowledgement. The author wishes sincerely to thank Prof. Dr. P.
Deuflhard for his support and encouragement and Mrs. S. Wacker for her
careful and excellent typing of the manuscript.
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