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GLOBALLY CONVERGENT MULTIGRID METHODS FOR
POROUS MEDIUM TYPE PROBLEMS

RALF KORNHUBER*

ABSTRACT. We consider the fast solution of large, piecewise smooth mini-
mization problems as typically arising from the finite element discretization of
porous media flow. For lack of smoothness, usual Newton multigrid methods
cannot be applied. We propose a new approach based on a combination of
convex minization with constrained Newton linearization. No regularization
is involved. We show global convergence of the resulting monotone multigrid
methods and give logarithmic upper bounds for the asymptotic convergence
rates.

1. INTRODUCTION

Let Q be a polyhedral domain in the Euclidean space R?. We consider the
minimization problem

(1.1) vueH: Jw+é(u) <Jw) +o¢v) Yvoe H

on a closed subspace H C H'(Q). For simplicity, we concentrate on H = Hg ()
and d = 2. Other boundary conditions of Neumann or mixed type and the case
of three space dimensions can be treated in a similar way [3, 4]. The quadratic
functional 7,

(1.2) J ) = %a(v,v) —{4(v),

is induced by a continuous, symmetric and H-elliptic bilinear form a(-, -) represent-
ing a differential operator of second order and by a linear functional £ € H'. H is
equipped with the energy norm || - | = a(-,-)"/2. The convex functional ¢ of the
form

(1.3) o(v) = / B(v(x)) dz,
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is generated by a scalar convex function ® : R — R U {+o00}. Assuming ®(z) = oo
for all z < 0 and the local Lipschitz condition

(1.4) |@(2) = (=) < C(Iz[ + )]z = 2| Vz,2' >0

with fixed C' > 0, the functional ¢ is convex, lower semi—continuous and proper
(i.e. ¢(v) > —o0 and ¢ £ +00). As a consequence, (1.1) admits a unique solution
u € H. Moreover, (1.1) can be rewritten as the variational inequality

(1.5) u€ H: alu,v—u)+ ¢(v) — p(u) > l(v—u) Yo € H
or as the variational inclusion
(1.6) we H: a(u,v)—Lw) € d¢(u)(v) YveH,

where 0¢ denotes the subdifferential of ¢. See e.g. [7, 13] for further information.
Later on, we will additionally assume that the second derivative ®”(z) exists
and is locally Lipschitz for z > 0. We emphasize that ®”’ may have no continuous
extension to z = 0.
As a typical example consider the porous medium equation

(1.7) pt=Ap™ = f(p), p=0,

with m > 1, monotonically increasing absorption f and suitable boundary con-
ditions. After Kirchhoff type transformation u = K(p) := max{0, p"™} and im-
plicit time discretization the weak formulation of the resulting spatial problems
is given by (1.6). In this case, the scalar function ® has to be chosen such that
0® = (id+ Atf)(K~1(-)). Similar problems arise in a wide range of problems from
mechanics, physical and biological science, metallurgy, etc.

Let 7; be a given partition of €2 in triangles ¢ € 7; with minimal diameter of
order 277, The set of interior nodes is called Nj;. Discretizing (1.1) by continuous,
piecewise linear finite elements §; C H, we obtain the finite dimensional problem

(1.8) uj €851 J(ug) +¢5(uy) < T (v) +¢5(v) Vv eS;.
Observe that the functional ¢ is approximated by S;—interpolation of ®(v), giving
(19) 60 = X Ve hy = [ )

PEN; @

with A; = {/\Z(,j), p € N;} denoting the nodal basis of S;. Observe that the discrete
energy J + ¢; is finite and continuous on the closed convex set K; C Sj,

K;j={vesS;|vip)>0VpeN}

Of course, (1.8) is uniquely solvable and can be reformulated as the variational
inequality

(1.10) uj €S0 aluj,v—uy) +¢;(v) — i (u;) = (v —u;) Vo€ S;
or as the variational inclusion
(1.11) uj €S0 a(uy,v) —L(v) € 09j(u;)(v) YveS,;.

For convergence results we refer to [7, 13] and the bibliography cited therein.

In the sequel, we will concentrate on the fast solution of the discrete minimization
problem (1.8). Tt is clear that usual Newton techniques cannot be applied, because
the functional ¢; is not differentiable. If ® is smooth on z > 0, then the Fréchet
derivative (b;’ (v) exists for positive v € S, but may not be uniformly Lipschitz on



these functions. Hence, even for given coincidence set N = {p € Nj | u;(p) =
0}, Newton—multigrid methods in the spirit of Bank and Rose [1] or Deuflhard
and Weiser [5] as well as the nonlinear multigrid techniques of Hackbusch and
Reusken [8] are not applicable.

A common remedy is to use Newton-type iterations after some suitable regular-
ization of ¢;. Unfortunately, reasonable convergence speed then may have to be
paid by unacceptable discretization errors and vice versa.

In this paper, we introduce a completely new approach, extending recent mono-
tone multigrid methods [10, 11, 13] from piecewise quadratic functionals ¢ to the
piecewise smooth case. Monotone multigrid methods can be regarded as two-stage
iterations consisting of a globally convergent fine grid smoother M; and a coarse
grid correction C; that has to provide monotonically decreasing energy in order to
preserve global convergence. The basic idea for constructing C; is first to choose a
neighborhood of the actual smoothed iterate in which Newton linearization can be
controlled by pointwise Lipschitz constants and then to constrain the coarse grid
correction to this neighborhood. In this way, our approach avoids any regulariza-
tion. As usual, we need a suitable damping of the Newton correction. Utilizing local
damping parameters for the local corrections (each one associated with a fixed node
on a fixed grid level), we get maximal effect of the coarse grid correction together
with global convergence.

The paper is organized as follows. We first investigate inexact variants of the
well-known nonlinear Gaufi—Seidel smoother. Then, we provide a general framework
for constructing monotone coarse grid corrections and state a general convergence
result. On this background, we present standard and truncated monotone multi-
grid methods and prove logarithmic bounds for the asymptotic convergence rates.
Numerical experiments, illustrating the efficiency and robustness of the method can
be found in [12].

2. INEXACT GAUSS-SEIDEL ITERATION

The well-known Gaufi-Seidel method [7, 13] for the iterative solution of (1.8)
is based on the successive minimization of the discrete energy functional J + ¢;

in the direction of the nodal basis functions AZ(,Z), l=1,...,n; = #Nj. The local

correction Tjw € V; = span{)\;(;{)

TiweV: Jw+Tiw)+ ¢j(w+ Tiw)
<Jw+v)+¢j(w+v) YveV,

with straightforward modification for w ¢ /C;. In general, the solution Tjw of the
local problems (2.1) is not available in closed form. For this reason, we consider an
inexact Gaufi—Seidel iteration defined as follows.

For given iterate u} we compute a sequence of intermediate iterates w; according
to

} of some given w € K; is defined by

(2.1)

v _ v v _ v v _ .
(2.2) wg = uy, wy =w_; +v, I=1,...,nj

with suitable approximations v;’ € V| of Tjw;_ ;. Finally, the new iterate is given
by

(2.3) u;-’“ = Mjuf = w, .

For notational convenience, the index v will be frequently skipped in the sequel.



Theorem 2.1. Assume that the corrections vy in (2.2) are chosen in such a way
that Mju(; € K; holds for all u(; € S; and

(2.4) v =ww)hiw, ww)éE wo,l] Yw e K;

is valid with some fized wo € (0,1]. Then the inexact Gauf—-Seidel iteration (2.3)
is globally convergent.

Proof. Proof. We will use the abbreviation J = J + ¢;. Utilizing (2.4) and the
convexity of 7, we obtain the monotonicity
(2.5) j(w) <j(wl_1 —l—LU()lel_l) <j(wl_1) = 1,...,nj.

As a consequence, we get J(u V'H) < J(u ¥) < T (u 1) < oo for all v > 1. Since ¢;
is convex, lower sermcontmuous and proper there eX1st ¢, C' € R such that

(26) (bj(v) > C”UH +C Wve Sj

(cf. e.g. [6]). From (2.6) and from the boundedness of (j(u]”))uzl we conclude that
the sequence (u}),>0 must also be bounded. Let (uj*)i>0 C K; be a convergent
subsequence with limit v} € K;. We will show that u} = u;.

Observe that the estimate
(2.7) U(Tiw) — a(w + Tiw, Tiw) + ¢j(w) — ¢ (w + Tyw) >0

is resulting from the variational formulation of (2.1). Utilizing the monotonicity
(2.5), (2.7) and the convexity estimate

¢j(w) — ¢j(w + woTiw) > wo(¢;(w) — ¢;(w + Tiw)),

we obtain
(2.8) jwﬁ)—jmfﬂ)>wo1_—-§:wrw 12

On the other hand, the triangle inequality, the Cauchnychwarz inequality and
(2.4) lead to

I
[t

(2.9) H —w* 1”2 <anHTw ||2 !

,...,nj.

Since J is continuous on K;, we conclude from (2.8) and (2.9) that
w* =i, k— oo, l=1,...,n;.
The monotonicity (2.5) yields
(2100 J() < T(u™) < T (w)*) < T (wiy +woTrwy™y) < J(uf*)

for each fixed [ = 1,...,n;. Since J and 7} are continuous on K;, we can pass to
the limit so that

F(w3) = T +woTi).
Moreover, the convexity of 7 and (2.1) imply j(u;‘) = j(u;‘ +Tiuj). As Tiuj is the

unique solution of (2.1), we get Tiuj = 0. The same holds true foralll=1,...,n;

so that u; must be a fixed point of the exact GauB-Seidel iteration which is well-

known to have the unique fixed point u;. This concludes the proof. O
Observe that condition (2.4) can be replaced by the energy reduction

(2.11) T(w+v) + ¢5(w +v) < T(w+ woTiw) + ¢j(w + woTiw)



together with the additional assumption ||v;| < ¢||Tiw]].
Theorem 2.1 can be used as a stopping criterion for the iterative solution of (2.1).
To give an example, let us first reformulate (2.1) as the scalar inclusion

(2.12) 0 € g(z) = 02(w(p) + z1)hp, +auz — 11
where
Zz)\g) =Tiw, ay= a()\](g{), )\](D{)), T = E()\g)) — a(w, Aé{))

and 0P is the set-valued subdifferential of ® [6]. We will now describe a simple bisec-
tion method for the approximate solution of (2.12). First, let wy = max{0, —w(p)}.
Now we have to distinguish three cases. Of course, z; = wyq is the exact solution,
if 0 € g(wo). If § = supg(wo) < 0, then it is easily checked that z € [2°,Z]
with 20 = wy and 2° = —g/ay > wy. Starting with [z°,2"], we continue bisection
until the new midpoint z* = (z° + ') /2 satisfies 0 € g(z%) or sup g(z*) < 0. Then
v = zi)\,(f) has the property (2.4) with wyg = 1. In the remaining case inf g(wo) > 0
we first conclude wy = 0. Then we proceed in a symmetrical way starting with
2% = —w(p) < 0 and 2° = 0. Finally, it is clear that (w + v;)(p;) > 0, giving
Mju? € K; for all u? €S;.

More sophisticated algorithms based on secant approximations or Newton lin-
earization can be constructed in a similar way.

3. MONOTONE ITERATIONS

The (inexact) GauB-Seidel iteration M}, as introduced in (2.3), typically suffers
from rapidly deteriorating convergence rates when proceeding to more and more
refined triangulations. As a remedy, we consider so-called monotone iterations

ﬂ;’ = MJ'LL;/
(3.1) il B
ui" = Cuy

where the additional substep C; is intended to accelerate the convergence speed.
Adopting multigrid terminology, M; is called (fine grid) smoother, 4% is a smoothed
iterate and C; is called coarse grid correction.

Theorem 3.1. Assume that the smoother M; satisfies the conditions of Theo-
rem 2.1 and that the coarse grid correction C; has the monotonicity property

(3:2) I (Cjw) + ¢;(Cjw) < T(w) + ¢j(w)  Vw € K.
Then the iteration (3.1) is globally convergent.

Proof. Proof. Exploiting (3.2), the proof is almost the same as for Theorem 2.1.
For example, (2.10) now takes the form

T W) < J(Ciase) < J(ah) < J(w), +woTw*,) < T (uh).

As a by-product we also get the convergence of the smoothed iterates
(3.3) uy — u; v — o0.

We emphasize that the coarse grid correction alone does not need to be convergent.
This gives a lot of flexibility in constructing C;.



4. MONOTONE COARSE GRID CORRECTION WITH LOCAL DAMPING

Recall that classical Newton multigrid methods cannot be applied to (1.8) for
lack of smoothness. In this section, we will derive constrained Newton multigrid
methods to be used as coarse grid correction C;. Throughout the following, we
assume that

(4.1) ® € C?(0,00), ®” is locally Lipschitz on (0, c0).

For given smoothed iterate @, we introduce the subset of reqular nodes

(42 N3 () = {p € NG | 8(p) > 0} C A

Consider some fixed p € N7 (a%). Then, as a consequence of (4.1), there exists a
neighborhood of @Y (p)

(4.3) 0 <5 (p) < 5 (p) < Pay (p),

where the local Lipschitz condition

(4.4) @7 (21) = @"(22)| < Lyla1 — 22| V1,22 € [, (P), Pax ()]

U
J

holds with pointwise Lipschitz constant L > 0. At the remaining critical nodes
N () = NG \ N (i)
we set

(4.5) 2. (0) = P (0) = @ (p).

Collecting these intervals for all p € N, we introduce the neighborhood ICa; of uy,
Kay ={w € Sjl ¢, (p) S w(p) <Py (p), p € Nj} CS;.
. v :

From the above definitions, we obtain the local representation of ¢;

(4.6) ¢j(w) = ¢ar (w) + const. Vw € Kay

by the smooth functional Pay

(4.7) Puy (w) = Z Q(w(p))hyp, w € Kar.
peNT (3

Let us consider the constrained minimization of the smooth energy J + ¢a3’
(4.8) uj € Kav o T (u)) + day (uf) < T (v) + dav(v) Vv € Kyv.

We will see later on that, for non-degenerate problems (1.8), u; € ICa; holds after
a finite number of iteration steps. In this case, our original non-smooth problem
asymptotically reduces to the constrained smooth problem (4.8). Moreover, the
convergence dist(uj,ICa:j/) — 0, v — oo, which is an immediate consequence of
(3.3), suggests to improve the actual smoothed iterate u? by the (approximate)
solution of (4.8).

The main advantage of the constrained problem (4.8) is that Newton linearization
can be applied to the smooth energy J + qbﬂ?. More precisely, we approximate
J+ ¢a3f by the quadratic energy functional jﬁ]y,

Jay (w) = gagy (w,w) — lay(w) & T (w) + ¢ay (w) + const., w € Kay,



where the bilinear form
(4.9) aas (w, w) = aw, w) + ¢l (@) (w, w)
and the linear functional
oy (w) = 0(uw) — Bl (@) () + e () (), 0)

are resulting from Taylor’s expansion

s () = Gy () + Wl (@) (w — ) + B0l () (w0 — 8w — ).
The solution of the resulting linearized problem
(4.10) uj € ICa; : jﬂ}' (uj*) < \7@; (v) Wwe lCa;

is now approximated by one step of an extended underrelaxation as introduced
in [10]. More precisely, we chose the search directions p},

u €85, maxpy(x)=1, Il=n;+1,...,m;,,
e

which may depend on the actual constraints Kgz» and define the corresponding

J
one-dimensional subspaces V¥ = span{yj'}. Then, we compute a sequence wj of
intermediate iterates according to

(4.11) wy, = Uy, w =w_; +wiv, l=n;+1,...,mj,
where each local correction vy is the solution of the obstacle problem
(4.12) vof €D Jay(wiy +v)) < Jay(wi_y +v) YveDy
with constraints Dy C V}” satisfying

(4.13) 0eDf c{veV[w_y+veKa}

In order to guarantee the monotonicity (3.2), the local damping parameters w; are
chosen such that

(4.14) T (W) + duy (wi') < T (W] 1) + Puy (wi_y)-

Finally, our monotone coarse grid correction with local damping is given by

(4.15) Citf = whpy =T + Y wiof.

Details on extended relaxations can be found in the textbook [13]. For instance,
the convergence of the intermediate iterates

(4.16) w] — u; vV — 00

can be shown in the same way as Corollary 2.3. We now derive a sufficient condition
for the local monotonicity (4.14). As usual, the index v will be frequently suppressed
and we will use the abbreviation zy = max{0, z}.

Proposition 4.1. Let v; = zju; be the solution of (4.12). Assume that w; € [0,1]
and

|€u—;’ (M[) — (Lu-.ljf (U}l,] s /J,l)| — LlH'LLj - wl,1||2007l
. l l —

aar (p, ) + Ly (|25 — wi—1||co,r + wi21]
j J



with local Lipschitz constant

(4.18) Ly = Z Lyl ()| by
peNT (@)

and local mazimum norm

4.1 = .
(4.19) loloca = max Jo(p)]

Then the damped correction wyv; satisfies the local monotonicity condition (4.14).

Proof. Proof. The assertion is trivial for z; = 0. Assuming z; # 0, we introduce
the scalar function

g(w) =T (wi—1 +wvy) + ¢a_7v, (wi—1 + woy).

Obviously, (4.14) is equivalent to g(w;) < g(0). As g € C?[0, 1], we can use Taylor’s
expansion to reformulate this condition as

9'(0)
4.20 0<w < —2————
(4.20) =Y T )
with suitable 7 € (0,1). To obtain a lower bound for —g(0), we first state the
estimate

G (wi—1)(00) < Gy (@) (v1) + Dl (@) (wiy — @5, 00) + Lalal[Jwi—y — @|I3,,
which is a consequence of Taylor’s formula and the pointwise Lipschitz condition
(4.4). Moreover, we have Kﬁjy (vy) — aqy (wi—1,v;) > 0 because v; is the solution of
(4.12). Combining these estimates, we get the lower bound

—9'(0) = =J"(wi—1)(vr) = Py (wi—1)(v1)

(4.21)
> [lay (vr) — aqy (w1, v0)| = Lozl wi—y — @13 -

Using

P (i1 + Twvr)(vi, v1)
< @l (@) (v, v) + 27 Ly (lwim1 — 5 [|oo + wlaa])

the upper bound

g"(tw) = T"(wi—1 + Twvr) (v, v) + e (wi—1 + Twoy) (vi, v1)
(4.22) ’
< agy (v, 1) + 27 L (lwie1 — @loo + wl1])

is obtained in a similar way. Inserting (4.21) and (4.22) in (4.20), it is clear that
(4.17) implies (4.14) O
We emphasize that only local properties (i.e. properties on supp py) enter the
upper bound in (4.17).
As an alternative to local damping (4.11), one may formally set w; = 1 and
enforce the monotonicity (3.2) by global damping

(4.23) w T =al o) @ e0,1].
However, upper bounds for @ (cf. e.g. [1, 5]) typically deteriorate for increasing
global Lipschitz constant

L= max L,.
peUiL, int supp



Hence, for heavily varying L, global damping (4.23) is likely to provide very little
progress in comparison with the local strategy (4.11).

In order to avoid overflow in numerical computations, one may select the regular
nodes ./\f;’ (a) according to the more restrictive condition

(4.24) N7 (ui) ={p e Nj|uj(p) >0and L, < Liax}

with some given threshold Ly,.x > 0. This modification does not affect the above
considerations.

5. STANDARD MONOTONE MULTIGRID METHODS

Assume that 7; is resulting from j refinements of an intentionally coarse tri-
angulation 7o. In this way, we obtain a sequence of triangulations 7o,...,7; and
corresponding nested finite element spaces So C --- C S;. Though the algorithms
and convergence results to be presented can be easily generalized to the nonuni-
form grids, we assume for convenience that the triangulations are uniformly refined.
More precisely, each triangle t € Ty, is subdivided in four congruent subtriangles in
order to produce the next triangulation 7x41. Collecting all nodal basis functions
from all refinement levels, we obtain the multilevel nodal basis Ag,

(5.1) As = (Agl),Agg A0, )

7 Png

with ms = n; + - - - + ng elements.
Using the abstract framework of the preceding section, we now specify the coarse
grid correction C]s-td by selecting constant search directions

u}’z)\l:)\gfl), l=n;+1,...,m; =n; +ms, v=>0.

As usual, the ordering is taken from fine to coarse. The constraints D;, appearing
in the local problems (4.12), are given by

(5.2) Dy={veVi|¢ <v<il

where yl,% € V; are obtained by quasioptimal monotone restriction as introduced
in [10]. In this way, we end up with a standard monotone multigrid method (cf. [10,
13]) for the approximate solution of the linearized problem (4.10).

In the light of Proposition 4.1, we finally choose local damping parameters

(5.3) w, = min {1, {Wu; (\) — ags (wi—1, \o)| — LiBY) } }
N

|zi|(aay (A, Ai) + Lo(Bi + [z1])
for non-zero local corrections v; = z;A; obtained from (4.12). Denoting
okl = max [op(2)],

the upper bounds

-1
(5.4) Br=" willvklloo > | — wi-1]locy

k=1
are used to make w; computable without visiting the fine grid. As a consequence,
C]s-td can be implemented as a classical V—cycle with optimal numerical complexity.
Algorithmic details are reported in [12].



Monotone iterations of the form
17,;/ = Mju;’

(55) v+1 std ;v
uim = C} u
are called standard monotone multigrid methods with local damping. It is clear from
Theorem 3.1 and Proposition 4.1 that (5.5) is globally convergent, if the smoother
M satisfies the conditions of Theorem 2.1. We will now derive upper bounds for
the asymptotic convergence rates with respect to the local energy norm

”U”uJ- = Qy; ('Uav)l/Q
with a,, (v, v) defined according to (4.9).

The following lemma will serve as a basis for the rest of the exposition.

Lemma 5.1. Assume that the discrete minimization problem (1.8) satisfies the
non—degeneracy condition

(5.6) L) = aluy, AP)) € int 9, (u)(AY)  Vp € NP (uy)
and that exact Gaufi—-Seidel iteration (2.1) is used as smoother M.
Then there is a vg > 0 such that

(5.7) N () = N5 () = Nf () o> we.

J
Proof. Proof. Note that
o(, VY __ o/~—v—1
N (ug) = N7 (ug™)
follows directly from (4.5). Hence, it is sufficient to show the second equality in
(5.7). It is clear that

N7 (uj) € N7 (af)
holds for sufficiently large v, because the convergence u}] — u; (see (3.3)) clearly

implies uf(p) > 0 if u;(p) > 0 and v is large enough. It remains to show that

asymptotically
N () € N ().
Let p; € J\/j'(uj) and compute w} = w}_; + Tjw}_; according to (2.2). Exploiting
(5.6) and the convergence w; — u;, we obtain
Y)Y — a(wy, A)) € int 99(0) hy,
for sufficiently large v. On the other hand, we get from (2.1) that
(G = alw], A5)) € 0( (p)) hy,

As 0% is maximal monotone, these two inclusions imply % (p;) = 0. O
Note that (5.7) may be wrong, if inexact Gau3—Seidel smoothing is used.
In the following, we assume that the conditions in Lemma 5.1 are fulfilled and
that v is large enough. Denote

K = {v € §| N7 (v) = N7 (), |v(p) — u;(p)| < . p € N7 (u))},

j
with sufficiently small £*, say £* = %minpeij(uj) u;j(p). Then, utilizing (5.7) and
the convergence of the intermediate iterates wy — u; (cf. (4.16)), we get

(5.8) wf €Ki, I=1,...,m;.

10



In the light of (5.7) and uy — uy, we can choose pointwise obstacles P> Pav in
—Y5 J

(4.3) such that, for all p € N7 (u}), the estimate

(5.9) 0<¢" <.,/ <ujlp)—c" <ujlp) +e" <P (p) <P

holds with fixed ¢*, * € R. Hence, we can select pointwise Lipschitz constants L}
such that

(5.10) L, <L* Vp € N7 (u})
holds with L* independent of v. Together with (5.7) and u} — u; (5.9) leads to
(5.11) K5 C Kav.

In particular, we have u; € ’Ca;- Combining (5.8) with (5.11), we finally get
(5.12) wi € K C Kay l=1,...,m;.
In order to illustrate first consequences of this observation, note that the original
discrete problem (1.8) can be rewritten as the reduced smooth problem
(5.13) uj € S5 a(uj,v) + ¢, (u;) (v) = £(v) Yo € S
with ¢, defined according to (4.7) and S5 given by
S; ={veS;lulp) =0, pe N (uj)} CS;.

It follows from (5.12) that the standard monotone multigrid method (5.5) asymp-
totically reduces to an iterative method for the reduced smooth problem (5.13).
Moreover, the constrained minimization problem (4.8) turns out to be asymptoti-
cally equivalent to (5.13) so that, for large v, the coarse grid correction st»td becomes
an inexact Newton method.

Let us now proceed with two further auxiliary results.

Lemma 5.2. Assume the conditions in Lemma 5.1 are satisfied. Then, for each

€ > 0 there is a v: > 0 such that
(5.14) [l — ﬂ;’Hu] < (1 +e)|u; — uj”||u7 Vv > ve.

Proof. Proof. Let v be large enough to ensure (5.8). Choose arbitrary p = p; €
N7 (uj). Rewriting (2.1) in variational form, we obtain

a(wy,vy') + @' (wy (p))v (p)hp = £(v))
with vy = Tyw} ;. Inserting v = v} in (1.11), we also get
a(uj, vf) + @' (u; (p))vr (p)hy = L(v)).
Now the mean-value theorem gives
(5.15) a(w)y — uj,v)) = —a(vy,v)') — " (w(p))(wy (p) — u;(p))vr (P)hp

denoting w(p) = wu;(p) + 7(w} (p) — u;(p)) with suitable 7 € (0,1). Using (5.15),
straightforward computation leads to

lwp =3, = alwy —uj,wp —uz) + &y (uj)(w) —uz,wf —uy) =
lwp_y —uills, — vy l15, +2(2" (u;(p)) — @"(@(p)v) (p)(wf (p) — uj(p))hy-
As ®” is locally Lipschitz, we get
2" (uj(p)) — " (w(p))| < Llw (p) — u;(p)|

11



with suitable L independent of v. We have shown
lwi = uslls, < llwizy = uglli, + 2L[o} (0)|(wf (p) — uj(p)*hp-
Now the assertion follows from the equivalence of norms on finite dimensional
spaces. [l
Lemma 5.3. Assume that the conditions in Lemma 5.1 are satisfied and that the
pointwise obstacles [ v gouu and pointwise Lipschitz constants L, are chosen such
that (5.9) and (5.10) hold respectively. Assume further that non-zero corrections
vo=2{ A, A= )\éll) € As N7, obtained from (4.12) have the property
(5.16) vy ||2 = o([|vY [|oe), ¥ — 00, E=1,...1—1.
Then there is a vy such that the damping parameters w; defined in (5.3) reduce to
wy =1 Yv > 1.
Proof. Proof. Let vy be large enough to guarantee (5.7), (5.9) and (5.10) for v > vy.
First note that L} then is uniformly bounded, say Ly < Lj, for v > vg, because
A E Sjo
Recall that the local constraints gl”, E; appearing in (5.2) are generated by

successive quasioptimal restriction. Hence, utilizing (5.9) we can find ¥} € V,
independent of v, such that

() < =i (o) <0< %7 () <4 (m) Vv >

holds for sufficiently large vy (see [10]). As a consequence, the local problems (4.12)
are reducing to variational equalities, if |v} (p;)| < ¢; (p1), i.e. if v is large enough.
In this case, the solution v} = z/'A; of (4.12) is given by

éﬁ;’ ()\l) — aa;f ('LUl—l; Al)
ag_; ()\lv )\l)

(5.17) 2 =

Let z; # 0. Then the lower bound
2 . _ * -1 V|2
w; > minq 1, a"J()\l’)‘;) 1— (= DL7 3 19R15
Qu, (A, ) + Ly Zk:l HUZHoo |€".7‘(/\l) = Quy (wi—1, M)

follows directly from (5.7) and (5.17). Using again (5.17) and the equivalence of
norms on finite dimensional spaces, we get

2 vl||2
E 1 IR lIE Z v k” | 2 <e o~ ma v 156

i1 o e

with constant ¢ independent of v. Now the assertion follows from (5.16) and the
convergence vy, — 0, v — oo0. |
Now we are ready to state the main result of this section.

Theorem 5.4. Assume that the conditions of Lemma 5.3 are satisfied. Let
(5.18) lollu, < ol voe S,

Then there is a vo = vo(j) > 0 such that the iterates produced by the standard
monotone multigrid method (5.5) fulfill the error estimate

(5.19) luj —uy My < Q=7 G+ D™ ey —uflle, Vw20

12



with a constant ¢ < 1 depending only on the ellipticity of a(-,-) and on the initial
triangulation Ty.

Proof. Proof. For the moment choose vg such that (5.7) is valid and the constrained
smooth problem (4.8) is equivalent to the reduced smooth problem (5.13) for v > vy.
Consider the reduced linearized problem

(5.20) u; €85 ay;(uj,v) =Ly (v) YveS;.

j )
We subtract (5.13) from (5.20), use the mean-value theorem and insert v = uj
to get the equality

=13, + O, (w) (@ = uguf — ;) — én (W) (@ — ujuf —uj) =0
J

where w € S7 is defined by w(p) = u}(p) + wy(uj(p) — u}(p)) with w, € (0,1) for
all p € ;. Now the quadratic estimate

(5.21) luf = wjllu, < ellay — w3,

with ¢ independent of v follows from (5.10) and from the equivalence of norms on
finite dimensional spaces.

A first consequence of (5.21) is the asymptotic equivalence of the constrained
linearized problem (4.12) with (5.20). Moreover, it follows from Lemma 5.3 and its
proof, i.e. from (5.17), that C**! asymptotically becomes a linear subspace correction
method (cf. [14, 17, 18]) for the linear reduced problem (5.20). The subspaces W,
k=0,...,7, are given by

Wy, = span{A](Dk) €AsNS;,pe N}

On all these subspaces the bilinear form a,,(-,-) is approximated by the non-
symmetric bilinear form by(-,-) representing the standard GauB-Seidel smoother.
We now give an upper bound for the convergence rate of this linear iteration using
a general result of Neuf} [15]. To this end, we have to check three properties.

As

ay,; (v,v) <cZa )\(k)) (pi)> YveE Wy

holds with a constant c dependlng only on the initial triangulation 7y, we get the
smoothing property

(5.22) ay; (v,v) < wbg(v,v) Yo e Wy

with some w € (0,2) depending only on 7y.
Let v € §7. Consider the splitting

J
v = g Uk, vo = Igv, wvp=Ipv— I 1v,

induced by the modified interpolation operators I, defined by

ey (k) o
I _J vl N ESS
(Zkv)(p) { 0 else
We want to show that

J
(5.23) Zb vk, k) < C; (5 + 1)2 HUHZj
k=0

13



holds with a constant C' depending only on 7y and on the ellipticity of a(:,-). The
symmetric bilinear form b5 (-,-) stands for the symmetric Gauf-Seidel iteration on
Wi. Indeed, (5.23) is a consequence of the estimate

ng
bZ(’Uk, Uk) <c Z Qo ()‘gf)) Ag::))’l)k (pz)Q
i=1
which holds for all v, € W, of condition (5.18) and the results in section 5 of [14].
Finally,

(5.24) ; (v, vp) < w%bl(vl,vl)%bi(vk,vk)% Yo, € Wy, v, € Wy

follows directly from the Cauchy-Schwarz inequality, (5.22) and the well-known
smoothing property of b3 (-, ). Utilizing (5.22), (5.23) and (5.24), we now can apply
Satz 2.3.16 in [15] in order to get the asymptotic error estimate

(5.25) s — CHa ], < (L= 097 G+ Dt — @y W = o

with sufficiently large 1.
To conclude the proof, we combine the estimates (5.14), (5.21) and (5.25) by the
triangle inequality in order to get the asymptotic error estimate (5.19). |
We emphasize that (5.19) describes the worst case and can be easily improved
on suitable regularity assumptions. For example, let

sup max ®”(u;(p)) < const. < oo
j=0.1,.. PEN?(uy) (u5(p))

and assume that the bilinear form a(-,-) takes the form

2
(5.26) a(v,w) = Z aix Ov Opw dr,
Q k=1

with coefficients a;, € C1(Q). Then, exploiting a sharpened Cauchy-Schwarz in-
equality instead of (5.24), we get the usual O(j~2)-estimate for hierarchical bases.
Further improvements can be made by using L2-like projections instead of the
modified interpolations Ir. We refer to [14, 16] for further information.

In our numerical computations as reported [12], we observed optimal conver-
gence rates with respect to the usual energy norm induced by a(-,). A theoretical
justification is subject of future research.

6. TRUNCATED MONOTONE MULTIGRID METHODS

The standard multigrid method relies on the condition that the coarse grid cor-
rection must not change the values of the smoothed iterate u} at the critical nodes
pE J\/j'(ﬂ;’) Hence, only functions A\; € As with the property

(6.1) int supp Ny N N7 (ay) =0

actually contribute to the coarse grid correction. In comparison with the linear
selfadjoint case, this leads to a poor representation of the low frequency parts
of the error. In order to improve the convergence rates by improved coarse grid
transport, we will now modify all A\; € As with the property (6.1) according to the
actual guess of the free boundary.

Following [10, 11, 12, 13], we define the modified basis functions

(62) x1()k) = TjukAg)k)7 pE Nka
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by using the truncation operators 17, k=0,...,7,

(63) T;:k :ISJ” O”'OISZ'

Here Isy : §; — S} denotes the Sy ~interpolation, and the spaces S C Sk,
(6.4) S ={veS|vlp) =0, peN/}CSk,

are the reduced subspaces with respect to N = Ny N N7 (@}), k =0,...,5. Sim-
ilar subspaces of S; have been considered recently by other authors [2, 9, 14] in
connection with the coarsening of a given mesh. ~
Replacing the multilevel nodal basis As by the actual truncation A%,

Av. — () (5 N\G-1 A\G=1) 3 (0) 3 (0)

Ay = (Apl ARG A A ,...,Apno), v>0,
we can now derive a truncated coarse grid correction C** by the same reasoning as
described in the previous section. More precisely, all non-zero elements of A% are
now used as search directions

u}’zj\lzj\gfl), l=n;+1,...,mj =n;+ms, v=>0.

Local constraints D;, as appearing in (4.12), are obtained from slightly modified
monotone restrictions (see [10, 12, 13]) and local damping parameters w; are given
by a straightforward analogue of (5.3).

Monotone iterations of the form

uY = ./\/lju

J

v+1 _ otresv
u; —Cj uy

4
J

(6.5)

are called truncated monotone multigrid methods with local damping. Again, the
global convergence follows from Theorem 3.1 and Proposition 4.1.

Theorem 6.1. Assume that the conditions of Lemma 5.1 are satisfied and that
(5.18) holds. Assume further that non-zero corrections vi = 2/ A\, \j = X;’fl) € A%,
obtained from (4.12) have property (5.16).

Then there is a vy = vo(j) > 0 such that the iterates produced by the truncated
monotone multigrid method (6.5) fulfill the error estimate

(6.6) luj =y < Q=o' G+ D) Dy —uflly, Vv > w0

with a constant ¢ < 1 depending only on the ellipticity of a(-,-) and on the initial
triangulation Ty.

Proof. Proof. The proof is essentially the same as for Theorem 5.4. We only have
to establish a straightforward analogue of Lemma 5.3 and an error estimate of the
form (5.25) for the reduced linear iteration. Note that (5.22) and (5.24) still hold

if W is replaced by the larger space W,
Wi = span{j\ék) € A%, p e Ny}

O

As functions v € W, in general do not satisfy a strengthened Cauchy-Schwarz

inequality, further improvements of (6.6) are more difficult than in the standard

case. Nevertheless, we found much faster convergence for the truncated version in
our numerical experiments. We refer to [12, 13] for further information.
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