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Abstract

The concept of Li-convexity is introduced by Fujishige-Murota (2000)
as a discrete convexity for functions defined over the integer lattice. The
main aim of this note is to understand the difference of the two algorithms
for Lf-convex function minimization: Murota’s steepest descent algorithm
(2003) and Kolmogorov’s primal algorithm (2005).

1 Introduction

The concept of Li-convexity is introduced by Fujishige-Murota [2] as a discrete
convexity for functions defined over the integer lattice. This is a variant of L-
convexity due to Murota [5], and later turned out to be equivalent to integral
convexity by Favati-Tardella [1]. See [6] for details.

The main aim of this note is to understand the difference of the two al-
gorithms for Lf-convex function minimization: Murota’s steepest descent algo-
rithm [7] and Kolmogorov’s primal algorithm [4].

1.1 Lf-convex Functions

Let V be a nonempty finite set. A function g : Z¥ — RU{+oc0} with dom g # 0
is called L-convex if it satisfies the following properties:

(LF1) g(p) +9(q) 2 glpAq) +9(pVq) (Vp,q € domg),
(LF2) 3r € Rsuch that g(p+A1) = g(p)+Ar (Vp € domg, VA € Z),
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where dom g = {p € ZV | g(p) < +oo}, the vectors pAq,pV q € ZV are defined
by

(P A g)(v) = min{p(v),q(v)}, (pVq)(v) = max{p(v),q(v)} (veV),

and 1 € ZV is the vector with all components equal to one. A function g : Z¥ —
R U {+oo} with domg # () is called Lf-convex if the function § : Z x ZV —
R U {+00} defined by

3(po.p) = g(p—pol) (po € Z,p € Z") (1)

is L-convex. The class of Li-convex functions contains that of L-convex functions
as a proper subclass.
Li-convex functions can be characterized by the following property:

Theorem 1 ([6]). A function g : ZV — RU{+oc0} with dom g # () is L*-convex
if and only if for all p,q € ZV with supp™ (p — q) # 0, we have

9(p) +9(0) = 9(p — xz) + 9(a + x2),
where Z = argmax{p(v) — q(v) | v € V}.

An Li-convex function restricted to the integer interval has the unique min-
imal and maximal minimizers.

Proposition 2. Let g: Z" — R U {400} be an Li-convex function, and a,b €
ZV be vectors with {p € domg | a(v) < p(v) < b(v) (v € V)} # (0. Then, the set
argmin{g(p) | a(v) < p(v) < b(v) (v € V)} contains the unique minimal and
mazimal minimizers.

See [6] for more accounts on Li-convex functions.

1.2 Murota’s and Kolmogorov’s Algorithms

To the end of this note, we assume that g : Z¥ — R U {400} is an Li-convex
function with argmin g # (. Murota’s steepest descent algorithm [7] is described
as follows:

Murota’s steepest descent algorithm
S0: Find a vector p € dom g.

S1: Set e € {1,—1} and X C V as follows.
S1-1: Let X be the minimal minimizer of p;} (
S1-2: Let X~ be the maximal minimizer of p, (
S1-3: If min p;f < min p, then set (¢, X) = (1, X*
otherwise set (¢, X) = (=1, X 7).

S2: If g(p) < g(p + exx), then stop (p is a minimizer of g).
S3: Set p:=p+exx and go to S1.

A minimizer of a submodular set function can be found in strongly polyno-
mial time by the existing algorithms [3, 8]. In particular, a maximal/minimal
element in the set of minimizers can be found without extra running time by
Iwata—Fleischer—Fujishige’s algorithm [3].

On the other hand, Kolmogorov’s primal algorithm [4] is obtained by replac-
ing Step S1 of Murota’s algorithm with the following:
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Figure 1: Behavior of Kolmogorov’s and Murota’s algorithms for go with the
initial vector (0, 3). Each value associated with each integral lattice point shows
the function value of go at that point.

Kolmogorov’s primal algorithm

S1: Set e € {1,—1} and X C V as follows.

S1-1: Let X be any minimizer of p} (X).

S1-2: Let X~ be any minimizer of p, (X).

S1-3: If pf (X*) = 0 then set (¢, X) = (=1, X7);

if p, (X~) =0 then set (¢, X) = (1, X");

otherwise choose either of (1, X T) and (—1, X ) arbitrarily as (¢, X).

Kolmogorov’s algorithm has more flexibility in the choice of a next step (g, X)
than Murota’s algorithm, and therefore Murota’s algorithm can be seen as a
specialized implementation of Kolmogorov’s algorithm.

Kolmogorov [4] has shown that the number of iterations required by his
algorithm (and hence Murota’s) is bounded by 2K°, where

Kg° =max{|lp — ql| | p,q € dom g}.

Kolmogorov’s algorithm, however, may require more iterations than Murota’s,
as shown in the following example.
Let go : Z? — R U {+00} be an Li-convex function defined as

_ [ max{2p; —p2,—p1 +2p2} ((p1,p2) € Z%),
92(p15p2) - { 400 (otherwise).

Note that (0,0) is the unique minimizer of gs. Let (0, %) be the initial vector
of the algorithms. Then, Kolmogorov’s algorithm may possibly generate the
following sequence of vectors with length 2k + 1:

(p1,p2) | (0.K) (Lk) - (k=1k) (kk) (k-1k—1) --- (L1)

(0,0)

g2(p1,p2) | 2k 2k—1 -+ k+1 k k—1 1



On the other hand, Murota’s algorithm generates the following sequence of
length k + 1:

(p1,p2) | (0,k) (0,k—1) --- (0,1) (0,0)
g2(pi,p2) | 2k 2(k—1) .- 2 0

which is shorter than the one by Kolmogorov’s algorithm (see Figure 1).
More generally, we consider an Lf-convex function g, : Z" — R U {+o0}
defined as

n

gn(p) = (n—l—l)max{pi|i:1,...,n}—;pj (peZn),

“+o0 (otherwise)

where n is a positive integer with n > 2. If we apply the two algorithms to g,
with the initial vector (0,...,0, k), then Kolmogorov’s algorithm may generate
the following sequence of length 2k + 1:

0,...,0,k), (1, ..., 1K), (2, .., 2.k), ..., (k=1,... . k—1,k), (k... .k k),
(k=1,... k—1,k—=1),(k—2,...,k—2,k—2),...,(1,...,1,1),(0,...,0,0),

while Murota’s algorithm generates the following sequence of length k + 1:
0,...,0,k),(0,...,0,k—1),(0,...,0,k—2),...,(0,...,0,1),(0,...,0,0).

It should be noted that both algorithms require 2K7° iterations in the worst
case (see [4] for such an example), i.e., the order of the worst-case bound is the
same.

2 Analysis of the Number of Iterations

In this section we analyze the number of iterations required by Kolmogorov’s
and Murota’s algorithms.

2.1 Analysis of Kolmogorov’s Algorithm

The analysis given in this section is essentially the same as the one in [4]. We
present the result in [4] in a way consistent with the analysis for Murota’s
algorithm given in Section 2.2.

To analyze the number of iterations required by Kolmogorov’s algorithm, we
define values 3% (p) and 8~ (p) for each vector p € dom g as follows:

B(p) = min{|lg —plle | ¢ € argmin{g(¢’) | ¢ > p}},
B~ (p) = min{]|q —plle | ¢ € argmin{g(¢’) | ¢ < p}}.

The value 37 (p) is the distance between p and the unique minimal minimizer
of g in the region {¢’ € ZV | ¢ > p}; B~ (p) is the distance between p and the
unique maximal minimizer of g in the region {¢’ € Z" | ¢’ < p}.

Proposition 3 ([4]). For p € domg, if 7 (p) = 8~ (p) =0 then p € argming.



Proof. 1f 3% (p) = 3~ (p) = 0, then we have g(p) < g(p+exx) foralle € {1, -1}
and X C V. Hence, p is a minimizer of ¢ since ¢ is an Li-convex function (see,
e.g., [6]). O

Note that 81 (p) = 0 (resp. 8~ (p) = 0) alone implies p € argmin{g(p’) |
p' > p} (resp. p € argmin{g(p’) | p" < p}), but does not imply p € argming in
general.

Each iteration of Kolmogorov’s algorithm increases neither of 5% (p) nor
B~ (p) and decreases strictly at least one of 37 (p) and 3~ (p).

Proposition 4 ([4]). In Step S1, we have the following:
(i) If %(p) > 0, then B (p+ xx+) = B7(p) =1 and B~ (p + xx+) < B~ (p).
(i) If B=(p) > 0, then B~ (p — xx-) = B~ (p) — 1 and B (p — xx-) < B+ (p).
Proof. We prove (i) only; the claim (ii) can be shown in the same way.

[Proof of “BF(p+xx+) = B (p) —17] We denote by p,§ € Z" the unique
minimal vectors in arg min{g(p’) | p’ > p} and in argmin{g(p’) | p’ > p+xx+},
respectively. We will show that

§=pV(p+xx+) (2)
YT C XT, where Yt = argmax{p(v) — p(v) |v e V}. (3)

Then, we have

Brp+xx+) = [V 4+ xx+)) — @+ xx+)loo
= |Ip-pll—1 = BT(p) -1,

where the first equality is by (2) and the second by (3).
We first prove (2). By the submodularity of g, we have

~—

g®) +9(p+xx+) =9V (+xx+)) +gBA P+ xx+))- (4

Since p < PA(p+xx+) < p+xx+ and Xt € argmin p}, we have g(p+xx+) <
g(P A (p+ xx+)), which, together with (4), implies

9() 2 9BV (p+xx+))- ()
Since § > p+ xx+ > p and j € argmin{g(p') | p' > p}, we have
9(q) = g(p)- (6)
Similarly, we have
9BV (p+xx+)) = 9(4) (7)
since PV (p+xx+) > p+ xx+ and ¢ € argmin{g(p’) | p’ > p+ xx+}. It follows
from (5), (6), and (7) that g(p) = g(¢) = g(BV (p+ xx+)), which in turn implies
g € argmin{g(p) |p' = p}, PV (p+xx+) € argmin{g(p) | p' = p+ xx+}.

It follows from the choices of p and § that p < §and ¢ <pV (p+ xx+). These
inequalities and p + xx+ < ¢ imply (2).
We then prove (3). Assume, to the contrary, that Y\ X+ #£ (). Put

Zt = argmax{p(v) — p(v) — xx+(v) [veV}=YT\ XT.



Theorem 1 implies
9B +9p+xx+) = 90— xz+)+ 9P+ Xx+ + Xz+)-

Since xx+ + Xz+ = Xx+uy+, We have g(p + xx+ + Xz+) = 9(p + xx+uy+) =
g(p + xx+), where the inequality is by X+ € argminp!. Hence, we have
9(p) > g(p — xz+), a contradiction to the fact that p is the minimal minimizer
in {p' € ZV | p' > p} since p — xz+ > p.

[Proof of “B=(p+ xx+) < B7(p)’] We denote by p,§ € ZV the unique
maximal vectors in argmin{g(p’) | p’ < p} and in argmin{g(p’) | ' < p+xx+}s
respectively.

We first show ¢ > p. By the submodularity of g, we have g(p) + g(§) >
g(pV q) + g Aqg). Since p € argmin{g(p’) | p’ < p} and p A ¢ < p, we have
9(5) < 95 A d). Therefore, g(3) > g(p v 4) holds. Since ¢ <V d < p+ xx+
and ¢ is the maximal vector in argmin{g(p’) | p’ < p+xx+}, we have § = pV g,
Le., > p.

If 5=(p) =0, i.e., p=p, then we have 57 (p+ xx+) =0 and ¢§ = p+ xx+
since p + X x+ is a minimizer of g in the set {p' € ZV |p=p <p' <p+xx+}.
Hence, we assume 8~ (p) > 0 in the following.

We then show Xt NY~ = 0, where Y~ = argmax{p(v) — p(v) | v € V}.
Assume, to the contrary, that XT™ NY ™~ # (. Then, Theorem 1 implies

g+ xx+)+9B) = g+ xx+\v-) + 9@+ Xx+nv-)

since X TNY' ™ = argmax{p(v)+xx+(v)—p(v) | v € V}. Since X+ € argmin p/,
we have g(p + Xx+) < g(p+ Xx+\y-), which implies g(5) = g(5 + xx+ay-)-
Since 8~ (p) > 0, we have p < P+ xx+ny- < p, a contradiction to the fact that
p is the maximal minimizer of g in {p’ € Z" | p’ < p}.

Finally, we have

B+ xx+) =P+ xx+) = dlle <@+ xx+) = Dlloc = |Ip = Blloc = 8™ (p),

where the inequality follows from ¢ > p and the second equality by X TNY ™~ =
0. O

We note that a slightly weaker statement is shown in [4][Theorem 1], where
the equalities “="in “GF (p+xx+) = 87 (p)—1" and “6~ (p—xx-) = B~ (p)—1”
in the statement of Proposition 4 are replaced with inequalities “<”.

Proposition 5 ([4]). The number of iterations of Kolmogorov’s primal algo-
rithm for Lf-convex function g is bounded by B+ (p°) + B~ (p°), which is further
bounded by 2K °.

2.2 Analysis of Murota’s Algorithm

The results in this section except for the last proposition (Proposition 12) are
based on the unpublished memorandum [9].

In [7], Murota firstly proposes a steepest descent algorithm for L-convex
functions, which is then adapted to Lf-convex functions through the relation
(1). For the simplicity of the proof, we firstly analyze the number of iterations
required by the algorithm for L-convex functions, and then restate the result in
terms of Lf-convex functions.



2.2.1 Analysis of Steepest Descent Algorithm for L-convex Func-
tions

Murota’s steepest descent algorithm for L-convex functions is described as fol-
lows, where V = {0} UV and §: Z" — RU{+cc} is an L-convex function with
argmin g # (.

Murota’s steepest descent algorithm for L-convex functions
S0: Find a vector ¢ € dom g.

S1: Let X be the minimal minimizer of pg(X) = §(G + x ) — 3(q)-
S2: If g(¢) < §(¢+ x ), then stop (G is a minimizer of §).

S3: Set ¢ := ¢+ x5 and go to SI.

We analyze the number of iterations required by the algorithm. Let ¢° be the
initial vector found in Step SO, and denote by ¢* the smallest of minimizers of
g with ¢* > @°. It is shown in [7] that the number of iterations of the algorithm
is bounded by

Ky =max{|| 7|1 | 4.4 € domg, 4(v) = (v) for some v € V}.
We show that the number of iterations is bounded by
Kg® =max{[|§ — ¢|| | §,¢ € domg, §(v) = ¢'(v) for some v € V'},
which is smaller than K.
Lemma 6. In Step S1, ¢ < ¢* and ¢ # §* imply
Xn{veV|§w —Gwv) =0} =0 and argmax{q*(v) —G(v)|veV}CX,
and hence, G+ xz < @ and [|(G+ Xz) — @"lloe = 1§ — || — 1. in particular.
Proof. The first claim is already shown in [7][Lemma 3.2]; hence we prove below
the second claim. Put Y = argmax{¢*(v) — ¢(v) | v € V'}, and assume to the
contrary that Y\ X # 0 holds. Put
Z = argmax{q*(v) — G(v) — x5 (v) |v € V} =V \ X.
Theorem 1 implies
9(@") +9(d+xx) = 9(@" — xz) +9(G+ xx + Xz)-

Since x 3 + Xz = Xguy- we have (¢ + x5 + xz) = 9(0 + xxuy) = 9(q+
where the inequality is by X € argmin pz. Hence, we have ¢g(¢*) > ¢(¢* —
a contradiction to the fact that ¢* is the minimal minimizer of g with ¢* > ¢
since ¢* — x; > q. O
Proposition 7. The number of iterations of the steepest descent algorithm for
L-convez function g is equal to ||G° — §*||co, which is bounded by Kgo

The following lemma is used in the analysis of the steepest descent algorithm
for Li-convex functions.

Lemma 8. In each iteration it holds that

argmin{q"(v) = G(v) |v € V} = {v € V[ " (v) - 4(v) = 0}.
Proof. The property (LF1) for g implies ¢*(v) = ¢°(v) for some v € V. Hence,
the set {v € V' | ¢*(v) —G(v) = 0} is nonempty at the beginning of the algorithm.
Then, Lemma 6 implies that this set is nonempty during the following iterations.
Since ¢* > ¢ holds by Lemma 6, we have the claim. [l



2.2.2 Analysis of Steepest Descent Algorithm for L’-convex Func-
tions

We analyze the number of iterations required by the steepest descent algorithm
for Li-convex functions.

The behavior of the steepest descent algorithm for g with the initial vector
p° € ZV is essentially the same as that of the steepest descent algorithm for the
L-convex function § defined by (1) with the initial vector ¢° = (0,p°) € Zx ZV .
The correspondence between the two steepest descent algorithms is as follows
(see [7]):

Lf-convex g L-convex g

p—ptxx <= ¢—q+(0,xx)

pP—op—xx = ¢—q+(Lxnx)
where ¢ = (po, p+pol) and pg is a nonnegative integer representing the number
of iterations with (e, X) = (=1, X ) so far.

To analyze the number of iterations required by the algorithm for Lf-convex
functions, we define values o™ (p) and o~ (p) for each vector p € dom g as follows.
For all p,p’ € ZV we define

di(p,p’) = max[0, max |p(v) —p'(v)[],
vesupp ™ (p—p’)
do(p,p’) = max[0, max |p(v)—p'(v)|].

vEsupp~ (p—p’)
Let ¢* = (q3,q*) € Z x ZV be the unique minimal vector in the set

{(q0.9) € ZxZ" | ¢ — qol € argming, (qo,q) > (0,p°)}.

Note that p* = ¢* — ¢31 is the minimizer of g found by the algorithm for
Lf-convex functions. Then, a*(p) and o~ (p) are defined as

at(p)=dl(p*,p), a (p)=d(p" p).
Since
at(p°) +a”(p°) = dL(p*,p°) + do (0", 0°) = (45, 4%) — (0,0°)] oo

the number of iterations is equal to o™ (p°) + a~(p°) by Proposition 7. In
particular, we can prove the following property.

Proposition 9.
(i) If (e,X) = (1,X™) in Step S1, then at(p+exx) =at(p) —1 and o™ (p +
exx) = a” (p).
(ii) If (¢,X) = (—=1,X ") in Step S1, then a™(p +exx) = a™(p) and o~ (p +
exx)=a (p) —1.

To prove Proposition 9, we restate Lemma 6 in terms of Li-convex functions
by using the correspondence between the two steepest descent algorithms.

Lemma 10.
(i) Suppose that (¢, X) = (1, X ™) holds in Step S1. Then, we have the following:

(i-l) supp™ (p* —p) # 0 and {v € supp™ (p* —p) | p*(v) — p(v) =
at(p)} € X.

(1- ) if V' \ supp™ (p* — )750 then X N{v € V' \ supp™ (p* —p) |

p*(v) —p(v) = —a~(p)} =



(ii) Suppose that (,X) = (—1,X ") holds in Step S1. Then, we have the fol-
lowing:

(ii-1) supp™ (p* — p) # 0 and {v € supp™ (p* —p) | p*(v) — p(v) =
—a~(p)} C X.

(ii-2) if V \ supp~ (p* —p) # 0, then X N {v € V \ supp™ (p* — p) |
p*(v) —p(v) = at(p)} = 0.

Proof. We first note that for all v € V,
p*(v) = p(v) = ¢"(v) = 4(v) = g5 + po = {q"(v) — q(v)} = {7°(0) — g(0)}.

Hence, we have the following equivalences for all uw € V and v € V U {0}, where
p*(0) — p(0) = 0 for convenience.

pr(u) = plu) <p*(v) —p(v) <= ¢ (u)—q(u) <q"(v) —qlv), 8
P (u) —p(u) =p"(v) —p(v) = ¢ (u)—q(u) =q"(v) —q¢v), O
P (u) —p(u) >p*(v) —p(v) <= " (u) —q(u) >§" (v) = qG(v). (10
[Proof of (i-1)] By Lemma 6 we have
argmax{q*(v) — G(v) |v € V} C X. (11)

This implies ¢*(u) — G(u) > ¢*(0) — ¢(0) for some u € X (C V), which in turn
implies supp™ (p* — p) # 0 by (10) with v = 0. Therefore, we have
argmax{q*(v) — G(v) |[v €V}NV
= {vesupp"(p" —p) [ p"(v) — p(v) = a" (p)},
which, together with (11), implies the latter claim.

[Proof of (i-2)] By (8) and (9), we have ¢*(v) — ¢(v)
v € V' \ suppt(p* — p). Therefore, if V' \ supp™ (p* — p) #

< ¢*(0) — ¢(0) for all
() then
argmin{¢*(v) — §(v) |[v e V}NV
= {veV\supp™(p* —p) | p"(v) —p(v) = —a” (p)}.
Hence, the claim follows immediately from Lemmas 6 and 8.
[Proof of (ii-1)]  The proof is similar to that for (i-1). By Lemmas 6 and
8, we have

[(V\ X)U {0} Nargmin{G*(v) — G(v) |ve V} =0. (12)
This implies ¢*(0) — ¢(0) > ¢*(u) — G(u) for some u € X (C V), which in turn
implies supp~ (p* — p) # (0 by (8) with v = 0. Therefore, we have
argmin{g*(v)—=q(v) | v € V}NV = {v € supp™ (p"—p) | p"(v)—p(v) = —a~ (p)},

which, together with (12), implies the latter claim.

[Proof of (ii-2)]  The proof is similar to that for (i-2). By (9) and (10), we
have G*(v) — ¢(v) > ¢*(0) — G(0) for all v € V \ supp™ (p* — p). Therefore, if
V \ supp™ (p* — p) # 0 then

argmax{q*(v) — G(v) |v € V}NV
= {veV\supp (p" —p) | p"(v) —p(v) =" (p)},



which, together with Lemma 6, implies
{ve V\supp™ (p" —p) [ p"(v) = p(v) =a™(p)} CV\ X.
Hence, the claim follows. ([

Proposition 9 is an immediate consequence of Lemma 10. Hence, we obtain
the following proposition.

Proposition 11. The number of iterations of Murota’s steepest descent algo-
rithm for LA-convex function g is equal to a™(p°) + o~ (p°), which is bounded
by 2K°.

Finally, we show that Murota’s steepest descent algorithm can be seen as
the best implementation of Kolmogorov’s algorithm from the viewpoint of the
number of iterations.

Proposition 12. The number of iterations of Kolmogorov’s primal algorithm
for Li-conver function g is at least ot (p°) + a~ (p°).

Proof. Let p € dom g be any minimizer of g which can be found by Kolmogorov’s
algorithm. Then, Kolmogorov’s algorithm requires at least dX_(p, p°)+d, (p, p°)
iterations. On the other hand, the minimizer p = p* found by Murota’s algo-
rithm attains the minimum value of dX, (p, p°) +d, (p, p°) among all minimizers
of g, as shown below. This fact implies the claim of the proposition since
ot (p%) +a” (0°) = dL (5", p°) + dop (P 7).

Assume, to the contrary, that there exists p’ € arg min g such that

a0, p°) +d (', p°) < di(p*,p°) +d (0", 0°) = ||(¢5,¢") — (0,p°)||eo- (13)

Put p) = d(p’,p°). Then, the vector (p},p’ + q41) € Z x ZV is contained in
the set

S={(a0,9) € ZxZ" | g~ qol € argming, (q0,9) = (0,p°)}
and satisfies ||(pf, 0" + pH1) — (0,p°)||ec = dI (p',p°) + d (P, p°), which is a

contradiction to the fact that the vector (¢g,¢*) is the unique minimal vector
in S. O
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