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Cutting Planes for Families Implying Frankl’s
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Abstract. We find previously unknown families which imply Frank!’s
conjecture using an algorithmic framework. The conjecture states that
for any non-empty union-closed (or Frankl) family there exists an ele-
ment in at least half of the sets. Poonen’s Theorem characterizes the
existence of weights which determine whether a given Frankl family im-
plies the conjecture for all Frankl families which contain it. A Frankl
family is Non-Frankl-Complete (Non-FC), if it does not imply the con-
jecture in its elements for some Frankl family that contains it. We design
a cutting-plane method that computes the explicit weights which imply
the existence conditions of Poonen’s Theorem. This method allows us to
find a counterexample to a ten-year-old conjecture by R. Morris about
the structure of generators for Non—FC-families.

1 Introduction

Frank!l’s (Union-Closed Sets) conjecture is a celebrated unsolved problem in com-
binatorics that was recently brought to the attention of a wider audience as a
polymath project led by Timothy Gowers [1]. A non-empty finite family of finite
sets F is Frankl if for every A, B € F we have AU B € F. Frankl’s conjecture
states that for any Frankl family F there exists an element in at least |F|/2 sets.
The problem appears to have little structure — perphaps the very reason why a
proof or disproof remains elusive. In this paper, we focus on what are referred to
as local configurations in [3], namely Frankl families that imply the conjecture
for all Frankl families which contain them. In this regard, given a Frankl family
A, Poonen’s Theorem [10] characterizes the necessity of the implication by the
existence of weights on the elements of A that obey certain inequalities. Fol-
lowing Vaughan [12], we say that a Frankl family of sets A is Frankl-Complete
(FQC), if for every Frankl family F O A there exists an element in the sets of A
which satisfies the Frankl conjecture. A Frankl family A is Non—Frankl-Complete
(Non-FC), if there exists a Frankl family F O A such that any element contained
in the sets of A is in less than half of the sets of F.

Using special structures and averaging arguments, previous researchers have
determined a number of FC-families. In particular, Poonen proved that any
Frankl family which contains three distinct 3-subsets of a 4-set safistifies the
conjecture and Vaughan [12], [13], [14] proved that the conjecture holds for any
Frankl family which contains all five of the 4-subsets of a 5-set, or ten of the



4-subsets of a 6-set, or three 3-subsets of a 7-set with a common element. With
the help of a computer program, Morris [9] completely characterized FC-families
on at most 5 elements. Finally, Marié¢, Zivkovié¢, and Vuckovié [8] formalized a
combinatorial search in the interactive theorem prover Isabelle/HOL and showed
that all families containing four 3-subsets of a 7-set are FC-families. In this
paper, we design a general computational framework which is able to precisely
characterize FC or Non—-FC-families by using exact integer programming, thus
providing an algorithmic roadmap for improving many of the known results and
settling previously unknown questions.

The connection between Frankl’s conjecture and combinatorial optimization
is well-established in [11], where the authors derive the equivalence of the prob-
lem with an integer program and investigate related conjectures. Furthermore,
given a Frankl family A, Poonen’s Theorem yields a constructive proof to deter-
mine if A is FC or Non—FC in the form of a fractional polytope with a potentially
exponential number of constraints. In general, this makes it difficult to explicitly
exhibit the conditions which determine whether a given Frankl family implies
the conjecture for all families that contain it. To overcome this, we design a
cutting-plane method that computes the explicit weights which imply Poonen’s
existence conditions. In particular, this paves the way toward automated dis-
covery of FC-families by computational integer programming, especially when
coupled with an exact rational solver [4] and other verification routines. As a
result, we are able to find previously unknown FC-families. Although our cur-
rent implementation in SCIP 3.2.1 [6] (output rechecked with CPLEX 12.6.3
[5], Gurobi 6.5.2 [7], and finally exact SCIP [4]) allows us to characterize any
FC-family up to 9 elements tested so far!, within the confines of this paper we
only feature a few new FC-families as an example of our method. The main
contribution of our algorithm in this work is the construction of an explicit
counterexample to a ten-year-old conjecture of Morris [9] about the structure of
generators for Non—FC-families. We believe this application best illustrates the
reach and potential of our method.

2 Cutting Plane for FC-families

As mentioned in section 1, Poonen’s seminal article [10] precisely characterized
conditions for FC-families. Poonen’s theorem is at the basis of all subsequent
approaches for classifying FC-families, which in turn form an integral part of
checking whether the conjecture holds for n < 11 [2]. Let S,, denote the power
set on n elements, and define [n] := {1,2,...,n}. We say that a family of sets A
covers n elements if the union of all sets in A is [n], and for families of sets A
and B define BW A := {AUB | A€ A, B e B}. Finally, for a family of sets F
define F; := {F € F | i € F}, and denote by X7 the incidence vector of F.

1 Up to date, we have verified hundreds of minimal non-isomorphic (under some per-
mutation of [n]) FC-families. A classification of such families will be featured in an
upcoming paper by the author.



Theorem 1 (Poonen 1992). Let A be a Frankl family that covers n elements.
The following statements are equivalent:

1. For every Frankl family F O A, there exists i € [n] such that |A;| > |A]/2.

2. There exist non-negative real numbers cy, . .., c, with Zie[n] ¢; = 1 such that
for every Frankl family B C S,, with B’A = B, the following inequality holds

S clBi > 1Bl/2 (1)
1€[n]
The proof of the theorem includes a beautiful application of the separating hy-
perplane theorem and points, at least algorithmically, in the right way. Indeed,
for a fixed Frankl family A that covers n elements, it is easy to see that the
second statement above describes a convex polyhedron P. C R™ defined by:

Zze[n] Ci = 1;

Siep CilBil > [Bl/2 VBC S, : By A=5;

¢ >0 Vi € [n];

Furthermore since the coefficients are all integral, if there exists a feasible point
of P., we can safely assume (via Fourier-Motzkin elimination) that the ¢; are
rational. Thus, we can use the simplex or interior point methods to find a feasible
point of P, or show that one does not exist via the Farkas’ Lemma. Furthermore
let Pz denote the following integer program:

st Y alBil > (1Bl/2) ) @ VBCS,: By A=E8

c; € Zzo Vi € [n]

Observation 2 Let A be a Frankl family that covers n elements. Then there
exists a feasible point of P, if and only if there exists a feasible solution of Ps.

Proof. We simply scale. More precisely, let p. be a feasible point of P,. We can
safely assume that p is a rational vector, i.e. p. = {¢1 = 2—11,02 = ZTl’ ceyCp =
Z—:} € QY. Define g := lem(by, ba, ..., by), and ¢; := gc; € Zxo for all i € [n]. It
is easy to see that the defined ¢; yield a feasible solution of P;. Let p;z be a feasible
solution of P, i.e. p: = {¢1,¢2,...,Cn} € Z%. Define ¢; := Ei/(zz'e[n] ¢i). It is
easy to see that the defined ¢; yield a feasible point of P,. ad



Depending on A and n, there may be a large number of inequalites based on B C
Sy, such that BW. A = B. In general, this makes the explicit enumeration of such
inequalities impractical. Fortunately we have at our disposal a well-established
technique that handles precisely this type of problem, namely the cutting-plane
method. A separation oracle for a polyhedron P C R"™ is an algorithm that,
queried on z € R"”, either asserts that z € P or returns h € R" such that
hy < hx for all y € P. The main idea behind the cutting-plane method is
simple, yet powerful: If a polyhedron is described by a class of constraints too
large to generate explicitely, start with a small subset of the constraints and
generate the rest dynamically, as needed. As a result, the following question is of
central interest: Given a feasible point p* € P. D P., where P, is the polyhedron
defined by a small subset of all possible inequalites of the type B C S, with
Bw A = B and non-negative ¢; that sum to one, how do we exhibit a Frankl
family (coefficients for an inequality of type 1) which separates p* from P. or
show that no such family exists? It is clear that the same applies to P;. In order
to answer this question and design a separation oracle for P. (or P;), we first
need the following corollary of Poonen’s Theorem, a version of which is already
noted in [9]. We formalize it here for clarity and reference.

Corollary 1. Let A be a Frankl family that covers n elements. The following
are equivalent:

1. The Frankl conjecture holds for every Frankl family F 2 A. In particular,
there exists 1 € [n] such that |A;| > |A|/2.

2. For every B C S, with BY A =B, we have Y g5 (3 ;cq¢i — Yigs ¢i) =0
with Zie[n] c¢i =1, and ¢; € Qxo, for alli € [n].

Proof. Fix a Frankl family B C S,, with Bw A4 = B. Then the following holds,

5 (Yoo Y] -2X - X (S 3o

seB \ieS ¢S SeBies SeB \i¢gsS i€S
=2y Y a-> S
SeBieS SeBiegn]
ZQZCZ|BZ|_|B|ZCZZO
i€[n] i€[n]

1€[n]

Since the above holds for every Frankl family B C S,, with BW A = B, the
desired result follows from Poonen’s Theorem. a

Corollary 1 combined with an integer programming approach to Frankl families
inspired by [11], provides the basis of our separation oracle. Fix a Frankl family



ACS,, and fix C :={c; = Z—ll,cQ = %7'"76” = Z—;} € Q%, with Zie[n] c; = 1.
Furthermore, define g := lem(by, ba,...,b,), and ¢ := gc¢; € Zx for all i € [n]
as previously. Let FC(A,C),, denote the following polyhedron:

zr+axy <1l+zg YIuU =85¢€S,;
Yses, (Licos G~ Digag Ci) Ts +1 <05

rzr < U7 VSUT =U€S,,S € A,
zs € {0,1} VS € Sy

Suppose FC(A,C),, is non-empty, and let p* € FC(A,C),,. Then p* = X8 where
B C S,,. The first inequalities ensure that the chosen family B is Frankl, and we
denote them as Union-Closed (UC) inequalities. The third class of inequalites
ensures that BwW A = B, and we denote them as Fixed-Set (FS) inequalites. We
explain the ¢; inequality in the next theorem.

Proposition 1. Let A be a Frankl family that covers n elements, and let C €
Q% with 3 ey ci = 1. If FC(A,C)y, is unfeasible, then all Frankl families
F D A satisfy Frankl’s conjecture.

Proof. Suppose that FC(A,C), is unfeasible. Let P be defined as FC(A,C),
without the ¢; inequality. It is easy to see that P is non-empty since the all zero
vector is feasible. Indeed, any p* = X8 where B C S,, with Bw A = B is feasible.
Therefore if FC(A,C), is unfeasible this implies there exists no Frankl family
B C S, with BW A = B such that:

Z (Z@-—Z@) < 1.
seB \ies i¢s

Since zg = {0,1} for all S € S,,, and & € Zxq for all ¢ € [n], this implies that
for all Frankl families B C S,, with BW A = B, the following inequality holds:

> (Xe-xa) =0
seB \ies i¢s

It is easy to see that corollary 1 still holds if we replace ¢; with ¢;. Therefore
Poonen’s Theorem implies that all Frankl families 7 O A satisfy the Frankl
conjecture. a

A natural candidate for checking the feasibility of FC(A,C),, for some A and
C, is a standard branch and bound algorithm. Since we are mainly interested in
proving that certain (previously unknown) Frankl families A are FC or Non-FC,
we do not address questions of complexity, but simply optimize some linear
objective function over FC(A,C), in a general purpose integer programming
solver as specified in section 1. We do the same for optimizing over P:, and
checking the feasibility of P..



Corollary 2. Let A be a Frankl family that covers n elements. Given C € Q%
with Zie[n] c¢; = 1 as input, determining whether there exists a feasible point p*
of FC(A,C),, is equivalent to a separation oracle for P..

Proof. Keeping all the above in mind, it is clear that if p* = X% is a feasible

point of FC(A,C),, we immediately obtain the following valid inequality for P,
(where we distingush the variable ¢&; from the fixed ¢;)

S alBi| > 1Bl/2,

i€[n]

which separates p* from P, D P, since the following implications hold

> (Z@- Za) < -1 [Bl/2- Y cilBi] > 0.

SeB \ieS ¢S i€[n]

Otherwise, if F'C(A,C),, is unfeasible, no such valid inequality exists. In this
case, proposition 1 implies that C € P.. a

Furthermore, define as FC(A,C)Ma® the binary program which maximizes the
following linear objective function

Zci<2ms—2 > xs>,

i€[n] SeS, SeSyiEeS

over FC(A,C)s,.

Observation 3 Let A be a Frankl family that covers n elements, and let C €
Q% with 3 ;e ¢i = 1. An optimal solution of FC(A, C)Maz retyrns a mazi-
mally violated inequality for P..

It is easy to see that in the following algorithm the tuples (P, FC(A,C)") and
(P.,FC(A,C),) ? may be used interchangeably with appropriate adjustments.

2 The reason for using the different formulations is entirely computational. For exam-
ple, when using P., if the least common multiple of a given C is very large, it can
spell numerical trouble for optimizing over FC(A,C)s,.



Algorithm 1: Cutting planes for FC-families

Data: A Frankl family A that covers n elements.
Result: ¢; for A, or infeasible P, D P..

Pk — (Zle[n] Cy = 17Ci Z O,VZ S [’I’L]), C < @) g — @,

=

2 while 3 C € P, do
3 g < lem(by,ba, ..., by,), where
C={a=3 =3 =31 €Q%;

4 C<—{gclagCQ7"'7gcn};
5 if 3 p* € FC(A,C),, then

6 L P, PN (Zie[n] ¢i|Bi| > \B|/2), where p* = X8 ;

else
L return C

9 return P, O P,

Theorem 4. Let A be a Frankl family that covers n elements. Then Algorithm
1 either outputs weights which prove that A is FC, or an infeasible system of
constraints which proves that A is Non-FC.

Proof. 1t is clear algorithm 1 finitely terminates. Let A be a Frankl family that
covers n elements. Suppose A is a FC-family. By Poonen’s Theorem there exist
¢; > 0 for all i € [n] with Zie[n] c; = 1 that satisfy all inequalites of type 1.
Given A, at some iteration of algorithm 1, for some C, by corollary 2 we arrive at
C € P, otherwise if the algorithm terminates without outputing some C' € P,, it
outputs an infeasible P, O P, which implies that A is not an FC-family and we
arrive at a contradiction. Therefore since C' € P,, this implies that F'C(A,C),, is
unfeasible. Suppose A is a Non—FC-family. This implies there exist no ¢; > 0 for
all ¢ € [n] with } ;. ¢; =1 that satisfy all inequalites of type 1. By corollary
2 during all the iterations of algorithm 1 we have that C' ¢ P,., otherwise we
arrive at a contradiction. Therefore algorithm 1 terminates when P, = (), which
implies that P, O P, is infeasible. a

3 Valid Inequalities

From the prospective of computational integer programming, inequalities which
are added to a polyhedron are considered effective if they lead to a smaller
branch and bound tree. In this sense, if we want to prove that the integer hull
of a particular polyhedron is infeasible, the best we can do is show that the
corresponding linear relaxation is infeasible. For all the results that we feature
in this paper, the following inequalites ? significantly reduce the size of the

3 Only a small subset of the considered inequalities is added at the root node. Here
we do not discuss how to decide which particular subset to add.



branch and bound tree. Given a family of sets S, we say that S generates (or is
a generator for) F, denoted by (S) = F, if F is the smallest Frankl family that
contains S. A family of sets S generates F with A, denoted by (S)4 = F, if F
is the smallest Frankl family that contains S such that Fw A4 = F.

Proposition 2 (FC inequalities). Let A be a Frankl family that covers n
elements, and let C € Q% with Zie[n] ¢; = 1. Suppose we have S € A, SUU =
F, and SUT = F. Then the following inequality

rr + 2y —xruv —TF <0,
is valid for FC(A,C),,.

Proof. Suppose there exists a feasible solution of F'C(A,C), which yields a
Frankl family F such that the following inequality holds

Tr + 2y —xTruy — TR 2 1

This implies that the number of variables which equal one with positive coeffi-
cients is greater than the number of variables with negative coefficients which
equal one. But if either 7 or xy are one then xp is one (if both are one then
xruy is one) and we arrive at a contradiction. O

Definition 1 (FC-chain). Let A be a Frankl family that covers n elements,
and let C € Q% with Zie[n] ¢ =1. Let $,8 C S,,, SNS' = 0. Given B; ¢
S,Bj € §', we say By, B; form a FC-chain which we denote by B; — B, if
there exist tuples (B;, B1),(B1,B2),...,(Bm,Bj), By € Sy for all1 < k < m,
such that for any tuple (B;, Bi11), at least one of the following conditions holds:

1. There exists A € A such that vp, < xp,,, is a valid inequality for FC(A,C),,.
2. There exists By, € (S) 4 such that xp, +xp, < 1+xp,,, is a valid inequality
for FC(A,C),.

i+1

We denote an explicit FC-chain by B; 5, By o, . . B, N Bj, where S,U, T sat-
ify either condition listed above. When needed we specify which type of inequalies
form an FC-chain by SUC,UYC TUC for UC inequalites, and ST5,UFS, TFS
for F'S inequalites.

Proposition 3 (FC-chain inequalities). Let S,8' C S,,, SNS’' = 0, such
that for any S € S, there exists S’ € 8’ where S — S’. Let T C S, and define
Ur :={5"€e8 |3SeT:S— S5}. Suppose that |T| < |Ur| for all T C S.
Then the following inequality

sz—zwsﬁ(),

Ses Ses’

is valid for FC(A,C),,.



Proof. Suppose there exists a feasible solution of FC(A,C), which yields a
Frankl family F such that the following inequality holds

Z rg — Z xrg > 1.

SeSNF SeS'NF

It is clear that SN F # (), otherwise we arrive at a contradiction. Therefore
the inequality implies that the number of variables xg which equal one, for all
S € § N F is greater than the number of variables xs which equal one, for all
SeSNF.Let TCSNF,and forall S € T, let xg = 1. Then |T| < |Ur| holds
by hypothesis. Furthermore by the definition of a FC-chain, for all S € Ur we
conclude that xg = 1. Thus we arrive at a contradiction. O

Remark 1. FC-chain inequalities are generalizations of FC inequalites and FS
inequalities.

4 Generators for Non—FC-families

In this section we exhibit a counterexample to a conjecture of Morris [9] about
generators for Non-FC-families.

Definition 2 (regular). Let S be a family of sets that covers n elements.
Suppose S is a minimal generator for a Frankl family F, such that F is a
Non-FC-family. Then S is regular if for any A € S, A # 0, we have that
(S\{AHhu{Au{i}}) is a Non-FC-family.

Congecture 1 (Morris 2006). S is regular for all n € Z>.

Morris [9] thought the conjecture plausible and checked that it held for all
known families at the time. Our counterexample on six elements is minimal, in
the sense that Morris [9] completely characterized FC-families on 5 elements.
Let S = {0,{4,5,6},{1,3,4},{1,2,5,6},{1,2,3,4}}. Furthermore, let T =
{{1,2,4,5,6},{1,3,4,5,6},{1,2,3,4,5,6}}. Then, we see that (S) = SUT.
It is easy to see that S is a minimal generator for SW 7T .

Proposition 4. SWT is a Non-FC-family.

Proof. The proof is the output of algorithm 1 with S W7 as input, which is an
infeasible system of constraints. We display an irreducible infeasible subset of
the given system. We identify columns with zero one entries for each S € Sg.
The six matrices featured below represent Frankl families. The top row keeps
track of the number of sets in each family. In addition to rechecking with an
exact rational solver [4] and other solvers, we check that each matrix is Frankl
via simple external subroutines and finally by hand #. Furthermore, let F be a

4 Using a subroutine to indicate the position of a set that is the union of two sets in
the exhibited family, a determined reader can speed up the process of checking each
matrix by hand.



family represented by one of the matrices below. It easy to see that FW(S) = F
by inspection. In each matrix, we color columns which correspond to setsin S, T,
red and blue, respectively. Each matrix yields an inequality of type 1 (multiplied
by two) featured below it. The following system of constraints is infeasible in
non-negative ¢; for all 1 < ¢ < 6. For each row we display the Farkas dual values
in square brackets. This yields a certificate of infeasibility.

[-684] :ci+cogt+czt+cstcs+ce=1.

0 1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43

¢ 0000000000 0O O OO0 O O oo0oo000O0O0OODOOOOOOSOTT11 1 11 1 1 111

c00000000O0OO0COOOOOOT1T 1 111111111111 11000071 1 1 1 111

c300000000O11 11 111100O0O0O0OBO0OO0O0LO0CKCO0OTI11111111 1110011 111

¢ 0000111100001 1 1 1 0000 11 $Tr 00001111 11110101111

00110011001 1001100110011 0011001 100111 110011

010101010101 010101010101o0101010101 011 1 10101

[3] : 22C1 + 46C2 + 50C3 + 50C4 + 46C5 + 46C6 2 43.

0123456789 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39
cq00000O0O0O0O0O0O0OO0OO0OO0OOOOOT?T 111111111111 1111111111

c0000000000OO0OOOOOOOOOOOOOOOOOOOOOOT1T 1T 1 1 1 11

cg000000O0O0O11 1 1111 100O0OO0OO0O0O0OKLO0OO0OT1TT111 11110011111

cq 0000111100 00111 100O0O0O0O111100O0O01 11 10101 1 11

¢ 00110011001 100110011001 1006110011 1 110011

010101010101 0101010101101 010101 01 1 1 10101

[1] : 46C1 —+ 14C2 —+ 42C3 -+ 42C4 + 42C5 + 42C6 2 39.

012345678910 11 1213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46
60000000000 0000GO0O0OGOOGOTI 11 1 11 111 1 111111111111 1111
0000000000 1 1 1111111 10000000000000T1 1 1 1 1 11111111
0000011111 000001111 100000711111 11100000T71 1111111
¢ 0000100001 00O0O0OO0OT110O0OO0OO0O1IO0OO0OO0OOLI1TOOODOTI1IT1T110O00O0T1O0O0O0O0T1 111
0011100111001 1100111001 110060110011001 1100110011
01011010110 101 1010110101 101010101010 1101010101
[4] : B2¢cy + 46¢cy + 16c3 + 28cy + 52¢5 + 52¢g > 46

0 1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
cg 0O0O0OOOOOOOOOOOOOOTT111 111111111111 1 1 1111111
@ 00000O0O0O0O1T 17 1111 110O0O0OLO0OLO0ODO0OOOOOOOOSOTI>1T 11 1 1 1111111
c3 00O00O00O00OOO0OOOOOOOOOOOOOOOOOTLT 1T 1 1 0O0O0OO0OOUOOOT1TT1 11
g 0000112100001 11100O0O011$6 111111 100O0O0O111 11111
0011001100 1100110011001 100110011001 10011
cO10101010101010101O01101o0101010101 01010101

[2] : 48cy + 40cy + 16¢3 + 48cq + 40cs + 40cq > 40.



012345678910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
g 0OOO0OOOOOOOOOOOOOOOOOT1T 1 1 1 1 1 1 111 1 1 1 1 1 1 1 11 11 1
00000O0O0O0O0OO0O 1 1 1111111 100O0OO0OO0OO0ODO0O0LO0OBLOLODLIITI1T 11111 1 1 1 11
c3 0000011111 0000O0O171111000O0OO011111000O0O0O01T1TT1T1T11
40011100111 0011100111001 11001110001110001 11
¢ 0000100001 0O 0O0OOT1T0OOOI11O0OO0OO0OO0ODTLTO0O0OO0ODOT11O0OO0OT1O0OTO0OT1TUO0OO0OT1O0UO0T1
0O101101011 010110101101 01 101011011011 011011
[3] : 44cy + 44cy + 42c3 + 48cy + 20cs + 52¢ > 42.

0123456789 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
cgc 000000000 O0 O O oo0oo0o0o0o0o0o011111171111111111111111111:1
000000000001 11111 111100O0OO0OOOO0O0DO0ODO0ODLOOOLDTI1TT11111111111
0000011111 0000O0O17 1111000001111 1000O0O0O01 11 1 11
4 0011100111001 110011110011 1001 1100011 1 0001 11
¢ 0101101011 0101 1010110101101 01101 101 1 011011
¢ 0O0O00O00O1000O0O01 0 O0OOOT1OOOOI11T0O0OO0OOOTI1IO0O0OODOTI0O0OT1TO0O0OT1O0O0T1TO0TO0T1

[3] : 44cy + 44cy + 42¢3 + 48cy + 525 + 20cs > 42.

O
Proposition 5. Let 8' = {0, {4,5,6},{1,3,4},{1,2,5,6},{1,2,3,4,5}}.
Then (S') is an FC-family.
Proof. Let C = {16,8,12,20,17,15}. Then FC((S’),C), is infeasible °. O

Corollary 3. S is a counterexample to conjecture 1.
Proof. &' =(S\{1,2,3,4}) U{{1,2,3,4} U {5}}. ad

We exhibit a few more new FC-families verified by our algorithm. As mentioned
earlier, the computations are rechecked with a number of solvers, followed by a
final check with an exact rational solver. Furthemore, for all the families shown
here, by adding FC-chain inequalities at the root node, it is possible to reduce
the resulting branch and bound tree to a few nodes, and check the irreducible
infeasible subset of each leaf node (linear program) manually, or with an external
subroutine.

Proposition 6. LetS = {{4,5,6,7},{1,3,4,5},{3,4,6,7},{5,6,7},{2,3,4}}.
Then (S) is an FC-family.

Proof. Let C = {4,8,11,13,10,9,9}. Then FC((S),C),, is infeasible. O
Proposition 7. LetS = {{4,5,6,7},{1,2,5,7},{3,4,5,7},{5,6,7},{4,6,7}}.
Then (S) is an FC-family.

Proof. Let C ={1,1,1,3,3,3,4}. Then FC((S),C),, is infeasible. O
Proposition 8. LetS = {{2,5,6,7},{2,4,6},{1,4,7,8},{1,2,3,7},{1,2,7,8}}.
Then (S) is an FC-family.

Proof. Let C ={13,22,7,18,17,17,10}. Then FC(({S),C),, is infeasible. O

® In the appendix we explicitely show the infeasibility of FC(S’,C),, by making use of
FC-chain inequalities and displaying irreducible infeasible subsets of constraints for
the two leaf nodes of the resulting branch and bound tree.



Conclusion

In this work we design a cutting-plane algorithm that determines if a given
Frankl family necessarily implies Frankl’s conjecture. As a result, we exhibit
a counterexample to a ten-year-old conjecture of Morris[9] about generators for
Frankl families, and display a number of previously unknown families that imply
Frankl’s conjecture.
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5 Appendix

We identify sets in Sg with the columns in the matrix below. For each col-
umn, the number on the top row represents its corresponding variable index in
FC(A,(S"))y. Column W corresponds to a weight vector for the elements in [n].
The columns representing families of sets &’ and T are colored red and blue,
respectively. As previously, (§') =S U T.

Wo012345678910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
111111111111 1111111 1111111111111
§ 1111111111111 111 0O0O0O0O0CO0OO0OCO0OOOOTOOO0OO0OO0
211111111000 O0O0OO0OO0O001 111 111 100O0O0UO0O0O0O0
211110000111 10000111 1 0O0O0O0OT1T1TT1T1TTUO0TUO0O0O0
17 1 o011001100 110011001 10011001100
5160101010101 0101010101 010101 O01O01O0
32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63
o o0o0o0OOOOOOOOOSOSOOOOODOOSOSOOSOSOODSOTOOS®OOO0OTO
t1 1111111111111 1100O0O0O0O0O0O0OO0O0O0ODO0CO0OUO0OO0OO0OUO0OO0OO0
11 1 1 1 11 oo0o00O0OOOCGOOOODTI1T111111100UO0O0O0O0O0TO0O
t1111000O0O111100O0O0O0O11110O0O0O0O0T1T1 110000
$1 10011001 1001100110O011001 1001100
TP 60101o01o010601ro0o1o010601o01010101 0101010

We show that FC(A,(S")), is unfeasible by branching on z¢ and showing that
the linear relaxations of the two subproblems are infeasible. We do this by ex-
plicitly exhibiting Farkas dual values (shown in square brackets) for each row
of some irreducible infeasible subset of constraints. Define FC(A,(S")). =
FC(A(S))n N (zg = 1), FC(A,(S")% = FC(A,(S))n N (zg = 0). Then
it is clear that if FC (A, (S')). and FC (A, (S'))? are infeasible, this implies
FC (A, (8")),, is unfeasible. Let FC (A, (S")): D FC (A, (S"))}, and let the fol-

lowing be the linear relaxation of FC (A, (S’ ))711, defined by the following con-
straints (trivial ones not shown):

1. [44] : %o = 1.
2. UC inequalites:

[—2] : X141 + X5 — X9 < 1, [-3] : X13 + X59 — Xo < 1,
[—2] : x1a + Xa3 — X130 < 1, [—1] : Xp0 + Xe1 — X0 < 1,
[—3] : Xo3 + X0 — Xo0 < 1, [—1] : X35 + Xg5 — X33 < 1,
[—3] : %35 + X62 — X3a < 1, [—6] : X37 + Xsg — X33 < 1,
[—1] : x3g + Xa3 — Xaa < 1, [—3] : X35 + Xa5 — X36 < 1,
[—1] : x3g + X61 — X3g < 1, [—1] : X39 + Xag — X36 < 1,
[—2] : Xap + Xs5 — X34 < 1, [—2] : X553 + Xa3 — X33 < 1,
[—5] : X5a + Xa3 — X34 < 1, [—3] : Xag + Xs5 — X36 < 1,
[—4] : Xa7 + Xa9 — X33 < 1.
i

3. FS inequalities:
[0] : Xa7 — %1 <0, [—6] : g3 — %1 < 0, [—14] : x7 — x4 <O,
[—1] : x55 — x4 < 0, [—16] : Xg3 — X192 < 0, [—12] : X34 — %3 < O,
[—3] D Xge — X9 S O, [—24] D Xg7 — X3 S O, [—12] 1 X1 — X497 S O,



—21] : xg2 — %15 < 0, [—19] : Xg2 — X158 < 0, [—4] : Xe3 — X419 < O,

—24] : X31 — Xp4 <0, [—1] : Xa7 — X33 < 0, [—4] : X35 — X32 < O,
—23] : X39 — X3 < 0, [—16] : Xa7 — Xa0 < 0, [—11] : Xg5 — Xag < O,

—8] : x63 — x56 < 0.

inequalities:

=~
.—p—q.—.—
QOO

—2] 1 x45 + %53 — X1 — X5 < 0, [—7] : X45 + X57 — X1 — X9 < O,
[—9] : X586 + X145 — X1 — Xo < 0, [2] : X45 + X59 — X1 — X411 < O,
[—7] : Xa5 + X3 — x4 — X5 < 0, [—5] : Xgo + X23 — Xp0 — X16 < 0,
[—1] : Xe1 + Xo3 — Xo1 — %16 < 0, [—5] : X5 + Xs3 — X1 — x5 < O,
[[=3] : x27 + %61 — %25 — X16 < 0, [0] : Xa6 + X9 — X3 — Xg < O,
[—5] : Xsa + Xo9 — Xp0 — X16 < 0, [—6] : Xog + X59 — X16 — Xo5 < O,
[—4] : X453 + X30 — X10 — X < 0, [—2] : Xs3 + X30 — X16 — X0 < O,
[—7] : x50 + X30 — X16 — X26 < 0, [—4] : X31 + X0 — X16 — Xog < O,
[—1] : Xa3 + Xa5 — Xg — Xa1 < 0, [~1] : X43 + Xe2 — Xg — Xa2 < O,
[—3] : xa7 + X62 — Xg — Xag < 0, [—3] : X51 + Xg2 — X16 — Xs0 < O,
[*7]1X7+X54*X4*X6§0a [ 9] : Xs1 + Xs3 — X458 — Xg9 < 0.
asibility inequality:

ot
—"'11
m

05] . 58X1 + 54X2 + 24X3 + 48X4 + 18X5 + 14X6 — 16X7 + 64X8
+34X9 + 30X10 + 24X12 — 6X13 — 1OX14 — 4OX15 + 72X16 + 42}(17
+38X18 + 8X19 + 32}(20 + 2X21 — 2X22 — 32X23 + 48X24 + 18X25
+14X26 — 16X27 + 8X23 — 22X29 — 26X30 — 56X31 + 56X32 + 26X33
+22X34 — 8X35 + 16X36 — 14X37 — 18X38 — 48X39 + 32X40 + 2X41
*2}(42 — 32}(43 — 32}(43 — 8X44 — 38X45 — 42X46 — 72X47 + 4OX48
+1OX49 + 6X50 — 24}(51 — 30X53 — 34}(54 — 64X55 + 16X56 — 14X57
*18X58 — 48X59 — 24X60 — 54X61 — 58}(62 — 88X63 S —89.

Let FC (A, S’) D FC (A, S’) and let the following be the linear relaxation of
FC(AS )n, defined by the following constraints (trivial ones not shown):

1. [~186.5] : xo = O

2. FS inequalities:

[-7.5] i x4 — %0 <0, [-10] : x¢ — X0 < 0, [-8.5] : x43 — X0 < O,
0] 1 X149 — Xp S 07 [—85] I Xo3 — Xp S O7 [—4] 1 X35 — Xp S O7
=7 X37 — %9 <0, [—9] :x35 —x0 <0, [—24] : X9 — X0 < O,

.5] Xse — X0 < 0, [—17] 1 X9 — %0 < 0, [—16] : x61 — xo_g 0,
1] X2 — Xp S 0, [—23] 1 X3z — Xp S 07 [—12] 1 X493 — X149 S O,
25} 1 X944 — X9 S O7 [—125] X990 — X148 S O7 [—65} I X2 — X18 S 07

.—..—..—..T..—..—..—..—.
= N N V)

—5. 5] Xg3 — xg < 0, [=5.5] : Xg1 — X9 < 0, [0] : X3 — X56 < O.

C inequalities:

7.5] 1 x45 + %45 — X1 — X33 < 0, [9] : X145 + X535 — X1 — X5 < O,
—35] X415 + X57 — X1 — Xg S O, [—75] . Xo3 + X2 — X1 — X922 S 07

w
}-ljl—|

[-

[

[—8] : Xa7 + Xas — X1 — X9 < 0, [~8.5] : X1 + Xg3 — X3 — %41 <O,
[—1] : x31 + Xs3 — X16 — X21 < 0, [=3.5] : X45 + X57 — Xg — X1 < O,
[—9] : X55 + Xs8 — X16 — X50 < 0, [—17] : X7 + X504 — X4 — X6 < O,
[—5} X551 + X53 — Xgg — X49 S 0.



4. FC-chain inequalities (it is easy to check that the explicit chains work for all
subsets):
[—1. 5] : X29 + X47 + Xe1 + X63 — Xg — X13 — X17 — Xs6 < O,

8FS 8FS 56FS 56FS
29 —> 17), (63 8), (47 8), (61 22— 56), (63 22— 56),

19FS
47 275 13y, (61 225 17).
4] : X29 + X1 + X62 - X16 — Xy7 — X28 <0,

FS
29 —> 16), (61 2 17), (62 125 50 297, 1),

16FS
29 9277, 98), (20 197, 17).
] X30+X31+X47+X63—X8—X14—X16—X24 <0,

16FS 56FS
30 24), (31 225 16), (31 2 24).
4} Xso + x31 + Xss - X19 — Xog — X24 <0,

uvc FS
30 297, 24y, (31 2% 24), (31 255 19), (55 255 22), (55 227 19).
7] : Xso + x31 + X59 - X16 — Xoa — Xzs <0,

(

(

[~

(

(

[ FS
(6 3 —> 8) 47 22, 8), (63 25 16), (47 22755 14), (30 29755 16),
(

[~

(

[~

(

(

FS
30 —> 24), (31 2% 24, (31 2% 16), (30 197 16),

30UC
59 197%, 16), (59 2055 26).
[0] : X47 + Xs4 + Xss - Xs — X16 — Xss <0,
[—1

FS uc
(63 3709), (63 275 16), (47 255 8), (54 255 16), (54 A5 38).
] X47+X60+X63*X8*X44*X56 <o0.

47 225 8), (63 255 8), (63 25555 56), (60 252 56), (60 LT 44).
5. Feasibility inequality:
[—0.5] : 58xy + 54xy + 24x3 + 48%4 + 18%5 + 14x¢ — 16x7 + 64xg
+34X9 + 3OX10 + 24X12 - 6X13 - 1OX14 - 4OX15 + 72X16 + 42}{17
+38X1g + 8X19 + 32X20 + 2X21 — 2X22 - 32X23 + 48X24 + 18X25
+14X26 — 16X27 + 8X23 — 22X29 — 26}(30 — 56X31 + 56X32 + 26X33
+22X34 — 8X35 + 16X36 - 14X37 - 18X38 - 48X39 + 32X40 + 2X41
—2X42 - 32){43 - 32X43 - 8X44 - 38X45 - 42X46 - 72X47 + 4OX43
+10x49 + 6x50 — 24%x51 — 30x53 — 34x54 — 64%s5 + 16X55 — 14%57
—18X58 - 48X59 - 24X60 - 54X61 - 58X62 88X63 —1.



