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Abstract:
In [6]-[9] the first author published an algorithm for the conversion of analytic func-

(o]

tions for which derivative rules are given into their representing power series > ajz*
k=0

at the origin and vice versa, implementations of which exist in MATHEMATICA [19],

(s. [9]), MAPLE [12] (s. [4]) and REDUCE [5] (s. [13]).

One main part of this procedure is an algorithm to derive a homogeneous linear
differential equation with polynomial coefficients for the given function. We call this
type of ordinary differential equations simple.

Whereas the opposite question to find functions satisfying given differential equations
is studied in great detail, our question to find differential equations that are satisfied
by given functions seems to be rarely posed.

In this paper we consider the family F' of functions satisfying a simple differential
equation generated by the rational, the algebraic, and certain transcendental func-
tions. It turns out that F' forms a linear space of transcendental functions. Further
F is closed under multiplication and under the composition with rational functions
and rational powers. These results had been published by Stanley who had proved
them by theoretical algebraic considerations.

In contrast our treatment is purely algorithmically oriented. We present algorithms
that generate simple differential equation for f+g, f-g, for (r rational), and foxP/?
(p, g € Nyp), given simple differential equations for f, and g, and give a priori estimates
for the order of the resulting differential equations. We show that all order estimates
are sharp.

After finishing this article we realized that in independent work Salvy and Zimmer-
mann published similar algorithms. Our treatment gives a detailed description of
those algorithms and their validity.

1 Simple functions

Many mathematical functions satisfy a homogeneous linear differential equation with polynomial
coefficients. We call such an ordinary differential equation simple. Also a function f that satisfies



a simple differential equation is called simple. The least order of such a simple differential equation
fulfilled by f is called the order of f.

Technically there is no difference between a differential equation with polynomial coefficients,
and one with rational coefficients, as we can multiply such a differential equation by its common
denominator, so we may consider the case that the coefficients are members of the field K[z| where
K|[x] is one of Q[z], R[], or C|x].

Examples of simple functions are

1. all rational functions p/q (p, ¢ polynomials) are simple of order 1: pq f + (pqd — qp') f =0,
2. all algebraic functions f are simple (see e. g. [2]-[3],[18], and [10]) of the order of f,

3. the power function z® satisfies the simple differential equation = f — a f = 0,

4. the exponential function ¢* satisfies the simple differential equation f — f = 0,

5. the logarithm function In z satisfies the simple differential equation = f' + f' = 0,

6. the sine function sin x and the cosine function cosx satisfy the simple differential equation
f"+f=0,

7. the inverse sine function arcsinz and the inverse cosine function arccosz satisfy the simple
differential equation (22 — 1) f + 2 f' = 0,

8. the inverse tangent function arctan x and the inverse cotangent functions arccot x satisfy the
simple differential equation (1 + 2?) f" +2x f' = 0,

9. the inverse secant function arcsecz and the inverse cosecant function arccscz satisfy the
simple differential equation (22 — z) f” + (222 — 1) f' = 0,

10. the error function erf x satisfies the simple differential equation f’+ 2x f' = 0.

Note that for rational functions with rational coefficients, algebraic functions given by a rational
coefficient equation, the power function for @ € @, and in all other examples we have K[x] = Q[x].
Also many special functions are simple with K[z] = Q[z]: Airy functions (see e. g. [1], § 10.4),
Bessel functions (see e. g. [1], Ch. 9-11), all kinds of orthogonal polynomials (see e. g. [16], [17]),
and functions of hypergeometric type (see [6]).
Not all elementary transcendental functions, however, are simple, the simplest example of which
probably is the tangent function tanz, compare [15], Example 2.5.

Theorem 1 The functions tanz and sec z do not satisfy simple differential equations.

Proof: It is easily seen that the tangent function f(z) = tanz satisfies the nonlinear differential
equation
fr=1+12 (1)
Differentiation of (1) yields after further substitution of (1)
=0+ =2ff=2f0+1,

and inductively we get representations of f*) = P,(f) (k € IN) by polynomial expressions B, in f.



Assume now, the tangent function would satisfy the simple differential equation
n
Zpk. %) =0 (pr polynomials) , (2)
k=0

then we can substitute f*) by P, arriving at an algebraic identity for the tangent function. This
obviously is a contradiction to the fact that the tangent function is transcendental, and therefore
a differential equation of type (2) cannot be satisfied.

Let us now consider f(x) = secz. In this case we may establish the nonlinear differential
equation

f/2 — f4 _ f2
from which, by differentiation, the second order differential equation
fr=21—f (3)

follows. If now a simple differential equation (2) would be valid for f, then also

n
pf == pef®,
k=0
kA1
and taking the square we get

2
n
pifP=pt(f ==Y pef®
=3
If we substitute (3), and the corresponding representations for f*) (k = 3,...,n) which we get by

differentiating (3), we arrive at an algebraic identity, and the conclusion follows by the transcen-
dency of f, again. O

By similar means we see that the elementary functions cot z, and csc x as well as the corresponding
hyperbolic functions are not simple. Moreover, the generating functions

T > xk /2 > B, aF
-3 BT d —y kT
er — 1 ;;) ST o et +1 ,;)2k+1 k!

of the Bernoulli and Euler numbers By, and Ej (k € INy) (see e. g. [1], (23.1)) satisfy the nonlinear
differential equations

f2
4
respectively, and so by a similar procedure are realized not to be simple. As exactly the simple
differential equations correspond to simple recurrence equations for the Taylor series coefficients
(see e. g. [6]), this implies the following

Fe(0-nf-p),  ad et

Corollary 1 Neither the Bernoulli nor the Euler numbers satisfy a finite homogeneous linear
recurrence equation with polynomial coefficients.



2 Construction of simple functions

If simple functions are given, then we may construct further examples of simple functions by the
following procedures: integration, differentiation, addition, multiplication, and the composition
with certain functions, namely rational functions and rational powers. Before we prove this main
result, we consider an important particular case. We will prove that if f is simple, and ¢ € IN, then
fo 21/ is simple, too. To get this result, we need the following

Lemma 1 Let f : D — R be infinitely often differentiable, let be D C R" # (), and let ¢ € IN
with ¢ > 2 be given. Consider the function h : D — R with h(z) := f(a%/9).

(a) Then we have for r € N with 1 <r <qg—1

21 f @) =37 g b () (4)

with constants C? grk» 10 particular

Chi=a, Coi=q(g—1)--(¢g—r+1), and C),.=q",

and

f(q 1/q Z Cl k1 h(k')(a:) (5)
with constants C, [0k 11 particular

0301 =q!, and C;Oq =q?.

(b) Further for s € IN we have
f(sq 1/q Z CS k=3 p(F) (z)

with constants Cgy,, in particular

3,0,5(] = qsq ) (6)
and forr e Nwith 1 <r<g¢g-1
sq+r
2 f(SQ-H’ 1/q Z CS 2F=s (k) (.T)
k=s+1
with constants Cg ., in particular
Cgr sq+r — q5q+r . (7)



Proof: Differentiating the identity f(x'/9) = h(x), we get
29 (@) = qu W (x) ,
a further differentiation yields
2?1 [ ) + 2t f (@) = P b (@) + P 2? B ()
and therefore
a1 = q(q— 1) W (z) + 2 B (z) .

Differentiating once more and rearranging similarly, gives
x?)/q f”/(l‘l/q) _ q(q o 1) (q_ 2) J)h’(l‘) + 3q2 (q o 1) .7,‘2 h”(l‘) + q3 .7,‘3 h”/(l‘) )

Assume now, for r € N with 1 < r < ¢ — 1 the relation
2"/ ) (xl/q) — Z Cf}rk 25 B (z)
k=1

with
Crl_q(q_l)(q_r—i_l)v and Cgr’r:qr

is valid, then by another differentiation we get

2(rtD/q f(r+1)(x1/<J) = (qg—r) Ogrlx h'(z)

=+ (kg =) Chy+9CYsr) 2" KO (@) + g O 2™ R ().
k=2

For r < g—1, we set
Corsr1=(¢—7)Cor=alg—1)---(¢g—r),
Cg,r+1,r+1 = chrr =qq = qr+1
and
Cg,r+1,k: = (kq—r) Cf;rk + qu,r,k—l 2<k<r).
For r = ¢ the same method applies, if we set

0 —
Cqu Cq,q—l,l - q' ’

1 . 0 _ -1 _
Cook = 0Cqq-14-1=0a9" =¢*,
and

Cqu; =((k-1)qg+1) Cg,q—ug + qu,q—l,k—l (2<k<qg-1),

which proves (a).
To prove (b) we assume that for some s € N

(Sq l/q ZCS k—s (k) ( )



with
s _ .8q
q.0,s¢ — 4 -

If we define the functions f; and hs by

fs(x) = f(sq) (z), and Z Cook

then we may apply (a), and get for 1 <r < ¢ — 1 that

2T f(r z1/9) Z LT h(k‘ (),
and further
fs(q l/q ch k— lh(k ( ) ’
hence .
27/ o) (1) = 3760 ok BB (a)
k=1
and
f((s+1 l/q Z Cl k 1 h(k ( ) )
To finish our proof, we will calculate the derivatives hs (k=1,...,

P Sh(J )

ZCS

and therefore

k‘sh(k()

(9)

q) algorithmically. We have

sa=4 plsat1) (z) |

sq
B.(z) = chojxj—s h(j+1 )+ Z xj 5= 1h(])( )
j=s J=s+1
sq+1
= ZC xJSIh(] —I—Z CS xJSIh(J)()
J=s+1 J=s+1
Sq . .
= > ((j— s) Cqoj + Cy Oj—l) a7t h(J)(x)‘FC;,o,sqx
Jj=s+1

We may write this as
sq+1

Z Dlxj =1 R0 (2)

Jj=s+1

pl.— { (7 = 5) Cgoj + Ca0,1
J s — 459
a,0,s¢ — 4

h/

with

ifs+1<j<sq
ifj=sq+1



Continuing iteratively in the same fashion, we get representations

sq+k
Ak (a Z Dk 27 7F pU) ()
j=s+k
with
Dt Dl 4 (j—s—k+1)DF'  ifs+k<j<sqt+hk-1 (10)
J q*? ifj=sq+k
We substitute these equations in (8) to get
r sq+k
g plsatr) (g 1/a) Z Z D;f: 277 W9 (z) .
k=1 j=s+k
For j with s+ 1 < j < sq + r we use the notation
Mj={keN |[1<k<r and s+k<j<sq+k}.
Then Mgyqr = {r}, and
sq+r
r/q (sq+7’ l/q s J=s p(j)
X f qu].’L' h‘ ( )
J=s+1
with
Corj * Z
keM;
for s+1<j<sq+r,in particular
Cgr sq+r = C((])rr ;q—f—r - qr qsq = q5q+7’
proving (7).
To prove (6), we substitute Equations (10) in (9) to get
(s+1)q
flstha) (g 1/a) Z CSJ’.I 277 pU) ()
J=s+1
with
+1 . 1k
Cetl =" Coon D}
keM;
for s+1<j<(s+1)gq, in particular
+1 _ 1 _ (541
C;O (s+1)q C’qu ng—f—q =qq’’ = q(s )a
finishing our proof. O



Remark 1 We remark that one easily can establish that all constants (., are integers. Further,

we note that using the differential operator 6, := qx % (compare with the proof of [6], Theorem
8.1) Equation (4) gets the simple form

21 fO ) = 0,0, 1) (0, —2) -+ (6, — (r = )h(z)  (1<r<q).

Next we give some applications of the lemma. First assume that f/ = f, a solution of which
is given by the exponential function f(z) = €*. Then f@ = f and so f(@(z'/9) = f(x/7), and

xl/a

therefore we get for h(z) :=€” " the differential equation

ch klh(k h,

e. g. for ¢ = 3 we have the differential equation for e
2712* " + 542 b+ 60 =h.
Further we consider the homogeneous Euler differential equation

Z apz® fF =0 (11)
k=0

with constants ax (k= 0,...,n), a, # 0. As by the Lemma we have

ro¢(r) (k‘ _
O, = Z @) (1<r<q-1),
q
OO, = D Cl h P a)
= k=1

5q
e = S Caat (@) (se W),
k=s

and
sq+r

satr f(sq+r ’ Z LT h(k ) (1 <r<g- 1) ’
k=s+1

we immediately conclude the following

Corollary 2 Assume, the function f satisfies a homogeneous Euler differential equation (11) of
order n. Then the function f o 21/9 satisfies a homogeneous Euler differential equation of the same
order n. O

As an application of Corollary 2 we get

Corollary 3 Assume P is a polynomial of degree n, then P o #/7 satisfies a homogeneous Euler
differential equation of order < n + 1.



Proof: P satisfies the differential equation 2+1 f(»+1) = (. O

Our next step is to prove another lemma which we will need to prove that if f is simple, and ¢ € IN,
then so is f o z/4.

Lemma 2 Let f : D — R be an infinitely often differentiable function that is simple of order
n, let be D C R # 0, and let ¢ € IN with ¢ > 2 be given. Consider the function h : D — R
with h(z) := f(2'/9). Then the linear space L; over K[z] (i.e. with rational function coefficients)
generated by the functions 27/ f(¥) (21/9) (, k € Ng) has dimension < ng.

Proof: ~ Given simple f of order n, the linear space Ly is generated by the functions of the INg x IN

matrix

’ fw, i), 2w, . v ),
@), v, ¥y, .. v [f),
W, v, vy, ... vy ),
), yfPw), P, ..., v Py,

using the abbreviation y := /7.

At most the first ¢ expressions f(x/9), 21/9 f(21/9), ... 2@=1/4 f(21/9) of the first row are
linearly independent (over K[z]) as the expressions for r = sq (s € IN) depend linearly on the first
expression f(y) (y*? = x° is a polynomial), further the expressions for r = sq¢ + 1 (s € IN) depend
linearly on the second expression y f(y), and so on. The same conclusion follows for each other row
so that we obtain that Ly is generated by the ¢ x Ny matrix M

fw, yfw), ¥ fw), - yf),
'@, uf'w), e, ... ¥y H(y),
W), vy, ), .y (),
), yfPw), PP, ..., ytrk(y),

Now, we consider the first column. We will show that at most the first n expressions of this column
are linearly independent. By the given simple differential equation for f there are polynomials p,
and py (k=0,...,n— 1) such that

y) f™(y Zpk ) Py

or

pla'/n) £ a/) Zpk ) f 0 at ). (12



If p(2!/9) turns out to be a polynomial in x, then this equation tells that f) (x/7) depends linearly
(over K[z]) on the elements z"/9 f*) (/%) (r € Ny, 0 < k < n—1) of the rows above in our scheme.
As this, however, is not necessarily the case, we construct a polynomial r such that p(a/7) r(21/9)
is a polynomial in x.

Therefore we use the complex factorization p(y) = c¢(y — ) (y — y2) - - - (y — ym) of p, and by
the identity

qg—1

o

Y-yl =w—w) > Yy
=0

we see that multiplication of p by the polynomial

H(Zy yl o j)

=1

yields a polynomial s in the variable 29. Even though, for technical reasons, we use a complex
factorization, it turns out that r € R[z] (Q[z]) if p € R[z] (Q[z]). Hence P(z) := s(aM/7) =
p(z'/9) r(x1/9) is a polynomial in . Thus we see that multiplying (12) by r(y) generates the
representation

P(z) f(n 1/q Zpk 1/q f(k'( 1/q)

with polynomials P, and B, (k=0,...,n—1).

This equation tells that f( (.7}1/ 7) depends linearly on the functions of the rows above. Similarly,
by an induction argument, fU)(z'/9) (j > n) depend linearly on those functions 2//9 f()(21/4)
(0<r<gqg—1,0<k<n-—1)of the first n rows of M.

Considering the other columns, the same argument can be applied to show that ¢/ @) (y) depend
linearly on the functions of the first n rows of M. This shows finally that L is generated by the
n q functions /9 f(k) (.%‘l/q) (0<r<g—1,0<k<n-—1), and therefore has dimension < ng. O

Lemma 1 shows immediately that for h := f o #'/9 the linear space L over K [x] generated by
h,h' B, ... is a subset of Ly (declared in Lemma 2), and so by Lemma 2 is of dimension < ngq.
Thus we have proved the following Theorem (compare [15], Theorem 2.7, [14], MAPLE function
algebraicsubs).

Theorem 2 Let f be simple of order n, and let ¢ € N. Then f o 2}/7 is simple of order < ngq. O

Whereas Theorem 2 gives a complete answer with regard to the existence of a simple differential
equation, in [15], Theorem 2.7, it is shown that this is true for the composition with each algebraic
function ¢(z) with ¢(0) =)), it does not tell anything how such a differential equation may be
obtained. Therefore we continue to describe an algorithm that generates the differential equation
of lowest order for h, which gives a second proof for Theorem 2.

Algorithm to Theorem 2: Given the differential equation

Z pr(x f(k (pk polynomials (k= 0,...,n), p, #0) (13)

10



for f we have to construct a simple differential equation for h(z) := f(2!/9) (¢ € N,q > 1). In

this construction Lemma 1 will play a key role as it did in the proof of Corollary 2. Therefore we

prepare the given polynomials p in the following way: If P(z) = Z a; 27 is any polynomial with
ji

an # 0, then we decompose P by the g polynomials

N
P, (x):= Z a; o (m=0,1,...,q—1)

Jj=0
j=m’(mod q)

in the form
q—1
= Z P (z)

and P is the zero polynomial if and only if B, is the zero polynomial for all m =0,1,...,q— 1. If
m € {0,1,...,¢— 1} then j = m (mod q) if and only if j = s;¢ +m with s; € Np. Therefore we
have

P, (x)=2m Z a; x¥9 .
jzmj(:n?od q)

If we set
N

Ph(y) = Z aj y*

j=0
j=m’(mod q)

we have P, (x) = 2™ P} (z9), and therefore we arrive at the decomposition P(z) = Z ™ Py (x9)

with the polynomials P} . For the degrees of the polynomials F (y) we obtain the relatlons

< sy (0<m<ry)
deg P (y){ = sn (m=rn) : (14)
< sy—1 (re<m<gq-1)

and Py (y) # 0, where we use the representation N = sy ¢+ry (sy € Ny, 7y € No, 0 < ry < g—1).
Now we continue with (13). We differentiate (13) iteratively I := n(q — 1) times to get the

equations
n+l

Zpkz ) fP) (15)

with polynomials py; (I =0,1,...,0"), and we note that p,1;; = p, # 0, and that pyo = px. These
form a set of I* + 1 =n(¢ — 1) + 1 equations.
We decompose each polynomial pg; (I = 0,1,...,1*) in the way introduced above to get

Pri(w Z " Qpim (27)

11



with polynomials Q. This brings our I* + 1 equations (15) into the form

n+l q—1

>3 Qunla?) (2™ fP (@) = 0 (1=0,1,...,0". (16)

k=0 m=0

If we write k = sy ¢+ 1% (s € No, 7. = 0,1,...,¢— 1), a brief look in Lemma 1 shows that for
the purpose to arrive at a differential equation for h the “variables” to be eliminated in the above
equations are the terms (wm ) (J})) where m € {0,1,...,q — 1} \ {rx}. Every derivative f*) so
generates ¢ — 1 unknowns, and as we have ng+ 1 derivatives, these are (ng+1)(¢—1) = q(I"+1)—1
unknowns. Therefore we need to generate ¢ equations out of each of our [* + 1 equations (16)
to arrive at a set of ¢(I* + 1) equations, i. e. enough equations to yield the differential equation
searched for.

This is done by multiplying each of the equations (16) by the factors 2 (p = 0,...,q — 1)
generating the ¢(I* + 1) equations

n+l g+p—1 ntlg-1 '
S Quimp@® (27 fP (@) = 303" Qupila?) (7 P (@) =0, (17)
k=0 m=p k=0 j=0

(lzovlv"'vl*v k:skq—i_rkv sk € N, rk:(),l,...,q—l,sz,l,...,q—l)

of the ¢(I* + 1) — 1 unknowns (J)j ) (;U)), where we use the abbreviations

) o ka‘,l,q—f—j—p(y) lfj = 07 Y 2 1
Quripj (y) == { Qrtip(y) i i=p,. g1 (18)
and

Qri0j(y) = Qnij(y) (j=0,1,...,g—1). (19)

We will show that these unknowns always can be eliminated, therefore arriving at a differential
equation of order nq for h.

We note, that if we differentiate (13) iteratively, generating g new equations at each step by
multiplication with 2# (p = 0,...,¢ — 1), and checking at each step if the unknowns can be
eliminated, this algorithm obviously results in the differential equation of lowest order valid for h.

Now we show that in the last step the algorithm always succeeds. Therefore we rewrite the
equations system (17) using the ¢ X ¢ matrices

Ap(y) = (lepj(y))pj :

With the aid of these matrices each block of equations with fixed | can be written as the matrix
equation
F®) ()
n+l J}f ®) (J))
Z Akl(l‘q) fo(k) (J)) =0.
k=0 :

()

12



Because of (18) and (19) the matrices Ay (y) are of the following special form

Qrio(y) Qi (y) Qu2y) - Qrig—2¥) Qrig—1(y)
Y Qrtq-1(Y) Qrio(y) Quiy) - Qrig—31) Qrig—2(y)
YQuig—2®) YQrig—1(y) Qro(y) - Qrig—4ay) Qrig—31)
Auly) = . . . .- . .
Y Qri2(y) yQus(y)  yQualy) - Qro(y) Qrn(y)

Y Qrin(y) yQu2(y)  yQus(y) - yYQkig1(y)  Quo(y)

n+l q—1
From the relations Y. pgi(z) f(k')(x) = 0 with p(z) = 2™ Y Qrim(x?), Pntii(z) = pu(z) #Z 0,
k=0 =

- R
and pro(x) = pr(z) we see that the matrix Ay (y) is completely determined by the polynomial
pri(z), and we have

An-i—l,l(y) = AnO(y) = An(y) .

In particular, the matrix A, (y) is completely determined by the nonvanishing coefficient polynomial
pn(z) of £ in the original equation (13). We will show now that the matrix A4,(y) is invertible.

N .
Let pp(xz) = Y aja? with ay # 0, N = syqg+ry (sny,7v € N, 0 < 7y < ¢ —1). We have
j=0

q—1
pn(z) = pro(x) = 2™ 3. Qnom(z?). If we use the notation Qn,(y) := Qnom(y), then for @, the
m=0

degree relations (14) read

< sy (0<m<ry)
deg Qm(y){ = sn (m=rn) ,
< sy—1 (r/<m<gq-1)

and we have @), # 0. This information leads to the following observations about the degrees of
the polynomial entries of the matrix A,: The entries of A, for which the difference of colomn index
and row index A is > (ry + 1) (region I) have degrees < sy — 1, the entries for which 0 < A < ry
(region II) have degrees < sy, further if —ry +1 < A < —1 (region III), then the degrees again
are < sy, and finally if A < —ry (region IV), then the degrees are < sy + 1.

Assume next that p,(0) # 0, then we get |A4,(0)| = QF(0) = pZ(0) # 0, and therefore A, (y)
is invertible. To obtain the same result if p,(0) = 0, we use our degree observations. By the
Weierstrafl representation of the determinant D = |dj;| of a ¢ x ¢ matrix (d;x)

D = Z sign 7 d177r(1) d2,7r(2) T dqﬂf(t])
TESy

where the sum is to be taken over all permutations m € S;, we observe that in the Weierstrafl
representation of the determinant of our matrix A, (y) the summands

Qi) £y Ql(y), ..., £y QL (1), ...y Q!_ (y)

occur. Now it follows that

deg (4™ Q1 (1)) = qsn + v = N = deg pa(x) > 0,

13



and for all other summands P(y) using our degree observations we get the relation
deg P(y) < gsy +rn =N .

Hence the degree of |A,(y)| equals N, thus |A,(y)| cannot be the zero polynomial, and A, (y)
therefore is invertible.
Using the inverse A, !, we can now write

Fr () F¥(x)
z f ) () -1 z f*)(x)
0@ | == 3 A @A) | 2 O) (1=0,....,I%.
. k=0 .
xq—lf(;z+l) (z) xq—lf(k‘) (z)

Using the fact that the inhomogeneous parts of these equations do not vanish, it is now easily
established that the unknowns (J}j f (k')(x)) can be eliminated, which finishes the algorithm. O

After these preparations we are ready to state our main theorem (compare [15], [14]).

Theorem 3 Let the two functions f and g be simple of order n and m, respectively, and let r be
rational. Then

(a) /f(x) dx is simple of order <n +1,

b) f' is simple of order < n
c) f-+g issimple of order <n+m,

(

(

(d) f-g issimple of order < nm,
( for is simple of order < n ,

(

foaP/d (p,q € Z) is simple of order < ngq .

Proof: (a): Let h = [ f(x) dx, and let f satisfy the simple differential equation (2), then obviously
Zpk h(k—l—l) =0,
k=0

and so h is simple of order < n + 1.
(b): Let h = f’, and (2) be valid. If py = 0 then (2) is a simple differential equation valid for h,
and so h is simple of order n. If py # 0, however, then, dividing by py, we write (2) as

F=3 (20)
k=1

with rational functions r,. If we differentiate the original differential equation, we get a further

differential equation
n+1

> P fM =0
k=0
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with polynomials B, (k = 0,...,n+ 1). We substitute f by (20), and multiply by the common
denominator to get a simple differential equation of order < n for h.
(c): First we give an algebraic argument for the existence statement. Let f and g satisfy simple
differential equations of order n and m, respectively. We consider the linear space Ly of functions
with rational coefficients generated by f, £, f", ..., f® . ... As f,f,..., f" are linearly depen-
dent by (2), and as the same conclusion follows for f', f", ... f (n+1) by differentiation, and so on
inductively, the dimension of L; is < n. Similarly L, has dimension < m. We now build the sum
Ly + L, which is of dimension < n+m. As f+g, (f+g),...,(f+g)¥), ... are elements of Ly + L,,
arbitrary n + m 4 1 many of them are linearly dependent. In particular, f + g is simple of order
<n-+m.

Now we like to present an algorithm which generates the differential equation for the sum: We
may bring the given differential equations for f and g into the form

n—1
f=3"p; 9 (21)

=0

and .
g™ =3 g g™, (22)

k=0

with rational functions p;, and g respectively. By iterative differentiation and recursive substitution
of (21), and (22), we generate sets of rules

n—1
f(l)zzpé.f(j) (l=n,...,n+m), (23)

=0

and 1
g =Y g g® (=m,....n+m), (24)

k=0

with rational functions pé», and qu, respectively. Now, by iterative differentiation of the defining
equation h := f + g, we generate the set of equations

h = f+g

h/ — f/ _|_g/

h// — f//+g// ) (25)
pvtm)  — platm) | g(etm)

Next, we take the first max{n, m} of these equations, and use the rules (23) and (24) to eliminate
all occurences of f) (I > n), and g (I > m). On the right hand sides remain the n + m variables

fO@=0,...,n=1)and g (I1=0,...,m—1). We solve the remaining linear system of equations
for the variables hY) (I =0,..., max{n, m}) trying to eliminate the variables f) (I =0,...,n—1)
and g (Il =0,...,m—1). If this procedure is successful, it generates the simple differential

equation for h, searched for.
If the procedure fails, however, we go on taking the first max{n, m} + 1 of equations (25),
doing the same manipulations, and so on, until we take the whole set of equations (25), where the
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procedure must stop.

(d): This situation is handled in exactly the same way as case (c). The only difference is that to
differentiate the product h := fg we use the Leibniz rule, and the variables to be eliminated are
the nm products f(j) g(k') (j=0,...,n—=1, k=0,...,m—1). It is easily seen that this procedure
generates a differential equation for h of order < nm.

That the algorithm stops is seen by the fact that finally we arrive at a set of nm 4 1 equations
with nm variables to be eliminated, where all equations actually possess a nonvanishing inhomo-
geneous part h(1).

(e): Let h := f or for some rational r, and let f satisfy (2). We compose (2) with r, and get

0= Z(pk.or) (f®or) = Z qK (f(k')or) (gr rational functions) . (26)
k=0 k=0

Differentiating the identity h = f o r leads to
W = flor-v"  or  flor=Hn/",
" / " /! /2 1! 1 " / " 1 " r” !/
B = flor-r"+ for.r or for:m(h —for'r):mh—wh ,
and inductively it follows

k
k) — Z T - (f(j)or) (r; rational functions) .
j=1

Solving for f*)or and substituting the previous results we are lead to a representation

k
fHFop = Z R; - BG)

j=1

with rational functions R;.

Substituting these results in (26) and multiplying by the common denominator yields a simple
differential equation for h, and we see that the order of h is < n.
(f): The statement follows immediately by an application of Theorem 2 and (e). O

Remark 2 We remark that again our proofs provide algorithms to generate the differential equa-
tions searched for.

Further we note that by Theorem 1 the functions 1/g and f/g in general are not simple, if f
and g are, as secx = 1/ cosz and tanz = sin x/ cos x show.

Note that Theorem 3 (f) generalizes Theorem 8.1 in [6].

The following consideration strengthens Theorem 3 (c), and brings it in connection with the fun-
damental systems of simple differential equations.

Corollary 4 Assume, f satisfies a simple differential equation F' of order n, g satisfies a simple
differential equation G of order m, and F' and G do not have any common nontrivial solution.
Then the order of any simple differential equation satisfied by the sum h:= f+gis > n+m. In
particular, h satisfies no simple differential equation of order < n + m, and exactly one differential
equation H of order n 4+ m which is generated by the algorithm given in Theorem 3 (c).
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Proof:  Let fi, fo, ..., fn be a fundamental system of the differential equation F', and ¢, g2, - - -, gm

be a fundamental system of the differential equation G. Then fi, fo, ..., f,, are linearly independent
(in the usual sense), and g1, g2, . . ., gm are linearly independent, as well. Assume now, the n + m
functions fi, fa, ..., fu, 91,92, ..., gm are linearly dependent. Then there are constants a; (k =

Jy---,n)and by (k=1,...,m), not all equal to zero, such that

n m
dajfi+ Y begr=0. (27)
j=1 k=1
From the linear independence of the subsets fi, fo, ..., fn, and g1, g2, . . ., gm it follows that at least
one of the numbers a; (j = 1,...,n), and one of the numbers b, (k = 1,...,m) does not vanish.
n m
Therefore by the linearity of ' and G the functions f := }_ a; f; and g := — >~ by gs are solutions
j=1 k=1

of F, and G, respectively, which by (27) agree, and we have a contradiction.

Thus we have proved that fi, fo,..., fn, 91,92, -, gm are linearly independent. As the zero
function is a solution of both F, and G, it turns out that fi, fo,..., fu, 91,92, . . ., gm must satisfy
any linear differential equation H for the sum, and so form a fundamental system for H. Therefore
the order of H is > n + m. O

We mention that, on the other hand, if the algorithm presented in Theorem 3 (c) generates a
differential equation of order < m + n for h := f + g, then the simple differential equations F' for
f and G for g must have a common nonzero solution, i. e. the fundamental systems F' and G are
linearly dependent. We gain this insight without solving any of the differential equations!

From Theorem 3 (d) a similar statement can be obtained for the product h := fg: If our
algorithm generates a differential equation of order < nm for h, then the product of the fundamental
systems Sp and Si of F and G, i. e. the set {f g |f € Sp, g € Si}, is linearly dependent. Again,
we gain this insight without solving any of the differential equations.

In connection with Theorem 3 (d) for the product h := fg we note that for the special case of
the square h := f2 = f - f the bound for the order of h can be considerably strengthened.

. L . . n(n+1
Corollary 5 Let f be simple of order n, then h := f? is simple of order < (T)

Proof: A careful study of the algorithm given in the proof of Theorem 3 (d) shows that the order

cannot exceed n(nTH) This depends on the fact that the variables to be eliminated are the n(nTH)
different products f@) f®) (j=0,....,.n -1, k=0,...,n— 1). O

3 Algorithmic calculation of simple differential equations

Theorem 3 enables us to define the linear space F' of functions generated by the algebraic functions,
exp z, Inz, sin x, cos z, arcsin z, arctan z, (and, if we wish, further special functions satisfying simple
differential equations,) and the functions that are constructed by an application of finitely many
of the procedures (a)—(f) of Theorem 3. The theorem then states in particular that F' forms a
differential ring.

The algorithm which generates the simple differential equation of lowest order for f given in
[6]-[9] is strengthened by Theorem 3.
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Algorithm 1 (Find a simple differential equation) Let f € F. Then the following procedure
generates the simple differential equation of lowest order valid for f:

(a) Find out whether there exists a simple differential equation for f of order N := 1. Therefore
differentiate f, and solve the linear equation

f(@)+ Aof(z) =0

for Ap; i. e. set Ag := —J}/((if)). Is Ap rational in z, then you are done after multiplication with

its denominator.

(b) Increase the order N of the differential equation searched for by one. Expand the expression
F @)+ Axa fYD @) o+ Aof(a)

and check, if the summands contain exactly N rationally independent expressions (i. e.:
linearly independent over K[z]) considering the numbers Ay, Ay, ..., Ax_1 as constants. Just
in that case there exists a solution as follows: Sort with respect to the rationally independent
terms and create a system of linear equations by setting their coefficients to zero. Solve this
system for the numbers Ay, A1, ..., Ay_1. Those are rational functions in z, and there exists
a unique solution. After multiplication by the common denominator of A, A1,..., Axy_1 you
get the differential equation searched for. Finally cancel common factors of the polynomial
coefficients.

(c) If part (b) was not successful, repeat step (b).

Proof: = The proof given in [6] shows that the given algorithm indeed generates the simple differ-
ential equation of lowest order valid for f whenever such a differential equation exists. Theorem 3
now guarantees the existence of such a differential equation, and therefore the algorithm does not
end in an infinite loop. O

Remark 3 Obviously f € F can be checked by a pattern matching mechanism applied to the
given expression f, and Theorem 3 then moreover gives a priori estimates for the possible order of
the solution differential equation.

We further point out that an actual implementation of the algorithm should be able to decide
the rational dependency of a set of functions. Otherwise, it may fail to find the simple differential
equation of lowest order. An example of this type is given by f(z) := sin (2z) — 2 sinz cos z, for
which the algorithm yields the differential equation f/ 4+ f = 0 rather than f' = 0 if the rational
dependency of sin (2z), and sin x cosz is not discovered.

In a forthcoming paper [11] we discuss the more general situation of functions f that depend on
other special functions not contained in F, like Airy functions, Bessel functions and orthogonal
polynomials.

We mention that the algorithms presented in Theorem 3 can be combined to get the following
different

Algorithm 2 (Find a simple differential equation) Let be f € F. Then recursive application
of the algorithms presented in Theorem 3 generates a simple differential equation for f.
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Remark 4 We note that, in general, we cannot control the order of the resulting differential
equation as the algorithm uses recursive descent through the expression tree of the given f. Given
a sum of two functions or order n and m, however, it is easily seen that the order of the resulting
differential equation is the lowest possible order which is > max{n, m}. So with the given algorithm,
it is principally impossible to derive any differential equation of order lower than two for the example
function f(z) := sin (2z) — 2 sinx cos x as the lowest order differential equations for the summand
functions sin (2z), and sinx cos z are of order two.

This can be interpreted as follows: By construction, for a sum f := f;+ fo a differential equation
is obtained that is valid not only for fi + fo, but for any linear combination X\ fi + As fo or fi
and fo. In other words, this subalgorithm generates a differential equation for the linear hull of f
and fo.

4 Sharpness of the orders

In this section we give examples that show that the bounds for the least orders that are given in
Theorems 2-3, and in Corollary 5 in fact may be assumed.
First we consider the statement of Corollary 5. We get

Theorem 4 For each n € IN there is a function f,, that is simple of order n, such that h := f2 is

simple of order n(nTH) Indeed, an example function of that type is

fu(x) = Z e (28)

Proof: ~We show that f,,, given by (28), is simple of order n, and that f2 is simple of order n(nTH)

As each function e*" (k =1,...,n) is simple of order 1 (satisfying the differential equation
f' = ka* 1 f = 0), by an inductive application of Theorem 3 (c), we see that f, is simple of order
< n. To show that f, is simple of order > n, we first show that & (k=1,...,n) are rationally
independent. Suppose, any linear combination

rlea”—l—rgea”z—l—"'—l—rne‘vnzo (29)
with rational functions 7, (k = 1,...,n) representing zero is given. From (29) we get, assuming
e Z0

k n J
rpet = — Z rie”
=1
J#k

and dividing by 7% efﬂk, we get

-1

Jk
with rational functions R; (j = 1,...,n). For k = n, we get by taking the limit  — oo, along the
positive real axis

n—1 )

. J_.n
= S e 20
j:
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a contradiction to the assumption r, #Z 0. For k£ < n, the right hand limit

n
. gk
— lim E Rje™ ™"

T—r00
i=1
J#k

does not exist, whereas the left hand side equals 1, a contradiction to the assumption 1, #Z 0.
Therefore 1, =0 (k=1,...,n), and e (k=1,...,n) are rationally independent.

From this it follows that applying Algorithm 1 to f,, in each step n rationally independent are
involved (the derivative of & is of the same type), so that the algorithm can be successful not
earlier than in the nth step. As this algorithm always finds the simple differential equaton of least
order, the order of f,, is > n.

Next we consider the function f2. Expanding f2 we get the representation
f2($) :€2$+62$2—|—"'—|—€2$n—|—26$6$2—|—"'—|—2€$n_16$n

n

summands. An application of Theorem 3 (c), again, shows that f2

mY = atn

2 2
is simple of order < n(nTH), as each summand f := e’ 7" satisfies the simple differential equation

consisting of n+ (

f=20Ga? +ka®)f=0

of order 1. Similarly as above one realizes that ¢’ e (j,k=1,...,n (j # k)) are rationally

independent, and therefore by an application of Algorithm 1 we conclude that f? is simple of order

> n(n+1)

5, finishing the proof. O

Next we consider the statement of Theorem 2. We get

Theorem 5 For each n,q € IN there is a function f,, that is simple of order n, such that h :=
f o /4 is simple of order n¢. Indeed, an example function of that type is

fnq(x) p— zn: e:ckq+1 ' (30)

k=1

Proof: Everything follows as in Theorem 4, if we show that

f(z):=e

is simple of order 1, whereas

$kq+1

(k=1,...,n, g€ N)

rk+1/q

h(z):=e (k=1,...,n, ¢ e N)

is simple of order q. The first statement was already proven so that it remains to prove the second
statement. This, however, turns out to be a consequence, of Lemma 1 (a). We start with one
rationally independent function, namely h itself. As h(z) = f(22/7), Lemma 1 (a) shows that in
the rth differentiation step (r < ¢) for h the new summand

2" f) (/9
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is introduced. By a similar argument as in Theorem 4 one sees that for each r < ¢g— 1 the functions
involved

{h(a), 22 f/(@"/9), . a7/1 O (M)}

are rationally independent.

In the gth step, however, by (5), h(a) rationally depends on h, I, . . ., h(a=Y 5o that an arbitrary
linear combination of h, /. ...h{? contains exactly ¢ rationally independent terms, showing that h
is of order gq. O

Finally we consider the statements of Theorem 3. We get

Theorem 6 The statements of Theorem 3 are sharp which is seen by the following example func-
tions:

(a) For each n the function f,, given by (28) is simple of order n, and [ f, is simple of order n+1.
(b) For each n the function f,, given by (28) is simple of order n, and f], is simple of order n, too.

(c) For each n,m € IN there are functions f and g that are simple of order n, and m, respectively,
such that h := f + g is simple of order n + m. Indeed, example functions of that type are

n n+m

f(z):= Z e and g(z) = Z e (31)

k=1 k=n+1

(d) For each n,m € IN there are functions f and g that are simple of order n, and m, respectively,
such that h := f g is simple of order nm. Indeed, example functions of that type are given
by (31).

(e) For each n the function f, given by (28) is simple of order n, and for each rational function
r the function f or is simple of order n, too.

(f) For each n the function f,4 given by (30) is simple of order n, and for each p € IN the function
f o 2P/ is simple of order ng.

Proof: (a) By Theorem 4 f,, is simple of order n. As the antiderivative of f, is not an elementary
function, it is rationally independent, and so its order is > n + 1.

(b) As the derivatives of each summand of f,, depend rationally on f,, by the linearity the order
of f] equals n, too.

(c) In Theorem 4 we already proved that f is simple of order n, and that f + ¢ is simple of order
n + m. A similar argument shows that g is simple of order m, and we are done.

(d) If we expand the function f g, we get

n X n+m X n o m X o
f@)g@) = e 3 et =33 et e
k=1 k=n+1 k=1j=1

with nm rationally independent expressions. Thus the order of f g is > nm.
(e) By the argumentation of Theorem 4 one sees that f,, or has order n.
(f) This follows from (e) and Theorem 5. O
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