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Folkmar A. Bornemann

An Adaptive Multilevel Appfoach to
- Parabolic Equations I.
General Theory and 1D-Implementation

Abstract

A new adaptive multilevel approach for parabolic PDE’s is presented. Full
adaptivity of the algorithm is realized by combining multilevel time dis-
cretization, better known as extrapolation methods, and multilevel finite
element space discretization. In the theoretical part of the paper the exis-
tence of asymptotic expansions in terms of time-steps for single—step methods
in Hilbert space is established. Finite element approximation then leads to
perturbed expansions, whose perturbations, however, can be pushed below a
necessary level by means of an adaptive grid control. The theoretical presen-
tation is independent of space dimension. In this part I of the paper details
of the algorithm and numerical examples are given for the 1D case only. The
numerical results clearly show the significant perspectives opened by the new
algorithmic approach.
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1 Introduction

A fundamental idea for supporting the development of robust, reliable and
efficient software is adaptivity. Whereas in the field of ordinary differential
equations adaptive techniques are by now standard and much progress due
to recent research has been made in the field of stationary partial differential
equations (cf. [11] and the literature given herein), the area of adaptivity in
time-dependent partial differential equations, as parabolic equations, is still
quite open, see e.g. the survey-article about parabolic Galerkin methods by
DupoNT [13].

Nearly all approaches for the numerical solution of parabolic equations sep-
arate the discretization of time and space both in theory and in compu-
tations. One usually develops the theory assuming one discretization (outer
discretization) to be carried out first, which leads to a so—called semi-discrete

‘problem. After investigating the thus arising type of problem one continues

to perform the second discretization (inner discretization), ending up with
a fully discrete scheme. As long as one uses time-independent uniform or
quasi-uniform space grids and fixed time steps, the sequence of discretiza-
tions (first space then time or vice versa) does not matter. This kind of
approach is well analyzed (THOMEE [25] for Galerkin-methods in space).
However, for highly non-uniform grids, possibly varying in time, and adap-
tive time steps the sequence of discretizations does indeed matter. In addi-
tion, the inner discretization can be carried out most easily using adaptive
methods, whereas one may run into trouble for the outer discretization.

As an illustration consider the method of lines. Discretization in space first
leads to a block system of ordinary differential equations (ODE’s), which
can be solved by the available variable-step, variable-order methods very
efficiently, which means the inner problem is solved accurately and efficiently
- however, ignoring the PDE context. But after all one is interested to
solve the parabolic problem, so one has to consider errors introduced by the
mesh, which one cannot expect to be uniformly small for all time-layers. In
the 1D case BIETERMAN/BABUSKA [5, 6, 7], who use Galerkin method in
space, constructed an a—posteriori error estimator for the parabolic problem
to overcome this difficulty. At certain times, fixed in advance, they decide
whether they have to produce a new mesh (regridding) according to that
estimator. MILLER/MILLER [21] optimize the grid in a finite element method
while integrating the ODE’s — “moving finite elements”, thus ending up with
a differential-algebraic system. This approach is intimately tied with a fixed
number of space nodes - at least, within each outer time step. If a dramatic
change of the number of degrees of freedom is required they also have to
regrid. Controlling of the complex error propagation introduced by fixing



the mesh or the number of nodes over long time layers is difficult and might
be nearly impossible in the nonlinear case. Regridding at fixed times may
in general be “too late”. Adaptivity here would call for a second time-step
control mechanism (when to regrid) - the first being implemented in the

ODE-package.

For this reason the other discretization sequence, first time then space, seems
to be clearly preferable, and is chosen here. With that sequence it is practi-
cable to perform a multilevel matching of the inner and the outer discretiza-
tion, which involves solution of the inner problem up to an accuracy matched
with the accuracy of the outer problem. The top levels consist in a low order
single-step discretization in time with extrapolation in Hilbert space, which
yields variable time steps and variable orders controlled by the problem up
to a given accuracy. The occurring elliptic subproblems will be solved by
multilevel methods, which produce the adequate individual space-meshes in
order to assure an accuracy required by the time discretization. \

In Section 2 we analyze the error-term of a single-step time discretization in
Hilbert space in some detail. Since the involved operators have an unbounded
spectrum, the known proof techniques need an extension. By virtue of the
Dunford-Taylor integral calculus the operator case can be reduced to the
case of a single scalar ODE containing some parameter A varying over the
whole spectrum of the operator under consideration. This scalar case has
been fully analyzed by LUBICH[18]. Our main result, Theorem 2.7, carefully
traces the role of inconsistent and non-smooth initial data. We also give
an example to show, that our estimates are sharp in a certain sense. This
example shows quantitatively that in transient phases the Crank—Nicolson
scheme is inferior compared to the implicit Euler.

In Section 3 we use the just derived asymptotic expansion to establish a semi-
discrete time-step control in Hilbert space. Thus the algorithm produces
time-steps which really belong to the Hilbert space problem. An adaptive
space discretization perturbs the semi-discrete algorithm. As we show, this
perturbation can be adaptively pushed below a level indicated by the time-
stepping mechanism. The thus derived fully discrete multilevel scheme treats
the elliptic solver as a black-box, which has to obey several features.

In Section 4 the black-box is specified for the 1D case. We show that a certain

FEM method has the required features. Challenging numerical examples are
included. :



2 Single-Step Time Discretization in Hilbert Space

2.1 Preparations and Notation

In this paper temporally homogeneous parabohc initial-boundary value prob-
lems are studied:

) &‘gxw D)u(t,2) = f(2); =€ 0, £ €,T]

b) wuft,z)=0; z€dQ, teo,T] (2.1)
c) u(0,z)=up(z); z€Q. '

Here A(z, D) denotes a strongly elliptic operator of second order:

Az, D)= Y (=1)¥ID?(a*(z)D"). (2.2)

oglellol<

It is well known, that — provided 952 and the coefficients a?? fulfill certain
conditions of smoothness — problem (2.1) possesses a solution

u € C*(|0,T], H5(Q)) (2.3)
continuously depending on
fEH(N), u € L}(Q). (2.4)

Equation (2.1.a) holds then in the sense of distributions, (2.1.b) in the sense
of the trace operator and (2.1.c) as a L2-limit.

Since we will study the error due to discretization'in time of problem (2.1) by
a linear single-step method, it is enough to consider the homogeneous case
f = 0: Simply subtract the stationary solution v € H)(Q) of A(z,D)v = f
and observe, that this commutes with discretization in time.

By A let us denote the following unbounded operator on L%(Q2):
A: Dy=HY Q)N HQ) C L} (Q) — L*(Q)

(2.5)
(Au)(z) := A(z,D)u(z) forue€ Dy.
We assume that A is positive: There is a ¢ > 0, that
R(Au, u)2(q) > c(u,u)r2) foru € Dy . (2.6)

Since A is a closed operator, relation (2.6) together with the Lax-Milgram
lemma implies that A is maximal accretive and invertible, i.e.

0 € p(A) . (2.7)



Theory of elliptic operators shows that the numerical range
O(A) = {(Au,u)2(q)|u € D4} lies in a sector:

O(A) C Iy for some ¥ €[0,7/2[. (2.8)

Here ¥y denotes
= {z € {||argz| < ¥} .

Thus A is m-sectorial with vertex 0 and semi-angle ¥ and —A generates
therefore a holomorphic semigroup of contractions.

(For definitions and proofs KATO [16] p.279 f. and 492 f.)

2.2 The Single-Step Methods

Linear single-step schemes for discretization in time define a rational ap-
proximation r(z) to the exponential e~* for complex z. For our purposes we
restrict ourselves to A(d)-stable methods, i.e.

lr(z)| <1 forz € Ly. (2.9)
The method is called to be of order p > 1,if
Ir(2)] = e+ O(2P*!) for Ly 32 —0. (2.10)

Definition 2.1
We distinguish between different types of A(¥)-stable methods:

- Type (I):  |r(o0)] <1
Type (II): r(z) = o (1 — /2 + O(1/2?)) for Ty 9 z — 00.
’ Here |o|=1, v>0.

Remark 2.2

A(9)-stable methods of type (I) sometimes are called strongly A(Y)-stable.

Examples of A(m/2)-stable methods of type (I) are the sub~ and subsub-
diagonal Padé-approximations (WANNER/HAIRER/N@RSETT [26]) like the
implicit Euler scheme, examples of A(r/2)-stable methods of type (II) are
the diagonal Padé-approximations like the implicit trapezoidal rule (Crank-
Nicolson scheme).

For later purposes we collect some properties of these methods:

[ e
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Lemma 2.3

Let r(z) be the stability function of an A(J)-stable single-step method of
order p, 0 < ¥ < 7/2. Let 0 < Jy < 9.

a) For 0 < k < 1 there is a (k) > 0, such that
Ir(2)] < |e7*] for z € By, , |2| < n(x). (2.11)
b) For methods of type (II) there is for 0 < k < v a {(k) > 0, such that
Ir(2)] € [e™/%| for z € Ty, , |2| > ((x). (2.12)

c¢) For methods of type (I) there is for n > 0 a p(n) < 1, such that

[r(2)] < p(n) for z € oy, |o| 20 (2.13)
Proof.
a)
o) _ |e==)% + O(z7+1)|
e"K-Z
= [1=(1-r)z+O()|
< 1 for appropriate small z € I, since ¥y < 7/2 .
b)
r(z) (v
e_(_"'/z = le (r=n)/ +0(1/z2)]

= [1=(v=r)/z+ O(1/2%)
< 1 for appropriate big z € Xy, since ¥y < 7/2,

c) follows easily from the maximum principle for analytical functions. =

2.3 Asymptotic Expansions of Single-Step Methods when Ap-
plied to y' = —Ay with )\ varying in a Sector

The usual results for asymptotic expansions of the error of single—step meth-
ods applied to the scalar

7 y ==y, y(0)=1 (2.14)

hold for A varyingv in a compact set. But since we desire to apply Dunford-
Taylor integrals over pathes like 9Ly we are interested in A to vary over the
whole sector Xy. This case is studied in the following lemma.



Lemma 2.4

(LuBICH [18], Lemma 6.3) Given an A(d)-stable method of order p with
stability function r(z) and 0 < 9 < 9 < 7/2. For z € Xy, an asymptotic
expansion holds

r(z)" =e™™ [1 +’ Py(nz)2P + ...+ PN(nz)zN] + Ryyi(n,2) . (2.15)

Here the P; are polynomials of degree j —p+1, P;(0) = 0 and the remainder
satisfies
|Rn41(n, 2)] < Cle™ 2N+ (2.16)

for given 0 < & < 1, provided that |z| < 5(«) from Lemma 2.3.

Proof. Let O(l,m) denote a function g(z,w) whose Taylor expansion with
respect to z has the form

9(z,w) = go(w)' + ...+ Gu(W)e** + Cra(zyw),  (217)

where g;(w) denote polynomials in w of degree < m.
We proof the following:

Given an iteration-procedure

Yo = 1 '
2.18
{ Ynt1 = T‘(Z)y.n + a'(za nz)e—nz i ( )

with the approximation property

e —r(z) — a(z,w) = O +1,j = p) . (2.19)
There is an improved iteration-procedure
v =1 ‘
2.20
{ Ynnn = r(2)y; +a*(z,nz)e™ (2:20)

with the following update of property (2.19)
e —r(z) —a*(z,w)=O(GF + 2,7 +1—p) (2.21)
such that the difference between the two iteration—-procedures is given as
Yh = yp — e " P(nz)z’ . (2.22)

Here P(w) denotes a polynomial of degree < j — p + 1 with P(0) = 0.
Furthermore we get the error—estimate

lvs — e | < Cle ™=+ (2.23)

S,



Equipped with that construction we can start an induction with the single-
step scheme as the iteration-procedure, i.e. a(z,w) = 0 and j = p. Each
improved iteration-procedure will give a further term in the asymptotic ex-
pansion; we end this at j = N. Estimate (2.23) gives the assertion about

the remainder term. The approximation property (2.21) is needed to replace
(2.19) in the induction.

To end up at this construction, combination of (2.18), (2.20) and (2.22) gives
the formal expression

a*(z,w) = a(z,w) + P [r(z)P(w) —e*P(z+ w)] (2.24)

with an unknown polynomial P(w). This will now be determinated by re-
quirement (2.21): From (2.19) we get by interpretation of the O-term

e’ — 7'(‘2") - a(z’w) = 2j+1Q(w) + O(J + 2aj "‘P) ’ (225)

where Q(w) is a polynomial of degree j — p. Inserting (2.24) and (2.25) in
(2.21) gives

e”? —r(z) — a*(z,w) 21[2Q(w) — r(2) P(w) + e~ *P(z + w)]
| +0(j +2,j - p)
2[2(Q(w) + P'(w)) + (7% — r(2)) P(w)
+0(2,5 —p)]+O(G +2,5 —p)
which is O(j + 2,7 — p+ 1) if we choose
P(w) = — /0 “ O(s)ds . (2.26)

It remains to prove (2.23): Using Lemma 2.3.a we get for the z under con-
sideration

=™ < Y PPt — r(2)e™ —a"(z, ka)e ™

k=0

< X lem ek | Qu(ke)]
k=0

< le—nnzzj+2l Z |e—(1—'n)kz||Qk(kz)|

k=0
where the Q(-) are polynomials of degree < k —p+1. Now we can estimate

as follows . n
Yol Quka)| < Ci Yol
k=0 | k=0

S Tew
< Co/Rz
< Csflz|



for some 6 €]0,1 — .
This gives |y: — e™™| < Cyle™*"*27+1|. .

Remark 2.5

A totally different proof of Lemma 2.4 for r(z) = 1/(1 + z), i.e. the implicit
Euler, together with an explicit recurrence relation for the polynomials P;(-)
in that case may be found in [8].

2.4 Asymptotic Expansion for Abstract Cauchy Problems with
m-sectorial Operators

Let A be a linear m-sectorial unbounded operator with vertex 0 in a Hilbert
space H with semi-angle dJ,, i.e. O(A) C Ty, 0 < ¥ < 7/2. We also
assume that 0 € p(A).

It follows that for @ > 0 the fractional power A* can be defined. The
corresponding domains of definition

Hy == Dy (2.27)
equipped with the norm
ufloa == [|A%u]| for u € Ha = D 4a (2.28)

now define a scale of Hilbert spaces H, (cf. PAZY [22], p. 195 {.). Note that

Hy = H and the embedding H, < Hpy is continuous for @ > 8. This scale

enables us to emphasize the réle of inconsistent and non-smooth initial data
ug of the abstract Cauchy problem

u'(t) + Au(t) =0, t €]0,T]

L e 220

If we denote by U(t) the holomorphic semigroup generated by —A, the solu-

tion of (2.29) is given as _
u(t) = U(t)uo . (2.30)
A single-step method with stability function r(z) generates a discrete semi-

group ‘
U (t) :=r(TA)", (2.31)

where 7 = t/n denotes the time-step. The result of applying the single-step
method up to the time ¢ is given by

ur(t) = U (t)ug - | (2.32)



e b e s b e o e .

The idea is now to apply the Dunford-Taylor integral operational calculus:
It gives us the possibility to represent the term ¢(A), where ¢(-) is a certain
scalar function, as an integral with scalar applications of ¢ only:

o(4) = oloo)T + 5 [ )T~ A)ds (233

cf. e.g. [12], Section VIL9.

The following lemma essentially estimates such integrals to get an estimate
for |l¢(TA)}lc(,1y- In addition it contains a neat trick to get ¢(z) — ¢(o0)

‘into play:

Lemma,‘ 2.6
(LE Roux [17])

Let ¢ be a continuous function on the sector Ly, 0 < J9 < ¥ < 7/2, which
is holomorphic in the interior of Ly. If for some constant B > 0 and two
continuous functions ¢; and ¢, from IR, to IR, the following estimates hold

le(2)] < p1(lz]) for z € By, |2] < R (2-34)

le(2) — p(00)| < pa(|z]) for z€ Xy, |2| 2 R, (2.35)

we get a constant C such that

le(rlleam < 5 019 {/R% t)—+/ <P2(T)—'

+ (R+5) lo()l} + lo(oo)

(2.36)

for all 7 > 0.

Proof. This lemma is essentially from LE Roux [17], with the difference
that we replaced A in (2.36) by 7A. This is possible since A is involved only
in two estimates in the proof from [17]:

AU+ A) e@wm <1

c 1
o ||(2I—A) 1||c(m=1)_19 T lforzeI‘

I’ a certain path. But we have

lTA(I + 7A) Yle@m <1 (2.37)



since T A is also maximal accretive. For z € I we estimate

1 -
(=T =7 A) e = N1=(2/71 = A learm
(2.38)
< 1 C 1 C 1
— rd =i z|/T T 9 - |2}
since also z/7 € I. n

Applying this ideas to the error-term
U-(t) —U(t)

yields the main result of this section:

Theorem 2.7

Given an A(V)-stable method of order p with 0 < ¥ < 9 < /2, there exists
an asymptotic expansion

U (t) =U(E) = Ep(t)TP + Eppa ()™ + ...+ En(t)™ + Exa(t;7) . (2.39)
For the linear coefficient operators E;(t) the following estimate holds:
IE; (D) le(tram < Cat™ =) a2 0. (2.40)

The remainder operator En41(t;7) allows for 7 < 1 and for @ > 0 the
following estimate

|En+1(t; )| c(ta,m) < Ca (t“‘i"(‘v“-(N“”rN“ + €4(t; 7')) , (2.41)

where the perturbation €,(t; 7) depends on the type of the method:
Methods of type (I):
&(t;7) =0 (2.42.1)

In this case estimate (2.41) also holds for a = 0.
Methods of type (II):
&(t;7) = 12/t . (2.42.11)

The constant C, is independent of ¢ and 7.

10



Proof. We combine Lemma 2.4 and Lemma 2.6. The scalar asymptotic
expansion of Lemma 2.4 suggests to set:

- E;(t) := P;(tA)A'U(t) (2.43)
and . .
Ena(t7) = Us(t) ~U(t) = 3 E;(t)r . (2.44)

Here the P;(-) denote the polynomials of Lemma 2.4, explicitly given as

j-ptl

Pi(z)= 5 wiz*. ' (2.45)

=1
For ug € Hy and a < j + 1 we may estimate for the coefficient operators:

j-p+1 )
1B ()uoll < 3 Imilt* | A*H U (t)uo|
k=1
j—p+1 )
Y. Imk | AR U () Auol|
k=1
J=p+1

Ci Y |mjlth -t~ ¢¥=2))| A%,
k=1

AN

< Cot*luola
which is (2.40) in that case, whereas in the case a > j + 1 we get

I1Ei(@)uoll < Ciatlluollj+
< Cotlluolla »

since H, < Hj;; is continuous. The remainder-term is more difficult to
estimate and here Lemma 2.6 gets into play:

First we study the case 0 < a < N + 1.

The scalar function under consideration is:
o(2) = Ryga(n, )72 . (2.46)
One easily sees |
IEN+1 (6 ) crta,rny < 78 lle(T A) e » (2.47)

which explains the appearance of the term 2z~ in (2.46). Putting x = 1/2
and R := n(x) from Lemma 2.4, we may set as first majorizing function

‘Pl(r) = Cae—i-ncosﬂorrN+l—a , (248)

11



since Lemma 2.4 states, that v '
le(2)| L ¢1(lz]) for z € Ly and |z| < R. (2.49)

The integral occurring in the relevant estimate (2.36) is now established as:

R dr
I, = /0 ‘PI(T)T

< G /oo pN-ogmincoedr gy
0 (2.50)

< C4na—-N—l / e-—-ppN—adp
0

n
= 04 I‘(N—a+1)n—Nﬁ 9

with the usual gamma function T'.

To define the second majorizing function ¢, we have to distinguish several
cases:

The case a = 0 and methods of type (I):

Since for that case in general ¢(00) # 0 we have to estimate

N
[o(2) = p(00)] < 3 Pi(n) e | 4 7| 4+ [r(z) ~r*(c0)| . (251)

I=p

Since the exponential function damps polynomial increase we may estimate
for z € £y . ,
|P;j(nz)zie ™| < Cse~ameos el (2.52)

The second summation-term of (2.51) can be factorized as follows

n—1
r*(z) —r™(00) = (r(z) —r(00)) 3 ri(2)r" "1 (00) . (2.53)
7=0
Since r is holomorphic in £y we may estimate
|r(z) — r(00)] £ Ce/|z| for |2| > R. (2.54)
Lemma 2.3 c) together with (2.53) and (2.54) implies:
r(2) = (o)l S Coflzl-mp™t, 0 p=p(R)<1

- (2.55)
< Cg/lz|-p7 forsome p<py <1.
Thus we choose as second majorizing function
— —Lncosdr p?
302(7') = 09 (e 2 + -7—"-> . (2.56)

12
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The corresponding integral may be estimated as follows:

b dr
X Ig = / (pg(f‘)—r-

R
-3 dor
oo g 3N Cos o dr
= —_— n haidl 2.57
B Cg{/n r dr+pl‘/R r2} (2.57)
1
< Co i
Finally we observe
n 1
lp(c0)| = |r"(o0)] < p™ < Cu;{m (2.58)

where p = p(R) is taken from Lemma 2.3 c).
Lemma 2.6 now states

1 TN+t
”‘P(TA)“C(H.H) < Cl2nN+1 =Cn tN+1 0

that is (2.41) for a = 0 and ¢ = 0.
Case o > 0:

Here we have ¢p(o0) = 0 and therefore

lp(2) — p(o0)| = |p(2)|

i=p

N ' (2.59) .
< IZI"“{ZIPj(nz)z’e'"’H le™[ + Ir"(Z)I} :

Lemma 2.3 b) and c) together with (2.52) enforces us to choose as second
majorizing function
for methods of type (I)

(ng) — 013 (r—ae-—;-ncosﬁr + r-—apn) , (2601)

whereas for methods of type (II)

P = Cpq (roeineosdr 4 peemralimr) (2.60.11)
The corresponding integrals
) = /°° () dr 2.61
I R P2 p ( )
are estimated as o
I n
I < Cus—z (2621)

13



and

1D < Gy (nzﬂ n n—a) , (2.62.11)

Lemma 2.6 gives

N+1
ol Alecnan < Ca st + eatin))

ie. (2.41).
Now let o > N + 1.

For those a we observe since 7 <1 :
Ca(t;T) S re S tmin(l,a—(N—H))TN+l , (263)

that means the first term in (2.41) is dominating.
For N +1 < a < N + 2 we estimate as follows

1ENw (6T oo S BN+ () lcqam
HIEN-+2(8) | c(ota ™+
HIEn+3(t; )| c(pra,mn)

<C, (ta—(N+1)TN+1 4 o (N+2) L N+2 | jo—(N+3) N+3 ea(t;'r))

< 3C, (1N 4 (47))

that is (2.41).
Finally for @ > N + 2 we get with (2. 63)

NEN1(t T etadry S Mal|Ensi(t7) || c(Hnga )
< AM,CryatrVH

< AM,Chryss (tmin(l,a-(N+l))TN+l + ea(t;r)) ,
where M, denotes the continuity—constant of the embedding H, < Hy ;. B |
Remarks 2.8

1. A quite different proof of Theorem 2.7 for the implicit Euler runs along
the lines of the proof of Theorem 2.13 from BORNEMANN. [8], using the
recurrence relation for the P;(-) mentioned in Remark 2.5.

14



. The estimate (2.41) has in the case N = p — 1 several forerunners:

o For strongly A(J)-stable methods (methods of type (I)) and o = 0
it is Theorem 1.2 of LE ROUX [17].

e For the implicit trapezoidal Rule (Crank-Nicolson-scheme) and
a=1, a=2itis Lemma 3.1 of AUZINGER [1].

. Theorems like Theorem 2.7 may be used to justify extrapolation in
the method of lines. There one approximates A by an A5 and solves
problem (2.29) for A and is interested in estimates independent of A.
Consult AUZINGER[1] about that context.

. Related questions are estimates for the fully-discrete Galerkin—approxi-
mation of parabolic equations. Theorem 2.7 yields in the case N = p—1
and a = 0 immediately Theorem 2.1 of BAKER/BRAMBLE/ THOMEE
[4], who are dealing with selfadjoint A . Cf. also chapter 7 of THOMEE
[25]. Observing that our H, is identical with their H2*, Theorem 2.7
yields their Theorem 2.4 and allows a sharpening of their theorem for
diagonal Padé-approximations.

. Also related is Theorem 4.1 of LUBICH [20] on certain approximations
of the inverse Laplace transform based on multistep methods. We note
that the resolvent map R(A; —A) of —A is the Laplace transform of the
semigroup U(t) generated by —A. This fact is reflected by the same
approximation term t*~? 77 in his Theorem 4.1 and our Theorem 2.7
with N = p—1, observing that we can put g = 1+« in (1.5) of LUBICH
[20] since

. 1
NR(A = Al epay S M e

for A & —Xy,.

We close this section by showing that in general the exponents of ¢ and n in
(2.41) for small t are sharp. This will be done for the implicit Euler and the
implicit trapezoidal rule by means of an

Example 2.9

Consider the heat equations on £ = [0, 7] with homogeneous Dirichlet bound-
ary conditions imposed. This means

A = —E D= H0,7) N (0,7
H = 1}9).
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We use the following family of functions as initial data

@y = kz_:l WSIII(]C-) . (264)
As shown in BORNEMANN (8], p. 28, we have
o EHy &Y >a. (2.65)

I Implicit Euler applied to (2.29) with uo = ¢y, 9> 0.

Theorem 2.7 shows

| E1(t; )psllr: £ Cot®/nfor 0 <a<d<2. (2.66)
On the other hand we have Parseval’s equality
T 1
B2t T)ps Iz = 5?_:1 lex(t; T 77 > (2.67)
where | " »
t: — _ -kt . .
T o

denotes the scalar error-term for the eigenvalue k2. Using the following
inequality, which is proven in the appendix,

-n 2
(1 + %) —e "> —2:%6_2” forz >0, neN (2.69)
we derive from (2.67)
NP L
1B )eollze 2 G Y |5e ™ orm
k=1 (2.70)
co k7_40t4\ Y :
= C2kz=:l 2 € i
Now choose K € N that
1
—_— < 2
CESE <t<L1/K*,
which is possible for 0 < ¢ < 1.
We thus get from (2.70)
E 2 K k7—419 1
t: > —
” 1( vT)(Pﬂ”[ﬂ - Cakgl n2 (I{ + 1)8
K& 1
2 Come———
e (1)
2 STeH g2
t2t9
> Gy
n
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Altogether we have

t19
”El(t;T)Lp,y”LZ > Cs; for 0 <t <1. (272)

Comparison with (2.66) shows, that the exponents of t and 1/n are sharp for
small £.

II. Implicit trapezoidal rule applied to (2.29) with up = ¢y, 9 > 0.
Theorem 2.7 shows

1 1
I Ea(t: 7)pslls < Cat® (F + n?) for O<a<d<3.  (273)

On the other hand we have Parseval’s equality

T 1 '
|E2(2; T)psll s = gkf_:l lex(2; T)I"’W ; (2.74)
where '
_Br\"
ex(t;7) = (1 " é) — ek (2.75)
2

denotes the scalar error-term for the eigenvalue k2. We make use of the
following two inequalities, for which proofs may be found in the appendix:

1-£2\" -
e — (——-—) > 1= (2.76)
1+ Y 1+ 1_;1'17

for0 <z/2n <1 and

g—”—g’—‘— >e ¥ for 1<n< vz . (2.77)
(1+4) 2

Insertion in (2.74) gives

k843 2
v g2 1 1
”E?(t;"')‘Pv’”i? 2 G { Z a _:_2 k643 e L1+49 + Z f1+49 } .
k2<2nft 12n? k>2n/VE
' (2.78)

Now we choose K €N that

1 i<l
. K¥12 T K2

which is possible for 0 < ¢ < 1.
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We thus get from (2.78)

E ' .2 >C K kll—4‘l9t6 1 >Ct21’ _1_+L
| E2(t; T)pslllr = Ca$ Y + 203 v el S

4 49
k=1 n 2';)

(2.79)
Altogether we get

' 1 1
”.Ez(t;’l')(pg"[) Z C4t0 (;‘5 + -nZ—i?) for 0<t S 1. (280)

Comparison with (2.73) shows, that the exponents of ¢ and 1/n are sharp for
small £. » =

2.5 Appendix: Proofs of inequalities (2.69), (2.76) and (2.77)

For sake of completeness we include proofs of these inequalities.
Inequality (2.69):
We have

et-(1+%)n > i(l"(ﬁw)%

k=0
2 il n! tk

= — ] — ] — 2.81
2n+,§2< (n—k)!nk> K (2.81)
12 ‘

> — forn>2, t20,
2n v

n! 1 k-1

i > ———=(1=-=)...(1 - —5).
smcewehavel__(n_k)!nk (1 n) (1 n)

Inequality (2.81) trivially holds for n = 1.
Since -,:—:;e“t <2 ?<1lfort>0, n>1,we thus get

Y SR
W+t 2 GoE =TT E
> et (1+£e)
which is (2.69). =
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Inequality (2.76):
For 0 < z/2n < 1 we get

(Ltz) _ rlos(it)
1—- =%
2n .
2k4+1
= 32"2:‘3—.0%

3
> e2n(z/2n+§(§§; ) (282)
3
= ez+1_i:7

Thus we get for those z,n:

1 —-=\" 1 =
2: S e ® = =e |1~ l2n1‘3
\l+tg 1+ 35 1+ 55

which is inequality (2.76). ]

Inequality (2.77):
For 4 < 4n? < z we have

z/2n > 4n?/2n > 2, (2.83)
thus 'z n
1oanl e 3R O (2.84)
1+ = -
Comparison of power series shows
z+1 2 1
< - . .
logz—-l"zl-—;l; forz > 1 (2.85)

Observing (2.83), insertion of (2.85) in (2.84) gives

4n? 1
1-=" -
A

T
> e""%z“/3

> 3 for those n,zT.

With a different proof technique one can in fact replace e~%/3 by the sharp
value 1/3. u

19



3 The Multilevel Algorithm for Parabolic Equa-

tions

3.1 Time-step Control in Hilbert-space

In this section we describe a semi-discrete algorithm for the solution of the
parabolic problem (2.1):

We use the implicit Euler discretization in time and control time-step and
order of the method by extrapolation following the ideas of DEUFLHARD [9]
for ODE’s. :

The main purpose of this section will be to show, that the usual results for
extrapolation-methods with some modification still hold in L?*(f), instead
of some IR™. Also the fully-discrete algorithm has to simulate the time-step
and order control of the semi-discrete - in order to obey the requirements of
the continuous problem.

The common idea of extrapolation is:

The algorithm suggests an outer time-step T' > 0 for which

Ui = u'r.'(T) ) (31)

the implicit Euler discretization with time-step 7 = nl- as introduced in

chapter 2 are computed for a given sequence of increasing n;:
F= {nl,ng,...} . (3.2)

Since in limit (T) = u,=o(T), we extrapolate the values (U,...,Uk) to
7 = 0, getting an approximation from which we hope, that it is better than
the U;;. This will be made precise now. We compute the interpolation
polynomial with values in L?(f)

pir(T) =eo+ T+ ... +ep 7Y, (3.3)
€0, - -y er-1 € L2(Q), such that |
pjk(T,')=u;1fori=j,j—1,...,j—k+1. (3.4)

This can be done in L?(Q), since the ¢; are determinable as linear combina-
tions of the U;; as we will see later on. Now extrapolation to the limit 7 | 0
consists in using

ujk = pjk(O) =€ € L2(Q) . (3.5)

21




The values Ui can easily be computed in the extrapolation table

Un

N

Uy — U

l LN (3.6)
Uag — ... Urper — Uik

using the Aitken-Neville algorithm: j > 2

U on —U;_1 5 .
ujk = uj.k—l + ik 1ni J_ ;jk : ) k= 21 e d (37)
Rj—k+1

which can be performed in L?((2).

Now we want to get an idea of the error ||u(T) — U;i||12()- This is done by
the following

Theorem 3.1

For ug € H, , a > 0 we have

ejn 1= [[u(T) — Unllza() < ™R+ (3.8)

where asymptotically
Vik = [Pkt . 157 CrosC (3.9)
C'roep the Toeplitz—constant associated with F and C depends on the problem.

Proof. Follows as usual from Theorem 2.7. For instance take the proof of
Theorem II. 9.1 in [15]. N

Remarks 3.2

1. In our example from the end of Section 2.4 we get for the inconsistent

initial data
T -
p1/4(z) = —5

that ||Ux — u(T)||z2) = O(T*/*~¢) for arbitrary small € > 0.

2. Since one implicit Euler step increases the consistency (¢ € H, =
u-(7) € Hyq1) we have, by Theorem 2.13, after some basic time-steps

Uik — w(T) 2@y < 13 T*H,

which means that we achieved the full and maximal order.
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By these remarks and the fact that in general v;x decreases for increasing k
we see, that the assumption

k1 S Pk, p<1 (3.10)

is reasonable. As in DEUFLHARD [9] Section 1.2 we are thus led to the
subdiagonal error criterion ‘

€et1k = || U1 p — Unpr k1l =2 [xr1,)sa (3.11)

as a reasonable estimator.

Convention 3.3

A single quantity in square brackets denotes a computable estimator for this
quantity.

The basic time-step for achieving a prescribed tolerance TOL in line j + 1
of the extrapolation table is now given as

TOL 1/ min{[a],k+1)
1}+1 vj = [

€j41,5)sd

T, (3.12)

T the present basic time-step. The estimator [a] will be explained in Section
3.5.

3.2 The Fully Discrete Case: The Multilevel Concept

Now we have to approximate the elliptic problems arising by each implicit
Euler step: ‘

ul+7Au! = WO+ 7f
ul € H}(Q).
Since we want to use extrapolation in L?({2) we are interested in global ap-

proximations with controllable error. One natural choice in view of irregular
boundary geometries are finite element methods.

If we do that, we get instead of (3.6) the perturbed extrapolation table

Un + 6
l

(3.13)

(3.14)

\
U+ — ... Urk + Okk »
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where the é;; are produced by the successive solution of the elliptic problems
and the é;; with k > 1 are the propagated errors in the table.

Notation:

L{,-k = Ujk + 5]'), . (3.15)

Since the problem-oriented time-step mechanism (3.12) is connected with
the semi-discrete estimator €41 k)sa We are naturally forced to achieve two
things:

L. A fully discrete estimator [ex414) with

[€x+1,k]sa < lexs1] -
II. A control of §k41k+1, SO that

Ury1441 is a tolerable approximation.

This leads to the followiﬁg concept: Assuming the existence of estimators
(6k+1.k); [8k41,641); [Sk414 — Sk41,641], Which will be constructed in'the next
section, we get from the estimate ‘

[ers1hlsa < |Wisre — Urrr 1]z () (3.16)
+  ||bk+1.6 — 5k+1.k+1||L2(n)

the fully-discrete estimator
[ex+1,6] = Uks1.k — Urrr ks llzag) + [Bksrk — Sksrhna] (3.17)
a completely computable quantity. It is reasonable to ask for

a) [Sk+1,4)s [bk+1,441] < TOL/2

(3.18)
b) ‘ [ex414] < TOL.
We also have to replace (3.12) by
TOL 1/ min([e],k+1) /
Tiwa; = (— ) T. (3.12))
[€+1,5]
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3.3 Perturbation of the Extrapolation table

Here we construct computable [§;;]. This is done in two steps.
First step: Replay to the &;;.
Since our extrapolation is linear, we get
i .
Sk= Y, Buba, , (3.19)
i=j—k+1
where the coefficients ﬁ;k only depend on the chosen subdividing sequence
F. :
Thus we can define )
J . : .
Bl := D> [B5l(éal (3.20)
i1==j—k+1

and analogously [6x4+1k — Sk41,k41]- Requirement (3.18.a) can therefore be
replaced by .
[6;1] < 5TOL (3.21)

where the coeflicients cx;s can be computed once at the beginning, only de-

pending on F. This coefficients can be optimized if the amount of work for
the computation of Uj; is known.

Second step: Required errors of the elliptic solver.

For building the extrapolation table up to row k, we have — according to
(3.21) - to compute the i;; with error not exceeding ofTOL. This is done
by solving j elliptic problems, the implicit Euler steps. The #’th produces its
own error A; and the exact problem propagates the previous error A;_; by
the propagation operator 7, thus leading to

A; = A; L 7AVIR . k (322) .

The role of 7, however, can be controlled:

Lemma 3.4

Making the general assumptions of Section 2, we have

=]l <1. | (3.23)

Proof. This follows easily from the ‘m—afccretivity of A. ]

Assume that we use a reliable elliptic solver. It is started with the required
accuracy € and produces solutions together with an estimate [A] of the error
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which was made. By using that we get from (3.22) and (3.23)
185l < de (3.24)
The requirement (3.21) thus yields

| =

¢:= =afTOL | (3.25)

<

as accuracy for the elliptic solver in the implicit Euler steps leading to U;;
for an extrapolation table up to row k. This is the fundamental connection
between the time-control mechanism (extrapolation table) and the space
discretization. The elliptic solver has to choose the space mesh relative to
the requirement (3.25).
Finally we have

[6]'1] = [Al] +...+ [AJ] . _ (326)

The coefficients a;‘ are shown in Table 1 for F = {1,2,3,...}, the harmonic
sequence, optimized with respect to the amount of work formula which will
be mentioned in Section 4.

af = 1.6710—1 a% = 1.6710—-1

a:il = 1.1810-—1 ag = 4.6710—2 ag = 5.6510—2

a‘} = 1.2210—1 a‘; = 2.3210-2 ag = 1.3510—2 az = 1.9210—2

CY’? = 1.6210—1 a‘;’ = 1.6110—2 Clg = 5.4510—3 ai = 4.0210—3 ag = 6.5010—3

Table 1: Coefficients a;‘ uptorow k=5 -

3.4 The order control mechanism

As in DEUFLHARD [9] we control the “order”, that means here the row in the
extrapolation table, in addition to the time-step. Relation (3.12) supplies
us with step-size guesses T4, ; for convergence of U4, j, that means the

algorithm expects U;, ; to be near to the solution within the given tolerance.

As in [9] we define
T
Wj+1‘,j = -T-———Aj.H (327)
41, ,
the normalized work per unit step, where A;;; measures the amount of work
required to obtain U4, j+1. But this will surely depend on the work required

by the elliptic solver to solve its problem with accuracy € given in (3.25).

But this € does not only depend on j, the row of the table, but also on k,
the final row, to which the table will be build up.
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Thus we should replace (3.27) by

T

introducing Af +1 as the amount of work required to obtain U; 41 ;41 in a table
up to Ugx. These Af +1 Will depend on the chosen elliptic solver. An example
is given in the next chapter for the 1D case. On this basis we can actually
determine an optimal column index ¢q by
+1 _ : i+1

Witie = PIR oo A0 Wit1i - (3.28)
Knowing this ¢, we certainly use the step—size guess Ty 4 for the next basic
time-step and expect convergence in the vicinity of g.

In order to get a reliable code, avoiding pseudo—convergence and related un-
desirable things, which occur in practice, one has to implement three devices

e convergence monitor

e order window
¢ a device for possible increase of order greater than q,

see for instance DEUFLHARD [10].

This can be achieved by comparing the actual behavior in the table with an
information-theoretic standard model derived in [9]. Here the measure of
input-information is the number of Hilbert-space problems which have to be
approximated. Thus we get n; as the quantity of information contained in
Uj1. Because of the dependency of the final row, we have to change the order
window of [9]: The error criterion (3.18.b) and the monitoring conditions of
[9] are only tested for j in the range of

¢g—1<;<q.

In all other details the step-size and order control of [9] can be taken without
change.
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3.5 The consistency-estimator

The last missing point for a complete description of the algorithm without
specifying the elliptic solver remains to be an estimator for e, the consistency
of the last approximation @(t):

i(t) € Hy a maximal .

We start assuming as much consistency we need, that means
[a]start = Kkmax + 1. (329)

If the estimated [a] is seriously too large we will get far too large time-step

guesses by (3.12") and therefore a step-size reduction with redoing of the
" step.  Now take the largest possible k, for which with respect to the old
time-step Toq as well as to the new time-step Thew error estimates [€x+1,k]0ld
respectively [€x+1,klnew are available. By Theorem 3.1 we have

a) [€k+1,klola = CToY (ark+1) -
b) [€x+1,klnew = CTmin(ek+1)

that means
min(e, k + 1) ~ Eﬁr‘if‘i._ﬁ“&i) 6a1)

log (74)

leading to the reasonable

1 [ex41,k)o1a
[@]new = min ([a]old, Og("‘“'"“‘")) - (3.32)

T,
4log L

The log-quotient will be in reasonable behaving cases positive, because of
Toew < Torg. If not, we do best by trying

| [@)new = [aa1a/2 - - (3.33)

If we have no step-size reduction and redoing of a step, we have to consider
an increase of a since each implicit Euler step increases o by one:

[a)ola — min(kmax + 1, [@]oid +1) =t [@new - (3.34)
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4 Algorit;hmic Details in the 1D Case and Numer-
ical Examples

In the last section we treated the elliptic solver mainly as a black box. In
fact we required only two things

1. The elliptic solver is started with a required accuracy ¢, and gives global
solutions together with an error estimate [A], which is necessary to
realize estimate (3.24).

2. The amount of work A¥,, as occurring in (3.27°) should be computable.

Another feature should also be required:

In order to realize the first requirement, it is reasonable to use an adaptive
FEM-method. This will mainly contain the following three modules:

¢ error-estimator
e linear solver
e refinement-strategy
Since we are dealing with an one-parameter family of elliptic problems
ut+rAu=f (4.1)
~ we have to require:

3. The performance of the error-estimator and linear solver should be
independent of 7, especially should work in the vicinity of 7 = 0.

4.1 Time-Step Independent Elliptic Error Estimation and Amount

of Work Principle

Here we restrict ourselves to selfadjoint elliptic operators in one space dimen-
sion. :

The difficulty for constructing 7-independent error estimators lies in the fact,
that we get a break-down of H}()-ellipticity as 7 | 0 for our bilinear form

B.(u,v) := (u,v)r2 + Ta(u,v) (4.2)
associated with the elliptic problem (4.1). In this case we get a transition

Ritz-projection — L?-projection.
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So we are led to localize the problem in order to construct an error estimator,
i.e. we solve on the subintervals of the mesh the same elliptic problem with
imposing the actual FEM-approximation as Dirichlet boundary condition.
This should give a reasonable local error estimator. Surely the local problems
will not be solved exactly, but it is enough to solve them with higher accuracy
using quadratic elements.

The 'author used in [8] norms, which are extensions of those introduced by
BABUSKA/OSBORNE [2] for the purely elliptic case, in order to get results
in the light of the third requirement of the introduction to this section. An
example is the following norm, which w1ll occur in the main result about the
error estlma.tor

Deﬁm’tion, 4.1
Let 7 > 0. We take a subdivision A (mesh) of I := [a, b}:
ca) A= {0=z0<z;<...<zp=0b}
b) h; = z;—x;o0; L=z, j=1,...,0 (4.3)
c) & = (hj+h;11)/2; 7= 1,...,n—1b .
For u € H}(I) let

llullg,a = Ilullq + Z 8lu(z;)[* (4.4)

1=1
and deﬁne H2 to be the completion of H}(I) thh respect to this norm.

In the norm || - |jo,a something like a discrete L?-norm on the mesh A is
coupled to the L2(I)-norm.
We note that on the family Sa the norms || - |jo and || - ||o,a are umformly

equivalent in the sense
ki)lullo £ ||ullo,a £ k2ljuljo for all u € Sa , (4.5)

ky, k; positive constants independent of A. This is essentially relation (4.3.c)
of {2], but can be shown in our case, linear elements, by direct computation.

Some conclusions which can be drawn from results of (8] are:

1. We have quasi-optimality of the FEM-approximation ua with respect
to the || - ||o,a norm independent of 7:

v~ ualloas < C inf s = loa (46)

C independent of A and 7. Note that for 7 > 0 and f € L? we have
u € H}(I) C HR.
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2. Adequate adaptive meshes can be characterized as follows:

C
inf |lu— <=, 4.7
inf = gloa < (4.7
C fairly independent of u, n the number of degrees of freedom. Note
that with I, the interpolation operator and a quasi-uniform mesh A
we get by (4.6)

lu —ualloa < Cllu—Iaulloa

= Cllu—Taulo
< Chuls -
3. On those adequate meshes we get
C
lu —uallo,a < el (4.8)

C fairly independent of A and 7.

This justifies our

Basic amount of work principle 4.2

Adaptive solution of an elliptic problem from family (4.1) with accuracy e |
needs

n=_C/\e (4.9)

degrees of freedom, C fairly independent of  and A.

Next we describe the error estimator: For j = 1,...,n consider the local
elliptic problems

a) w;j+71Aw;=f onl;

(4.10)
b) wj(ej-1) = ua(zj-), wilz;) = ua(s)) -
‘Relation(4.10.b) means that
w; 1= w; — ua € Hy(L;) (4.11)
and a weak formulation of (4.10.a) is therefore with
ei=u—up (4.12)
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the equation
B, (w;,v) = B, (e,v) for every v € Hy(I;) . (4.13)

Let S_,-Q C Hy(I;) be the space of quadratic finite elements on the grid
{zj-1,(z;-1 + 2;)/2,2;}, and W; € SJQ the FEM-approximation of w; on
I;, that means

B,(5;,¢) = B,(e,¢) = (f,¢) = Br(ua,p) forallp € S (4.14)

These w; are computable.

Our computable local error estimator is now

[77.7'] = “ﬁ’jHO,Ij y J=1,...,n (4.15)
and the global one

. 1/2
[] = (E[m]z) : (4.16)

i=1
For relations between [5] and 7 := ||e|lo,o Wwe have to introduce a local
(semi~)norm: j =1,...,n.
For u € HY set

lulle,a,g; = llullos; + 2hi(u(zi-1)” +u(=5)*) - (4.17)
The main result of [8] about the elliptic error estimator is:

Theorem 4.3
The following local and global estimates hold

a) ] < Kn; = Klju~-ualoa,p

(4.18)
b) ] < Kg := Klu-ualoa .

Here K denotes a positive constant independent of A and 7.

4.2 The Refinement Strategy and the Linear Solver

o The refinement strategy.
Since we are equipped with local error indicators 7;, we are able to
build a refinement strategy:

refine I; if n; > cut .

The heuristic (4.8) asks for a.‘nea.rly equidistributed error. In order to
achieve that, we determine “cut” following BABUSKA /RHEINBOLDT
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[3]: We use a simple heuristic prediction scheme to forecast what may
happen to 7; if I; is subdivided. Locally we may assume
n; = cjh;j ash; = 0. ‘ ' (4.19)

Suppose I; was generated by subdividing I3 with local error 73 obey-

ing (4.19). The n;—value after dividing I; will be thus approximately

new 7}
e = - (4.20)

Clearly now, we should refine only those elements I; which have an
nj—value above the largest predicted new n—value in the next mesh:

cut := max ;"
3

o The linear solver.
Since we treat the 1D case here, the stiffness-matrix M is tridiagonal.
So linear equations can be solved by direct Gauss-elimination without
pivoting in O(n) simple operations.
However, the global stiffness-matrix M needs not to be assembled: It
is enough to know the local stiffness—matrices M7 associated to I; using
a fronting algorithm.

4.3 Realization of Extrapolation

The elliptic-solver produces a first column of the extrapolation table as fol-
lows:

U, € SA1

U, € SA,‘ .

In order to extrapolate we consider the common mesh
k
A=Ja;. (4.21)
J=1

Surely we have U;; € Sa, which in practice is done by linear interpolation
between the nodes since U, is linear there. Now we can do the extrapolation
in the coefficient vector of the nodal basis for A. )

In 2D case (4.21) does not work, because the such defined A will in general

not be a triangulation. So we have to require that there exists a triangulation
A, that

Upr €Sa, j=1,...,k.
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This is a requirement on the A;. In this case we will call the A; compatible.
In practice this can be achieved as follows:
First we have the triangulation A, for U;;. We set A! := A,.
Given A7, j =1,...,k — 1 we construct Aj;; and A+ as follows:
The necessary refinement for A;,; is done using the tree for A7, possible
extending that tree. This extended tree will be A7*!, so that A7 and A4,
are subtrees of A7*1. That means, we have
Sajp C Sain
and '

Sai C Spin

In the same step we compute the coefficients for Uy, ...,U 41,1 in the nodal
basis of Spj+1 by linear interpolation of the nodal basis representation of Sa;.

As the above A we get A¥, for which by construction
Uﬁ €Spar, j=1,...,k.

Also we have by construction the Uj; in the nodal basis representation of
Sak. In this basis the extrapolation will be performed.

This efficient method should also be used in the 1D case. Numerical experi-
ence shows that the method is also preferable for stability reasons.
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4.4 Numerical Examples

The program KASTIX (KASkade TIme-dependent with eXtrapolation) is a
realization of the algorithm described in this paper. The 1D elliptic solver is
written in analogy to the adaptive multilevel 2D elliptic solver KASKADE
[11, 23, 24]. It is written in the language C [8].

All numerical experiments of this paper were made using double precision
_ arithmetic on a SPARC-stationl+.

One should note, that there are no parameters which had to be fitted to the
examples.

The notation used to describe the experimental results has been introduced
earlier in this paper or is self-evident, with the exceptions of

CPU = computing time in seconds on a SPARC-stationl+,

[N]work = V(Z(no. of nodal-points of time-step j)/‘r_,-) / (Zl/rj) ,
i1 i1

[Nlmem = (Zno. of nodal-points of time-step j) /no. of time-steps ,
i1

Ninaz = maximum number of nodal-points for a time-layer .

The mean-values [N]york and [N]mem are chosen to equidistribute the number
of nodal-points with respect to the same effort of work resp. memory. These
are sensible choices with respect to variable order which has the goal of
minimized work. The choice of a time-mean like in {7] would over-weight
points of higher-order time-layers.
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Example 1. Rise of a traveling wave from a trivial solution. This model
problem was created in order to examine how KASTIX handles with sudden
events. It consists in a traveling wave which suddenly travels through the
space-interval.

The solution of the problem is

u(t,z) = —0.5tanh(40(z — 10t + 6)) .

Figure 1: Traveling wave solution (Example 1).

At time ¢t = 0.59 the wave enters the interval I = [0,1], travels with speed
v = 10 through it and leaves it at time ¢ = 0.71. The PDE actually solved
numerically is the scalar heat equation with a convection term

Uy = Uy, — 10uz + f; t >0,z € 0,1},

where f, the initial data at ¢ = 0, and the Dirichlet boundary conditions
were set that u(¢,z) is the solution.

Figure 1 shows the computed solution at the time-layers chosen by the algo-
rithm. The problem was run until time ¢ = 1.
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time

0.14

space

Figure 2:

The mesh-development (Example 1).

ESTIMATED
TRUE

0.3 0.4

0.5 0.6

time

0.7

Y] 0.9 i

Figure 3: Behavior of the error-estimator (Example 1).

TOL | time- | max. | [N]work | [Nlmem | Nmaz | L®(0,T], L*(I)) | CPU
steps | order norm of true—error

*10~* 78 2 35 30 49 2.7310-3 11

10-3 94| 3 108 109 315 2.3310 — 4 71

10—* 134 4 389 430 | 2335 4.05i0 — 5 720

For higher orders we get [N]wort < [N]mem, Which nicely reflects our choice
of order to optimize the amount of work.
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Table 1: KASTIX: performance for variable order (Example 1)




Example 2. Two counter—traveling waves. This model problem has been pro-
posed by BIETERMAN /BABUSKA [7] to examine the behavior of the adaptive
mesh generation when two waveforms, having different front widths and di-
rections and speed of travel, collide and pass through each other. The solution
of this problem is

u=ul) 4@ ,

where

u(¢, z)
u®(t, )

0.25(1 + tanh(100(z — 10t))) ,
0.25(1 + tanh(80(1 — z — 30t))) ;

—

Figure 4: The two counter-traveling waves (Example 2).

u®) moves towards z = 1 at speed v = 10 and u(¥, whose front width is
25% larger than that of u(Y), moves towards z = 0 at speed v = 30. At
time ¢t = 0.025 the waves collide, almost extinguishing each other. The PDE
actually solved numerically was the scalar heat equation

u,=u,,+f;t>0,:1:€[0,l],.

where f, the initial data at ¢ = 0, and the Dirichlet boundary conditions
were set that u(t,z) is the solution.
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Figure 4 shows the computed solution at the time-layers chosen by the algo-
rithm until time ¢ = 0.07.

0.7

0.6

0.1+

i
space

Figure 5: Mesh-development for the two waves (Example 2).

Figure 5 clearly shows that the time-step is chosen automatically with respect
to that traveling wave which possesses the larger signal-velocity.

T

03 0.4 05 0.6 0.7
time ( *+ E-01)

Figure 6: Behavior of the error-estimator (Example 2).
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TOL | time- | max. | {Nlwork | [Nlmem | Nmaz | L%([0, T}, L*(I)) | CPU
steps | order norm of true—error

*1072% 86 2 53 50 81 4.650—3 32

10-3 98 3 163 203 507 394,04 247

5.1074 130 3 218 261 731 1.6310 — 4 426

2.10"1 175 3 408 488 | 1256 6.9310 — 5 1169

10~4 87 4 949 1244 | 3201 5.141— 5 2358

* run represented in Figs. 4-6
Table 2: KASTIX: performance for variable order (Example 2)

Once more we get for higher orders {N]uork < [N]mem, Which nicely reflects
our choice of order to optimize the amount of work. We also observe that the
number of time-steps is nearly constant and drops when the next order in the
time discretization is activated, which is a known advantage of extrapolation—
methods for ODE’s. This occurs here since we have no stationary-phases as
in the other examples.

Finally we study the effect which results if we fix the order of the time dis-
cretization at order 2, in which case we still can control time-steps adaptively.

TOL | time~ | [N]work | [Nlmem | Nmaz | L=([0,T7, L*(I)) CPU
steps norm of true—error

10—* 92 54 51 84 4.6410 — 3 36

10-3 414 138 128 247 8.42190 -4 418

5.10~% 632 207 188 407 7.14;0 — 4 953

2.1074 1114 298 271 712 3.5010 — 4 2490

10~* | > 1084 — fail — > 2.14;0 — 4 > 4104

Table 3: KASTIX: performance for fixed maximum order 2 (Example 2)

We observe a drastic increase of time-steps, which leads to more CPU-time
and, which is more serious, to more need of storage for the solution-data.
We also see that [N]work > [N]mem, Which had to be expected. Moreover the
large number of time-steps yields an error-propagation, which the algorithm
is not able to trace. Thus we get global errors exceeding the tolerance TOL,
if TOL < 1073, For TOL = 10~* the propagation gets too much influence,
so the algorithm even fails. Thus beside other advantages the variable order
case appears to be more reliable.’

TOL | variable order fixed order | factor
no. of points | no. of points | of save

10-* 4300 4692 1.09
10-3 19894 52992 2.66
5.10"* 33930 118816 3.50
2-107% 85400 301894 3.54

Table 4: Array storage comparison (Example 2)
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Example 3. Point-source. This model problem, which is essentially a 1D
version of Example 1 in ERIKSSON /JOHNSON [14], has been proposed by the
author in [8] to test the time-stepping procedure. We solve the homogeneous
heat equation with the following approximate §—function as initial data:

uo(z) = 250 exp(—2502?) .

The Dirichlet boundary conditions are chosen to model on I = [0,2] the
evolution of ug on the whole real axis.

Figure 7: Evolution of point-source, time in log-scale (Example 3).

Because of the exponentially decay of the solution as shown in Figure 7 one
expects an increase of the time—step according to a power-law, which really
occurs automatically in the performance as shown in Figure 8.

gize of time—step

I 10~ 109 107t 10~ 1 10 10t
time .

Figure 8: Automatic increase of the time-step (Example 3).
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space

Mesh-development for the point-source (Example 3).

107
10—+ 10 e T T Yo b R R
time
Figure 10: Behavior of the error-estimator (Example 3).
TOL | time- | max. | [Nlwork | [Nlmem | Nmaz | L=([0,T],L*(I)) | CPU
steps | order norm of true—error

*5.1077 36 2 59 32 135 9.8219 — 2 3
5.10-2 111 2 141 96 804 2.0810 — 2 28
5-10~3 186 3 888 311 [ 2601 12740 —3 236

Table 5: KASTIX: performance for variable order (Example 3)

* run represented by Figs. 7-10

In this case the solution runs into the stationary zero—solution. Thus the
algorithm chooses very early the low order 2 in time. This causes [N]york >

[Nlmem here.
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